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�J� . . . . . . . . . . . ��&S�� .�V
 ���� �� �*J

�7; . . . . . ��&S�� ���� �� .$ >&j L
 ���v� �*J

��� . . . . . . . . . . ��&S�� ���� �� $�0.&M H*J

��8 . . . . . . . . . . . ���&� �� �&S�� ���� �� 8*J

��7 . . . . . . . . . . . . . . !<�
 E� �$&� �� J*J
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 !6�� �. ���#$ � 7$8� �. �$ 5F E� �V# *$O�
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F (��0 �&	 +"1 E� N# �� 5$�M Z�"\� ���0 5�M�
� E� �M X���� R#� �0 *Z��M�
 �$&� �� �0&6 
 �&	a�a
 (�T&�
�n E� ��� 0� &0 � �$+� :.&� �\�\' .�
 &0 �E�
 ��b �Y�
Z�$ ��V� �#&	 �� ��Y\� E� 5�M� *Z��M�
 oL6
 5F �0 �'�� �$
�0 c�� Z�"\� p&\� �#&� E� � �$+� !j 
 n+ � ��Y\� �0 �. �Y�
!�
 E� X���� R#� �0 *Z���.nS�
 �. �@Y� �y� R#� >�E�

(+"1 �$ �0 �E&0 R#� �[n;n + �] ��E&0 &0 �#�) y� �� $.��0

*A:��*� !VOC $$�S�
 Z�"\� ��&"

}

�\�\' .�
 �0 $��,� u#&+� 9�*� !VO

(��0 >&+�"\� E� N# �� � $�$ �
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 �. ��� . R#�
5&6� ���0 *** � $+� Z�"\� ��&"
 (+"1 �$ �0 �z$��
 �. ��
F
!+, �#E ���O �0 �\�\' y� �0 x = x��x�x� · · ·xn · · · 5$�$

9Z��M�


*(x� ∈ N ∪ {�}) Z��M�
 %&L �� .�
 �0 �. x� $�, �� 0�
�$+� %&L �� �. [x�;x� + �] ��E&0 E� x� ��.&+O ��UY1 ]<�
�. [x��x� ; x��x� + �/��] ��E&0 E� x� ��.&+O ��UY1 ]<� �

*�O&0�
 � �0 (["� x �� �#�1 −x $�, *** � Z��M�
 %&L ��

��U0 �j= w.$ ���0 4E_ >&
�\
 ��	� !j= R#� E� m��
�0 �-&' !j= *(�� ������ �� ���� ��U# �4�$ !j= &zTj�
%& M R#� �j= �#&� w.$ ���0 4E_ ���
E ��U0 !j= ���+�
XB&Y
 E� ����+, (+"1 �M ��.�
 �h� �0 *��E&� Z���= �.
*(�� �$+� �� UB&Y
 �&�6��$ E� ![1 �.�$ .$ ������ �. !j= R#�
�=&M �#&�OF !j= R#� $&�
 &0 4� �
 ������ �l�&�Q �R#��0&�0
%& M �� 
�$� � 0 � �$�M �h� m�T 5F �� U B&Y
 E� � �� ��
 �$.�$

*$E�$�<0

������� �	
� � ��� ��� ���

�����
E �� ,+�
 �� �0 %& M R#� �� 
�$� .$ �UB&Y
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 Ǳ&�O�
A��.&M$ &#C �����1� �&q= � ���T �y� �&	
&� �0 i&�
*Z��$�
 5&6� R� � R� �R $&+� &0 X���� �0 �. �� R#� *��\�U 


*Z#E�$�3�
 &	�F E� N# �� t�1$ G#�U� �0 ?z #{

� 0 �$& + � � \ � \ ' $� , �� �� � � �����
x� ∈ N ∪ {�} 5F .$ �M (�� x = ±x��x�x� · · ·xn · · · !VO
5&0E �0 �e1�� .$ *x�, x�, · · · , xn, · · · ∈

{
�,�,�, · · · ,�

}
�

Z#.�$ �&��B&[�$

x = lim
n→∞±x��x�x� · · ·xn

= ± lim
n→∞

{
x� +

x�
��

+
x�
���

+ · · ·+ xn

��n

}
-# 5F �0 � �$�$ 5&6� R $&+� &0 �. �\�\' $��,� ��+� �,+�


*Z�gS�
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y� u#&+� ���0 ��	
��� �� ����� �����
>.T �0 .�
 R#� *Z��M�
 �$&� �� �\�\' .�
 E� �����1�

9$O�
 � �&� �#E
�. ���Y\� � �$+� oL6
 ���T .$ �. � ��. y� �� 0�
5��U0 �. �Y��.&3 ]<� *Z��M�
 R��U� 5F �0 O Ǳ��[
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x = � . . . . . . . . . . . . . . . . . . . . . . . . . &� y .�
−y
x ≥ � , y ≥ � . . . . . . . . . . . . . . . . . . . . . . ��� e0.
x ≤ � , y ≥ � . . . . . . . . . . . . . . . . . . . . . . 4�$ e0.
x ≤ � , y ≤ � . . . . . . . . . . . . . . . . . . . . . 4� e0.
x ≥ � , y ≤ � . . . . . . . . . . . . . . . . . . . . 4.&	Q e0.
y = x . . . . . . . . . . . . . . . . . . 4� � ��� e0. E&"+��
y = −x . . . . . . . . . . . . . . 4.&	Q � 4�$ e0. E&"+��
S� : x� + y� = � . . . . . . . . . . . . . . . . �'�� ���#�$

$��,� E� X��
 �&��#&��� ��+� ��,+�
 ������ �����
5&6� R� $&+� &0 � ���
&� A!	���� &#C !+��':� ��;< �. �\�\'

9Z��$�


R� =
{

(x, y, z)
∣∣∣ x, y, z ∈ R

}

$��,� E� X��
 �#&��� N# ��U# �;< �� )"9 X���� R#� �0
*�\�\'

5$�$ 5&6� ���0 ��	
��� ���� ����� ������
*$O�
 �$&� �� &
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 �� �.h�
 R#� ���0
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−z � .�
−y �.�
−x X���� �0 �. &	�F �S� �M ��U
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−y (+� �0 �. .�
−x �S� �&��F �Z�
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$���0 .��1 .�
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� .$ (��. (�$ ("O �Z��$ 5&6�
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 ������ �����
5&6� R� $&+� &0 � ���
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*Z#��S�


E� ���,+�
 ����T .$ >?@ E� .h�
 ������ &����
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x ≥ � , y ≤ � , z ≤ � . . . . . . . Z 6� Z 6� N#
S� : x� + y� + z� = � . . . . . . . . . . . . �'�� ���M

*Z#��$�$ u#&+� �*� !VO .$ �. �,+�
 �$c�&3 R#� E� ���0

��	
��� ���� + �!"# ,�� -�.��� ������
5���
 �����1� ����T .$ (x,�) = x x�= &0 �. �����1� y�
�. �����1� ����T 5���
 c�� (x, y,�) = (x, y) x�= &0 *��&6�
R ⊆ R� ⊆ Z�"#�0 Z�����
 R#��0&�0 *��&6� �����1� �&q= .$
*$O �=&M �)� &��,+�
 �
&�� � �B$&U
 �0 �#&0 � [B� *R�

�0��0 R� .$ �(�� O ��Y\� R .$ A : x = � ��,+�
 �?z a
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 ���T−yz �0��0 R� .$ � (�� .�
−y

R� ![1 �0&6
 >.T �0 ������� + /���� �$����
5���
 �\�\' $��,� E� X��
 �&��#&�.&	Q ��+� ��,+�
 �.

9$+� G#�U� ��M !VO �0 &# � $�M G#�U�

Rn =
{

(x�, · · · , xn)
∣∣∣ x�, · · · , xn ∈ R

}

n = � &# n = � $.�
 XB&1 .$ � � ≤ n ]3 R#� E� �e1�� .$
*(��

�. ��O �$�$ p&\� E� N# �� �0���� �%����
�(−�,�) �(�,−�) 9���$ 5&6� &q= .$ &# � ���T .$
�(�,�,�) �(�,�,�) �(�,�,�) �(�,�,�) �(�,�) �(�,�)

*(−�,−�,−�) � (−�,−�,�) �(−�,�,−�) �(�,�,�)

����� ���

���0 ������� .�$�0 *(�� .�$�0 ��Y\� E� ]3 4	�
 R#� +	

5&�0 .$ .�$�0 E� ��$&� �� R�B�� e1�� .$ *(�� (M�' � (	) 5&�0
�$0 ��&#&3 ��Y\� N# �0 �E&bF ��Y\� N# E� Z") N# 5&V
 ���v�

*�O&0�
 ��\
 .�$�0 G#�U� ���0 ���c���� �
� R#� *(��

� A ��Y\� .$ ��� 0� &0 .�� 	) y��.&3 ������ �����
&0 � ���
&� B 5&#&3 � A �̀ �O &0 ��9� ����� �. B ��Y\� .$ �&	 ��
X��
 :�E E� >.&[, −→AB ��#$ 5&�0 �0 *Z��$�
 5&6� −→AB $&+�
�M Z�gS �0��0 �. −→CD � −→AB �&�.�$�0 ��.T .$ *(�� (A,B)

*B = D � A = C

5&6� Rn×Rn $&+� &0 �. Rn .$ ��\
 �&�.�$�0 ��+� �,+�

G#�U� −→AC !VO �0 �. −→BC � −→AB .�$�0 e+) !T&' *Z��$�


*A$O �)� GB��H*� !VO �0C Z��M�


*$�$ 4&��� 5���
 c�� y��.&3 �� &	�� Z���� &0 �. .&M R#�
�Z��M�
 oL6
 �. x� $�, .�
−x �0 �� 0� �M X���� R#� �0
Z���� �. �Y��.&3 .�
−y >�E�
 �0 � y� ��E���� �0 x� E� ]<�
y��.&3 N# z� �@ �0 � .�
−z >�E�
 �0 �&��F � Z��M�

(x�, y�, z�) �0 �y��.&3 R#��F �#&	 �� ��Y\� *Z��M�
 Z�.

*A%��*� !VOC (�� ��&� 


�&q= p&\� R�0 N�[V# ���&�� ���� ������
���q1 R#� *$.�$ $)� �\�\' �&q= p&\� � R� �����1�
R�0 ]3 R#� E� �!�B$ R�+� �0 *(�� �*�*� $�$.��1 E� ����� �

*Z� "�� !#&1 �1�= �$ R#�

���,+�
 �&q= .$ !VO N# E� .h�
 ������ ������
*�O&0�
 R� p&\� E�

}

(+"1 (6� �0 &q= Z�"\� AGB� 9�*� !VO
��&j L
 >&��T A%

� "#&0�
 � ��=��U
 &q= E� �#E �&	�VO �'�() ������
9��O � "��$

O = (�,�,�) . . . . . . . . . . . . . . . . >&j L
 Ǳ��[

y = � , z = � . . . . . . . . . &� x .�
 &# .�
−x
x = � , z = � . . . . . . . . . &� y .�
 &# .�
−y
x = � , y = � . . . . . . . . . &� z .�
 &# .�
−z
z = � . . . . . . . . . . . . . xOy ����T &# ���T−xy
y = � . . . . . . . . . . . . . xOz ����T &# ���T−xz
x = � . . . . . . . . . . . . . yOz ����T &# ���T−yz
x ≥ � , y ≥ � , z ≥ � . . . . . . . . ��� Z 6� N#
x ≤ � , y ≥ � , z ≥ � . . . . . . . . 4�$ Z 6� N#
x ≤ � , y ≤ � , z ≥ � . . . . . . . . 4� Z 6� N#
x ≥ � , y ≤ � , z ≥ � . . . . . . 4.&	Q Z 6� N#
x ≥ � , y ≥ � , z ≤ � . . . . . . . Z��3 Z 6� N#
x ≤ � , y ≥ � , z ≤ � . . . . . . . Z6O Z 6� N#
x ≤ � , y ≤ � , z ≤ � . . . . . . . Z �� Z 6� N#
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� −−−−−−−−−−−−−−→(�,−�,�) (�,�,�) ��\
 �&�.�$�0 A, .�8�
xD−xC = (�)−(�) ��#E ��� "�� ��"+� −−−−−−−−−−−−→(�,�,�) (�,�,�)

*("�� xB − xA = (�)− (�) �0��0

��,+�
 *(�� ��\
 .�$�0 −→AB ���M x�= ������ &����
����#&+� &0 ��B� ����� �. −→AB &0 ��"+� −→CD ��\
 �&�.�$�0 ��+�
�O&0�
 −→OC !VO �0 �q, ��.�$ �,+�
 R#� *Z�
&��
 −→AB

5F .$ �M

C = (xB − xA, yB − yA, zB − zA)

)*"9 !�?� ����� 5F �0 � �$�$ 5&6� C $&+� &0 �. .Mn
 ��,+�

R� $&+� &0 �. R� .$ $�EF �&�.�$�0 ��+� ��,+�
 *Z�gS�
 C

9Z��$�
 5&6�

R� =
{−−−−→
(x, y, z)

∣∣∣ x, y, z ∈ R

}

O ��� 0� &0 .�$�0 �� 0� 9$�M R��Q 5���
 $�EF .�$�0 Z"�� ���0
$�EF 5F ��� 0� �M ���M x�= ]<� � � =�S �h� .$ �. C �&	 �� �
&0 !T&' .�$�0 �M $��S�
 .��1 �.@ �.�+� 5F �&	 �� � (��

*�O&0 ��"+� −→OC
−−−−−−−−−−−−−−→
(�,�,−�) (�,�,�) ��\
 .�$�0 A& �'�() *����

*(�� −−−−−→(�,�,�) $�EF .�$�0 ����#&+�

� −−−−−−−−−−−−−−→
(�,�,−�) (�,�,�) ��\
 �&�.�$�0 A, .�8�

��U# ����M�
 oL6
 �. $�EF .�$�0 N# −−−−−−−−−−−−→(�,�,�) (�,�,�)

*−−−−−−−→(−�,�,�) .�$�0

�6= $�EF .�$�0 ����#&+� −→AA �&��F ��O&0 ��LB$ A �S� A
 .�8�
*$0 ���� O =

−−−−−→
(�,�,�)

����#&+� −→BA �&��F ��O&0 C =
−−−−→
(a, b, c) ����#&+� −→AB �S� A� .�8�

*(�� −C =
−−−−−−−−−→
(−a,−b.− c)

��\
 �&�.�$�0 E� N# �� �0 ��h� $�EF .�$�0 �0���� �����
���M oL6
 �. �#E

�)
−−−−−−−−−−−−−−→
(�,�,−�) (�,�,�) �)

−−−−−−−−−−−−−−→
(�,−�,�) (�,�,�)

�)
−−−−−−−−−−−−−−→
(�,−�,�) (�,�,�) �)

−−−−−−−−−−−−→
(�,�,�) (�,�,�)

�M ��0&�0 �.@ �. z � y �x $��,� AH
−−−−−−−−−−−−−−−−−−−−−→
(x− y, y − z, x− z) (�,�,�) ∼ −−−−−−−−−−−−−→(�,�,−�) (z, y, x)

��\
 �&�.�$�0 R�0 N�[V# ���&�� �M ���$ 5&6� A8
�����1� ����T� x���
 ��\
 .�$�0 N# &0 ��"+�

*$.�$ $)�

.�$�0 �N#c�= �h� E� �
�1) ����2 �3�4�� ��.�� �����
���0 ������� ��U# *�O&0�
 B �0 A E� 5&V
 ���v� ��U
 �0 −→AB
�M �. (M�' 5���
 ����� R#� �0 *�O&0�
 !��C��% ^�-�

*$�$ ^�-� ��O&0�
 &��#&�0&) E� ���,+�
 E� >.&[,
}

��\
 .�$�0 AGB� 9H*� !VO
��"+� �&�.�$�0 A%

��\
 .�$�0 �$ −→CD � −→AB ���M x�= ������ �����
�M �� "� D�EF� .�$�0 �$ R#� Z�gS�
 ��.T .$ *��O&0
−→
CD � −→AB ��U# ��O&0 `?-_� �E� 
 ABCD �U�-.&	Q
Z�"#��
 >.T R#� .$ *��O&0 & ��. Z� � �@ Z� �(	) Z�

*A%�H*� !VOC −→AB ∼ −→CD

.�$�0 �$ �M (O�$ .&	�� 5���
 .@ R#� ���� �����
�#j� E� !T&' �&�y��.&3 �@ �M �� "� ��"+� ��.T .$
.$ ���"+� ��Y0�. *�O&0 �V# ���&j L
 .�
 �� �� �0 &	�F
�� ��E� �0 ��U# *(�� �E.�Z� ��Y0�. N# ���\
 �&�.�$�0 R�0

�� −→EF � −→CD �−→AB

*−→AB ∼ −→AB AGB�

*−→CD ∼ −→AB �&��F �−→AB ∼ −→CD �S� A%

*−→AB ∼ −→EF �&��F �−→CD ∼ −→EF � −→AB ∼ −→CD �S� A:

−→
CD � −→AB �M R#� ���0 �=&M � 4E_ p�O ���� $����

�M (�� 5F ��O&0 ��"+�

xB − xA = xD − xC

yB − yA = yD − yC

zB − zA = zD − zC

� −−−−−−−−−−−−−−→(�,−�,�) (�,�,�) ��\
 �&�.�$�0 A& �'�() %����
��#E ��� "� ��"+� −−−−−−−−−−−−→(�,�,�) (�,�,�)

(�)− (�) = (�)− (�) ,

(�)− (−�) = (�)− (�) ,

(�)− (�) = (�)− (�)



" � �

d�0 � �
 ��. E� ��O D
��= .�$��0 $&+� �a�0 .$ �l�&�Q
*��+	= �. d�0 $.
 Ǳ&�O� 5$0 .�$�0 5���


� E� ��_&0 $&U0� �0 �. _&0 d'&[
 4&+� �/���� �$����
X���� R#� �0 *$O 4&��� �T&� .&M �V�F�0 �$�$ Z�+U� 5���

�.�$�0 �&q= � Rn ��U0−n �����1� �&q= E� R �S RL�

*(�� E&�
 Rn �����1� ��U0−n
�0���� �%����

�$ v =
−−−−−−−−−→
(−�,�,�,�) � u =

−−−−−−−−−→
(�,�,−�,�) ���M x�= A�

u + v �−�v ��u �� [�&�
 ("0�Y
 *��O&0 R� .$ .�$�0
*�u− �v �

�M ��0&�0 �.@ �. d � c �b �a $��,� A;
−−−−−−−−−→
(�,−�,�,�) = a

−−−−−−−−−→
(−�,�,�,�) + b

−−−−−−−−−→
(�,−�,�,�)

+c
−−−−−−−−−→
(�,�,−�,�) + d(�,�,�,�)

��T �#E ��Y0�. .$ �M �� c � b �a $��,� �M ���$ 5&6� A�
(=&# 5���+� ����M

−−−−−−−−−−−−−→
(�,�,��,�	,�
) = a

−−−−−−−−−→
(�,�,�,�,�)

+b
−−−−−−−−−→
(�,�,�,�,�) + c

−−−−−−−−−→
(�,�,�,�,	)

��� � �	� ���� ��� �!"#��� $��

$O�
 � �S �M �B&' .$ �(����U0 �� &q= Z�gS�
 ��Q
�(�� ��U
 �Q �0 &q= N# �U0 &z�&�� �(�� ��U0 �$ ���T

*(�� u��3 R#� �0 ��&3 uL0 R#� E� m��

*��.�$�0 u�, · · · ,uk ∈ Rn ���M x�= ������ �����
!VO �0 (�� ��.&[, �&�.�$�0 R#� E� !"# G���	 N# E� .h�

*�� "� $�, a�, · · · , ak ∈ R 5F .$ �M a�u� + · · · + akuk

��@ ��H�	 ��;< �. &�.�$�0 R#� �Y� >&[�M�� ��+� ��,+�

*Z��$�
 5&6� span{u�, · · · ,uk} $&+� &0 � ���
&� &	�F y��

�v =
−−−−−→
(�,−�) ∈ R� Z��M x�= A& �'�() �����

��u + �v =
−−−−→
(��,�) >.T R#� .$ *u =

−−−→
(�,�)

u− �v =
−−−→
(�,�) � �u + v =

−−−−−→
(�,−�)

*��O&0�
 .�$�0 �$ R#� �Y� >&[�M�� E� �#&���+�
� v =

−−−−−→
(�,�,�) �u =

−−−−−−−→
(�,�,−�) �M ��.T .$ A, .�8�

Z#.�$ �w =
−−−−−→
(�,�,�)

span
{
u,v,w

}
=

{
au + bv + cw

∣∣∣ a, b, c ∈ R

}
=

{
(a+ �b+ �c)i + (�a+ �b + �c)j

+(−a+ �b+ �c)k
∣∣∣ a, b, c ∈ R

}

u =
−−−−→
(a, b, c) ���M x�= ��5����2 �2 '��6� ������

�>.T R#� .$ *α ∈ R � ��.�$ .��1 R� .$ v =
−−−−→
(x, y, z) �

�#E >.T �0 X���� �0 �. u .$ α %�q�T&' � v � u ̀+�

9Z��M�
 G#�U�

u + v =
−−−−−−−−−−−−−→
(a+ x, b+ y, c+ z)

αu =
−−−−−−−→
(αa, αb, αc)

�&��F �a, b ∈ R � u,v,w ∈ R� �S� ���� ������
u + v ∈ R� 9e+) 5$0 � "0 A&
u + (v + w) = (u + v) + w 9e+) ��#n< M�O A,
u + 0 = 0 + u = u 9�U+) �a�� $)� A

u + (−�)u = 0 9�U+) �� �#�1 $)� A�
u + v = v + u 9e+) ��#n<q#U� A 
au ∈ R� 9�B&V�� %�- 5$0 � "0 A4
a (bu) = (ab)u 9�B&V�� %�- ��#n< M�O A5
a (u + v) = au + av 9e+) .$ %�- ��#n<U�-� A0
�u = u 9�B&V�� %�- �a�� $)� A2

%�- � e+) ���+� �0 R� �M $O�
 � �S &z'?YT� X���� R#� �0
*��$�
 !�V6� �.�$�0 �&q= N# �*;*� .$ K��6


�M ��0&�0 �.@ �. z � y �x A& �0���� ������

*−−−−−−−→(�,�,−�) = x
−−−−−→
(�,�,�) + y

−−−−−→
(�,�,�) + z

−−−−−→
(�,�,�)

� v =
−−−−−−−→
(−�,�,�) �w =

−−−−−→
(�,�,�) ∈ R� ���M x�= A;

�−�v ��u ��u+v �#$&\
 �>.T R#� .$ u =
−−−−−→
(�,�,�)

�[�&�
�. u + �v + �w � u + v−w �u− v + w ��u

*���M

p�O .$ �$&T y � x $��,� �M ���$ 5&6� A�
−−−−−−−→
(�,�,−�) = x

−−−−−→
(�,�,�) + y

−−−−−−−→
(�,−�,�)

*��.��� $)�

�M X�Y
 R#� R �S �&�0 ]3 R#� E� ������� ������
��U# *Z��M�
 �$&� �� C =

−→
AB $&+� E� (�� C ���#&+� N# −→AB

*C = B−A

C .�$�0 � (�� C .�$�0 Ǳ&	 �� C ��Y\� ������� ������
�0 *(�� C ��Y\� �0 Ǳ��[
 5$+� !j 
 E� !T&' .�$�0 E� >.&[,
�S� *Z#O�+� !#&1 �1�= C � C R�0 $.�
 XB&b .$ !�B$ R�+�



� " �

!\ "
 w � v �u �&�.�$�0 R#��0&�0 � a = b = c = � ]3
*����Y�

� v =
−−−−−−−→
(�,�,�,�) � u =

−−−−−−−−→
(�,�,	,��) �&�.�$�0 A, .�8�

$O x�= �S� ���#E �����Y� ��  "0�� R� .$ w =
−−−−−−−−−→
(�,−�,�,�)

� "#&0�
 �&��F �au + bv + cw = O

⎧⎪⎪⎨
⎪⎪⎩

�a+ b+ c = �

�b− c = �

	a+ �b+ �c = �

��a+ �b+ �c = �

⇒
⎧⎨
⎩

�a+ �b = �

c = �b
��a+ ��b = �

⇒
{
c = �b
a = −b

R#�0&�0 � c = � � a = −� �&��F �b = � $O x�= �S�
*�� "� �Y� ��  "0�� .�$�0 �� R#� ��U# *−u + v + �w = �

��O �$�$ �&�.�$�0 �,+�
 E� N# 4��M �0���� %����
���Q ��� "� �Y� !\ "


�) u =
−−−−−→
(�,−�), v =

−−−→
(�,�),

�) u =
−−−−−→
(�,−�), v =

−−−−−→
(−�,�)

�) u =
−−−−−−−→
(�,�,−�), v =

−−−−−→
(�,�,�), w =

−−−−−→
(�,�,�),

�) u =
−−−−−→
(�,�,�), v =

−−−−−−−−−→
(−�,��,��),

w =
−−−−−−−−→
(−�,
,�	),

�) u =
−−−−−−−→
(�,�,�,�), v =

−−−−−−−→
(�,�,�,�),

w =
−−−−−−−−−→
(�,�,	,−�), n =

−−−−−−−−−→
(�,�,−�,�)

� 1� v =
−−→
(c, d) � u =

−−→
(a, b) �&�.�$�0 �M ���$ 5&6� A8

d �= � (B&' .$ *ad �= bc �M ����Y� !\ "
 � 1� &	���
*(�� a/b = c/d ��U
 �0 p�O R#� �b �= � �

�[�M�� >.T �0 �. R� E� ��LB$ .�$�0 �� �M ���$ 5&6� AJ
� v =

−−−−−−−→
(�,−�,�) �u =

−−−−−−−→
(−�,�,�) �&�.�$�0 E� �Y�

*(O� 5���
 w =
−−−−−−−→
(�,�,−�)

u�, · · · ,uk ∈ Rn �&�.�$�0 ��.T .$ ������ &����
�[�M�� >.T �0 �. Rn E� q, �� �M ���M�
 ��H�	 �. &q=
.$ *Rn = span

{
u�, · · · ,uk

}
��U# �(O� 5� 0 &	�F E� �Y�

)��I N# !�V6� u�, · · · ,uk ∈ Rn �&�.�$�0 Z�gS�
 ��.T
�. &q= ��&f .$ � �O&0 �Y� !\ "
 _z �� �M ���$�
 Rn ���0
&�.�$�0 E� �Y� !\ "
 ��,+�
 �� ���M (B&' .$ *���M ��B�
*��O�
 ���
&� V ���0 .��#&3 ����M ��B� �. V �.�$�0 �&q= �M

�&��F �β = �a+ �b + �c � α = a+ �b + �c Z��M x�= �S�
�#.�F (��0 �#E !VO �0 c � β �α X"' �0 �. b � a 5���


��� � .$ *b = −�c+ α− β

�
� a = c− �α+ �

β

�

−a+ �b+ �c = �α− �

�
β

>.&[, span{u,v,w} ��,+�
 �β = �b � α = a x�= &0 ]3
E� (��

=

⎧⎨
⎩
−−−−−−−−−−−−→(
α, β,�α − �

�
β

)
| α, β ∈ R

⎫⎬
⎭

=
{−−−−−−−−−−−→

(a,�b,�a− �b) | a, b ∈ R

}

=
{
a
−−−−−→
(�,�,�) + b

−−−−−−−→
(�,�,−�) | a, b ∈ R

}

= span
{−−−−−→

(�,�,�),
−−−−−−−→
(�,�,−�)

}

R#� .$ �v =
−−−−−→
(−�,�) � u =

−−−−−→
(�,−�) ���M x�= A
 .�8�

>.T

span{u,v} = {au + bv | a, b ∈ R}
=

{−−−−−−−−−−→
(a− b,�b− a) | a, b ∈ R

}
= R�

� b =
α+ β

�
�&��F �β = �b − a � α = a − b �S� ��#E

*a = �α+ β

�&��F u�, · · · ,uk ∈ Rn �S� ���� �����
(�T&� �� ��U# *(�� �.�$�0 �&q= N# span{u�, · · · , uk}

*$.�$ �. �*;*� �� �q1 E� −→R
n

.$ �. u�, · · · ,uk ∈ Rn �&�.�$�0 ������ �����
� O�$ �	#�0 ��b ��T X�M�� N# �M Z�gS !"# )* �E��� ��.T
��� "�� ��T 5&
c+� ��+� �M a�, · · · , ak $��,� ���U# *��O&0
*$O ��T a�u� + · · ·+ akuk �M ��O&0 � O�$ $)� ����S �0
*��O�
 � �S !"# >9�E� ���O&[� �Y� ��  "0�� �#&�.�$�0 �S�

� v =
−−−−−→
(�,�,�) �u =

−−−−−−−→
(�,−�,�) A& �'�() $����

Z��M x�= �S� ��#E �����Y� !\ "
 R� .$ w =
−−−−−−−→
(�,−�,�)

�&��F �au + bv + cw = O

−−−−−−−−−−−−−−−−−−−−−−−→
(a+ �b+ c,−a− c,�a+ b+ c) =

−−−−−→
(�,�,�)

��� � .$ �⎧⎨
⎩

a+ �b+ c = �

−a− c = �

�a+ b+ c = �

⇒
⎧⎨
⎩

�a+ �b = �

c = a
�a+ b = �

⇒
⎧⎨
⎩
−	a = �

c = a
b = −�a



" � �

9$O�
 ��� �
⎧⎪⎪⎨
⎪⎪⎩

a� + a� + a� + a� = �

a� + a� + a� = �

a� + a� = �

a� = �

⇒

⎧⎪⎪⎨
⎪⎪⎩

a� = −a� − a� − a�
a� = −a� − a�
a� = −a�
a� = �

⇒ a� = a� = a� = a� = �

x�= E� � ���M�
 ��B� �. &q= ���?U0 �

−−−−−−→
(a, b, c, d) = a�u� + a�u� + a�u� + a�u�

�M $$�S�
 ��� �
⎧⎪⎪⎨
⎪⎪⎩

a� + a� + a� + a� = a
a� + a� + a� = b
a� + a� = c
a� = d

⇒

⎧⎪⎪⎨
⎪⎪⎩

a� = a− b
a� = b− c
a� = c− d
a� = d

�&��F �B = {u�,u�,u�,u�} �S� �R#��0&�0
[−−−−−−→
(a, b, c, d)

]
B

=
−−−−−−−−−−−−−−−→
(a− b, b− c, c− d, d)

�M ���$ 5&6� �#E $.�
 E� N# �� .$ �0���� ������
�� #&3 �0 �. v .�$�0 ]<� � ���$�
 �#&3 N# !�V6� ei �&�.�$�0

9���M 5&�0 &	�F

�) e� =
−−−→
(�,�), e� =

−−−→
(�,�), v =

−−−→
(�,�).

�) e� =
−−−→
(�,�), e� =

−−−→
(�,�), v =

−−−→
(x, y).

�) e� =
−−−−−−−→
(�,�,−�), e� =

−−−−−−−→
(�,−�,�),

e� =
−−−−−−−→
(−�,�,�), v =

−−−−−→
(�,�,�).

�) e� =
−−−−−−−→
(�,�,−�), e� =

−−−−−→
(�,�,�),

e� =
−−−−−→
(�,�,�), v =

−−−−−→
(x,�, y).

�) e� =
−−−−−→
(�,�,�), e� =

−−−−−→
(�,�,�),

e� =
−−−−−→
(�,�,�), v =

−−−−→
(x, y, z).

�) e� =
−−−−−−−→
(�,�,�,�), e� =

−−−−−−−→
(�,�,�,�),

e� =
−−−−−−−−−→
(�,�,�,−�), e� =

−−−−−−−−−−→
(�,�,−�,−�),

v =
−−−−−−−→
(�,�,�,	).

	) e� =
−−−−−−−→
(�,�,�,�), e� =

−−−−−−−→
(�,�,�,�),

e� =
−−−−−−−→
(�,�,�,�), e� =

−−−−−−−→
(�,�,�,�),v =

−−−−−−→
(x, y, z, t).

R�0 .$ �Y� !\ "
 �&�.�$�0 $��U� �aM��' �M ��.T .$
span

{
u�, · · · ,uk

}
�&q= �U0 �. uk � *** �u� �&�.�$�0

&z\�1$ Rn �&q= E� �#&3 �� �&�.�$�0 $��U� ���� *����
*Z�
&��
 Rn ��;< �J� �. w� 6
 $�, R#� *(�� n �0��0
� "0�� Rn .$ �&�.�$�0 E� $��U� k �� �&��F �n < k �S� �R#��0&�0

*�� "� �Y�

�#&3 B = {u�, · · · ,un} ⊆ Rn �S� ���� �����
$��0 �j��
 $��,� �&��F ��O&0 ��LB$ �.�$�0 v ∈ Rn � �$0
*v = a�u� + · · · + anun �M $O�
 (=&# �.@ an, · · · , a�
Z��M�
 $�$ .��1 �Z�
&��
 B �� #&3 �0 v >&j L
 �. $��,� R#�

*[v]B =
−−−−−−−−→
(a�, · · · , an)

*j =
−−−→
(�,�) � i =

−−−→
(�,�) Z��M x�= A& �'�() ������

*$O�
 ���
&� R� ���0 .���& �� �� #&3 B = {i, j} >.T R#� .$
*−−→(a, b) = ai + bj ���?U0

� j =
−−−−−→
(�,�,�) �i =

−−−−−→
(�,�,�) Z��M x�= A, .�8�

���0 .���& �� �� #&3 B = {i, j,k} >.T R#� .$ *k =
−−−−−→
(�,�,�)

*−−−−→(a, b, c) = ai + bj + ck ��?U0 *$O�
 ���
&� R�

� v =
−−−−−→
(�,�,�) �u =

−−−−−→
(�,�,�) �&�.�$�0 A
 .�8�

_z �� ���#E *���$�
 !�V6� R� ���0 �#&3 N# w =
−−−−−→
(�,�,�)

�M $O�
 ��� � au+ bv+ cw = O x�= E� 9����Y� !\ "
⎧⎨
⎩

a+ b = �

a+ c = �

b+ c = �

⇒
⎧⎨
⎩

b = −a
c = −a
−�a = �

⇒ a = b = c = �

x�= E� ���M�
 ��B� �. &q= ��&f .$ �

(α, β, γ) = au + bv + cw

Z#.�$⎧⎨
⎩

a+ b = α
a+ c = β
b+ c = γ

⇒
⎧⎨
⎩

a+ b = α
b− c = α− β
b+ c = γ

⇒
⎧⎨
⎩

a = α− b
�b = α− β + γ
�c = −α+ β + γ

��� � .$

a =
α+ β − γ

�
, b =

α− β + γ

�
, c =

−α+ β + γ

�

�&��F �B =
{
u,v,w

}
�S� ���U#[−−−−−→

(α, β, γ)
]
B

=
�

�

−−−−−−−−−−−−−−−−−−−−−−−−−−→
(α+ β − γ, α− β + γ,−α+ β + γ)

�u� =
−−−−−−−→
(�,�,�,�) �u� =

−−−−−−−→
(�,�,�,�) �&�.�$�0 A� .�8�

R� ���0 ���#&3 u� =
−−−−−−−→
(�,�,�,�) � u� =

−−−−−−−→
(�,�,�,�)

x�= E� � ����Y� !\ "
 _z �� ���#E ����$�
 !�V6�

a�u� + a�u� + a�u� + a�u� = 0



�

�) �A = A.

�&��#F.$ ��+� �M (�� ��T ]#��&
 O = [oij ] &��#� .$ �M
E� >.&[, A = [aij ] ]#��&
 �U+) �� �#�1 ���?U0 *����T
�&��#F.$ ��+� 5$�M ���
 E� �M (�� (−�)A = [−aij ]

*(�� ��
F (�$ �0 A ]#��&


Mat (n×m) Ǳ&q,� �n = � �S� A& �'�() �����
� R� = Mat (�× �) ?z +, *��
&��
 ��"+ ���E��	�� �.

*R� = Mat (�× �)

���E��	�� �. Mat (n×m) Ǳ&q,� �n = m �S� A, .�8�
��h� ���
&��
 !J���

[�],
[
� −�
� �

]
,

⎡
⎣ � � −�

� � �

−� � �

⎤
⎦

Z#.�$ Mat (�× �) .$ A
 .�8�[
� � �

� � −�
]

+
[
� � �

� � �

]
=

[
� � �

� � �

]
Z#.�$ Mat (�× �) .$ A� .�8�

�

[
� −�
� �

]
− �

[ −� �

� �

]
=

[
� −��
−� −��

]

�0���� �����
�

[
� �

−� �

]
�
[

� �

−� �

]
�&	"#��&
 &#F A�

�����Y� !\ "

[
� �

� −�
]

�
[

� � �

−� � �

]
X��� 0 C � B �A ���M x�= A;

R#� .$ *�� "�
[
� −� �

� � �

]
�

[
� � −�
� � �

]
�[�&�
 �. A − C � A + �B + C �B − C ��A >.T

*���M

�&��#F.$ ��+� �M �O&0 �� n×m ]#��&
 Eij ���M x�= A�
*(�� N# �0��0 �M 5F 4� (i, j) o L
 c�0 ����T 5F
���0 �#&3 N# !�V6� &� Eij ��,+�
 �M ���$ 5&6�

�(�� .�\Q Mat (n×m) �U0 *Mat (n×m)

���0 �#&3 N# ��O �$�$ �&	"#��&
 ���$ 5&6� A�
��LB$ ]#��&
 ]<� ����$�
 !�V6� Mat (�× �)

9���M 5&�0 &	�F X"' �0 �.
[
x y
z t

]

A� =
[ −� �

� �

]
A� =

[
� �

−� �

]

A� =
[
� −�
� �

]
A� =

[
� �

� −�
]

�&�.�$�0 E� � �$ �� y�� ��O ��B� �&q= �U0 �Z��M G#�U�
9���M oL6
 �. �#E


) u� =
−−−−−→
(�,−�), u� =

−−−→
(�,�), u� =

−−−−−→
(�,−�).

�) u� =
−−−−−−−→
(�,�,−�), u� =

−−−−−→
(�,�,�), u� =

−−−−−−→
(	,��,�).

��) u� =
−−−−−−−−−→
(�,�,�,−�), u� =

−−−−−−−→
(�,�,�,�),

u� =
−−−−−−−−−−→
(−�,�,�,−�), u� =

−−−−−−−→
(�,�,�,�),

u� =
−−−−−−−−−−→
(�,−�,�,−�).

%��&	' (��

�&�$�0.&M ��.�$ � (�� .�$�0 4	�
 �U�[@ Z�+U� ]#��&

5&�0 �0 *�O&0�
 (U�T c�� � �-&#. �&	6L0 �#&� .$ ������=

*(�� $��,� E� X��
 ���#�.F ]#��&
 ��$&�

XM�
 ���#�$�S �n×m ]#��&
 E� .h�
 ������ �����
!�Y "
 !VO �0 $�, nm E�

A =

⎡
⎢⎢⎢⎣
a�� a�� · · · a�m

a�� a�� · · · a�m
*** *** ***
an� an� · · · anm

⎤
⎥⎥⎥⎦

�0 �>.T R#� .$ *�����O X��
 5 � m � �Y� n .$ �M (��
A 4� (i, j) �� #F.$ �. aij � A = [aij ] Z�"#��
 �T?� !VO
]#��&
 E� 4� j 5 � � 4� i �Y� .$ e1�� �� #F.$ ���U#C Z�
&��

���0 &	�F .$ �M (O�$ Z���� �#&	"#��&
 �
�$� .$ � [B� *AA
�� �q1 >.T �0 �&a
 �5��U0C ��.�$�0 &# � e0&� ����+, &� aij E�
n×m �&	"#��&
 ��+� ��,+�
 *A���M �U)��
 H*7*� ]M ��

*Z��$�
 5&6� Mat (n×m) $&+� &0 �.

A = [aij ], B = [bij ] ∈ ��E� �0 �S� ���� �����
� A+B := [aij + bij ] Z��M G#�U� a ∈ R c�� � Mat (n×m)

e+) !+, ���+� �0 Mat (n×m) >.T R#� .$ *aA := [aaij ]

��U
 R#� �0 *(�� �.�$�0 �&q= N# �_&0 .$ K��6
 %�- �
9Z#.�$ a, b ∈ R � A,B,C ∈Mat (n×m) ��E� �0 �M

�) A+B ∈ Mat (n×m) ,

�) A+ (B + C) = (A+B) + C,

�) A+O = O +A = A, �) A+B = B +A,

�) A+ (−�)A = O, �) aA ∈ Mat (n×m) ,

	) a (bA) = (ab)A, 
) a (A+B) = aA+ aB,



�

A =
[

� �

−� �

]
]#��&
 A& �'�() �����

(�� �#n<�VU
 ]#��&
 A Z��M x�= �S� ��#E �(�� �#n<�VU


��U
 �0 AA−� = I� x�= �&��F �A−� =
[
α β
γ η

]
�

��� � .$ *(��
[
α+ �γ β + �η
−α −β

]
=

[
� �

� �

]
⎧⎪⎪⎨
⎪⎪⎩

α+ �γ = �

−α = �

β + �η = �

−β = �

⇒

⎧⎪⎪⎨
⎪⎪⎩

�γ = �

α = �

�η − � = �

β = −�
⇒

⎧⎪⎪⎨
⎪⎪⎩

α = �

β = −�
γ = �/�
η = �/�

]#��&
 �M R#� >&[f� ���0 *A−� =
[

� −�
�/� �/�

]
]3

Z��$ 4&��� �. �#E >&[�&�
 �#&0 �(�� A /VU
 .Mn


AA−� =
[

� �

−� �

] [
� −�
�/� �/�

]
=

[
� �

� �

]

=
[

� −�
�/� �/�

] [
� �

−� �

]
= A−�A

��#E �("�� �#n<�VU
 A =
[

� �

−� −�
]

]#��&
 A, .�8�

�&��F �AB = I� � B =
[
α β
γ η

]
$O x�= �S�

[
�α+ �γ �β + �η
−α− γ −β − η

]
=

[
� �

� �

]

*(�� o1&�� �M �−α− γ = � � �α + �γ = � � "#&0 ]3

�0���� ������

�M ��0&�0 �B&' .$ �. A−�BA %�q�T&' A�
� A =

[
� −�
� �

]
B =

[
� �

� �

]

&	�� � � 1� A =
[
a b
c d

]
]#��&
 �M ���$ 5&6� A;

5F /VU
 ��?U0 �ad �= bc �M (�� �#n<�VU
 � 1�
*(�� �

ad− bc
[

d −b
−c a

]

*CAB = BCA = I �&��F �ABC = I �S� �M ���$ 5&6� A�

�Y� � 4� i �Y� �#U� E� !T&' ]#��&
 Pij ���M x�= A�
9���$ 5&6� >.T R#� .$ *�O&0 I� ��&+� ]#��&
 4� j
Pij A:C *PijPjk = Pik A%C *P �

ij = I� AGB�C
*$O�
 !T&' I� ]#��&
 4� j � 4� i �&	� � �#U� E�
E� ("�.&[, PijA �&��F ��O&0 � × � ]#��&
 A �S� A$C
*A ]#��&
 4� j � 4� i �&��Y� �#U� E� !T&' ]#��&

E� ("�.&[, APij �&��F ��O&0 � × � ]#��&
 A �S� A�C
*A ]#��&
 4� j � 4� i �&	� � �#U� E� !T&' ]#��&


*(�� �#n<�VU
 Pij ]#��&
 A�C

B = [bij ] � n×m ]#��&
 A = [aij ] �S� ������ $����
�� n×l ]#��&
 �. AB K�;'=�� �&��F ���O&0 m×l ]#��&


�0��0 5F 4� (i, j) �� #F.$ �M Z��M�
 G#�U�

cij = ai�b�j + ai�b�j + · · ·+ aimbmj

=
[
ai� ai� · · · aim

]
⎡
⎢⎢⎢⎣
b�j

b�j
***
bmj

⎤
⎥⎥⎥⎦

E� 4� j 5 � .$ A ]#��&
 E� 4� i �Y� %�q�T&' E� �M �(��
*(�� ��O !T&' B ]#��&


9Z#.�$ &	"#��&
 %�- G#�U� �0 �)� &0 �'�() %����
[
� −� �

� � −�
]⎡⎣ �

�

�

⎤
⎦ =

[
�− �+ �

�+ �− �
]

=
[
�

�

]
[ −� �

� �

] [
� �

−� �

]
=

[ −�− � �+ �

�− � �+ �

]

=
[ −� �

−� �

]
⎡
⎣ � �

� �

� �

⎤
⎦[

� � �

� � �

]
=

=

⎡
⎣ � � �

� � �

� � �

⎤
⎦
⎡
⎣ � � �

� � �

� � �

⎤
⎦

=

⎡
⎣ � � ��

� � ��

�� �� ��

⎤
⎦

5F �Y1 �M �O&0 �� n× n ]#��&
 In �S� ���� &����
�S� c�� � �An× n ��&+� ]#��&
C ����T 5F Ǳ&q,� �#&� � N#
���?U0 *InA = A � AIm = A �&��F ��O&0 n×m ]#��&
 �A

>.T R#� .$ ��O&0 $�, a � �$0 ]#��&
 C � B �A �S�

�) A (B + C) = AB +AC �) A (BC) = (AB)C

�) a (AB) = (aA)B = A (aB) �) �A = A

��.T .$ �. A �U0�
 ]#��&
 ������ *����
$$�S (=&# 5&�Q ���#$ B �U0�
 ]#��&
 �M ��#S �#n<�VU

&0 � ���
&� A /VU
 �. B >.T R#� .$ *AB = BA = In �M

*Z��$�
 5&6� A−� $&+�



�

?z [1 (n− �) × (n− �) �&	"#��&
 5&��
��$ ���M x�= A�
*�O&0 n × n ]#��&
 N# A = [aij ] � �O&0 ��O G#�U�
� ��� �Y� mn' E� !T&' ]#��&
 5&��
��$ �0��0 Aj �S�

Z��M�
 G#�U� �&��F ��O&0 A ]#��&
 4� j 5 �

|A| = a��A�� − a��A�� + · · ·+ (−�)n+�a�nA�n

�$&� �� ��� �Y� E� �*H*� G#�U� .$ �78����� ��$��
�� &# � ��#$ �Y� �� N+M �0 5���
 �. G#�U� R#� *(�� ��O
$)� �Y� �[) E� ����q1 *$+� �g�.� ]#��&
 �&�5 � E� N#

Z#.�$ �e1�� .$ *��$�
 5&6� �. G#�U� R#� �E.�Z� �M $.�$

�O&0 n × n ]#��&
 N# A = [aij ] �S� ���� ��$��
4� j 5 � � 4� i �Y� mn' E� !T&' ]#��&
 5&��
��$ Aij �

�&��F ��O&0 A ]#��&


|A| = (−�)i+�
ai�Ai� + (−�)i+�

ai�Ai� + · · ·
· · ·+ (−�)i+n

ainAin

= (−�)j+�
a�jA�j + (−�)i+�

a�jA�j + · · ·
· · ·+ (−�)j+n

anjAnj

Z#.�$ �5&��
��$ G#�U� �0 �)� &0 �'�() ��$��
∣∣∣∣ � �

−� �

∣∣∣∣ = (�) (�)− (�) (−�) = �+ � = �

∣∣∣∣∣∣
� � −�
� � �

� −� �

∣∣∣∣∣∣ = (�)
∣∣∣∣ � �

−� �

∣∣∣∣− (�)
[
� �

� �

∣∣∣∣
+ (−�)

∣∣∣∣ � �

� −�
∣∣∣∣

= (�) (
+ �)− (�) (��− �)

+ (−�) (−�− �) = ��

∣∣∣∣∣∣
� � −�
� � �

−� � �

∣∣∣∣∣∣ = (�)
∣∣∣∣ � �

� �

∣∣∣∣− (�)
∣∣∣∣ � −�
� �

∣∣∣∣
+ (−�)

∣∣∣∣ � −�
� �

∣∣∣∣
= (�) (�− �)− (�) (�+ �)

+ (−�) (
− �) = −��

� A =
[
� −�
� �

]
$.
 .$ BA � AB �� [�&�
 &0 AH

�$ R#� ��M (B&' .$ �M ���$ 5&6� �B =
[
� �

� �

]
*("�� �#n<q#U� &	"0��&
 %�- ���U# *�� "�� �0��0

�Q =
(
� �

� �

)
�P =

(
� �

−� �

)
���M x�= A8

�>.T R#� .$ *E =
(
� �

� �

)
� R =

(
� �

� −�
)

�M ���$ 5&6�

a) E� = E b) P � = −E

c) Q� = E d) R� = E

e) EP = PE = P f) EQ = QE = Q

g) PQ+QP = O h) RP + PR = O

i) QR+RQ = Oj) P +Q+R+ E =
(
� �

� �

)

�#&	"#��&
 X��� 0 D � C �B �A �S� �M ���$ 5&6� AJ
�&��F ���O&0 � × q � k × n �p × � �m × k

*
(
A O
O B

)(
C O
O D

)
=

(
AC O
O BD

)

A� = �&��F �A =

⎛
⎝ � � �

� � �

� � �

⎞
⎠ �S� �M ���$ 5&6� A7

*n ≥ � �M An = O �
⎛
⎝ � � �

� � �

� � �

⎞
⎠

)	*�'�&� +��

G#�U� *$$�S�
 G#�U� �U0�
 �&�]#��&
 ���0 &	�� 5&��
��$
G#�U� ���0 �M X���� R#� �0 *(�� � 6SE&0 !VO �0 5&��
��$
(n− �)×]#��&
 5&��
��$ ?z [1 �#&0�
 n×n ]#��&
 5&��
��$

*�O&0 ��O G#�U� (n− �)

|A| $&+� &0 �. A �U0�
 ]#��&
 5&��
��$ ������ ��$��
9Z��M�
 G#�U� �#E >.T �0 � �$�$ 5&6�

∣∣a∣∣ = a 9�× � �U0�
 ]#��&
 5&��
��$ A�∣∣∣∣ a b
c d

∣∣∣∣ = ad− bc 9�× � �U0�
 ]#��&
 5&��
��$ A;

9�× � �U0�
 ]#��&
 5&��
��$ A�∣∣∣∣∣∣
a b c
d e f
g h i

∣∣∣∣∣∣ = a

∣∣∣∣ e f
h i

∣∣∣∣−b
∣∣∣∣ d f
g i

∣∣∣∣+c
∣∣∣∣ d e
g h

∣∣∣∣



�

Z#.�$ 8*H*� �� �q1 N+M �0 A& �'�() &�$��∣∣∣∣∣∣
� � �

� 	 −�
−� � �

∣∣∣∣∣∣ (�)
=

∣∣∣∣∣∣
� �� �

� �� �

−� � �

∣∣∣∣∣∣
= (−�)�+� (−�)

∣∣∣∣ �� �

�� �

∣∣∣∣ = −��

� Z#��$�c=� ��� �Y� �0 �0 4� �Y� �0��0 �� �� 0� A�C .$ �M
*Z#��$�c=� 4�$ �Y� �0 �. 4� �Y� �0��0 �$ ]<�

Z#.�$ 8*H*� �� �q1 N+M �0 A, .�8�∣∣∣∣∣∣∣∣
� � −� �

−� � � �

� � � �

� � � −�

∣∣∣∣∣∣∣∣
(�)
=

∣∣∣∣∣∣∣∣
� � � �

−� � � 	

� � � −�
� � � −��

∣∣∣∣∣∣∣∣
(�)
=

∣∣∣∣∣∣∣∣
� � � �

−� � � �

� � � −��
� � � −��

∣∣∣∣∣∣∣∣
(�)
=

∣∣∣∣∣∣∣∣
� � � �

−� � � �

� � −� �

� � � −��

∣∣∣∣∣∣∣∣
= (�) (�) (�) (��) = ��

5 � �0��0 k�3 � Z#��$�c=� 4� 5 � �0 �. ��� 5 � A�C .$ �M
4�$ 5 � �0��0 (�� A;C .$ �Z#��$�M ZM 4.&	Q 5 � E� �. ���
4� �Y� E� �. 4.&	Q �Y� A�C .$ �Z#��$�M ZM 4.&	Q 5 � E� �.

*Z#��$�M ZM

Z#.�$ 8*H*� �� �q1 N+M �0 A
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P��	�� )*UV�� )* H��J� �. �B$&U
 R#� *p(λ) = |λIn −A| = �

A )*UV�� ��)'F% ��� �. p(λ) 4� n �� [��
 ����+) ��Q � A
*Z�
&��


R#� .$ *A =
[
� �

� �

]
���M x�= A& �'�() ��&��

E� ("�.&[, A ��jL6
 �� B$&U
 �>.T

� = |λI� −A| =
∣∣∣∣ λ− � −�
−� λ− �

]
= (λ− �)� − �

λ� = � ��U# *λ = �±� � λ−� = ±� �(λ− �)� = � ]3
λ� ���#� .��\
 $.
 .$ ���?U0 *�� "� A ���#� �#$&\
 λ� = � �

Z#.�$

Av = λ�v ⇔
[
� �

� �

] [
x
y

]
=

[
x
y

]

⇔
{
�x+ y = x
�x+ �y = y

���#� �&�.�$�0 ��,+�
 ���U# *y = −�x �nB � �x+y = � ]3
&0 (�� �0��0 λ� = � �0 ��h�

{[
x
−�x

]∣∣∣∣ x ∈ R

}
= span

{[
�

−�
]}

Z#.�$ �c�� λ� ���#� .��\
 $.
 .$

Av = �v ⇔
[
� �

� �

] [
x
y

]
= �

[
x
y

]

⇔
{
�x+ y = �x
�x+ �y = �y

λ� = � �0 ��h� ���#� �&�.�$�0 ��,+�
 ���U# *y = �x R#��0&�0
E� ("�.&[,

{[
x
�x

]∣∣∣∣ x ∈ R

}
= span

{[
�

�

]}

R#� .$ *A =

⎡
⎣ � � �

� � −�
−� � 


⎤
⎦ ���M x�= A, .�8�

E� (�� >.&[, A ��jL6
 �� B$&U
 �>.T

� = |λI� −A| =
∣∣∣∣∣∣
λ− � −� −�
−� λ− � �

� −� λ− 


∣∣∣∣∣∣
= (λ− �) (λ− �) (λ− �)

y = x� =
|A�|
|A| =


z − �
��

>_$&U
 �&� �$ A�O&0 ��T �&� �$ 5&��
��$ �S�C A� .�8�

x− �y + �z = �, �x+ y + �z = �,

	x − �y + ��z = ��

��T �&� �$ R#� X#��- ]#��&
 5&��
��$ *�#���0 �h� .$ �.
�$ E� !T&' �&� �$ � � O�nS .&�M �0 �. 4� �� B$&U
 &z 1
 *(��

9Z��M�
 !' �. ��� �� B$&U


x− �y = �− �z, �x+ y = �− �z

R#��0&�0 *(�� A�C �&a
 �0 ��[O ?z 
&M �M

x = x� =
|A�|
|A| =

�− 	z
�

y = x� =
|A�|
|A| =

�z − 

�

(��0 ��&3 (�T � $�$ .��1 4� �� B$&U
 .$ �. y � x �#&0 �&'
$+� t�\�� �. ��
F

	x − �y + ��z = 	
�− 	z
�

− ��z − 

�

+ ��z = ��

R#��0&�0

S =
{(

�

�
(�− 	z) , �

�
(z − �) , z

)∣∣∣∣ z ∈ R

}
*$0 � %�) ��O�+� .��1�0 ��F ��&"� �l�&�Q �S�

D�. �0 �. �#E �&	�&� �$ E� N# �� �0���� ���%��
���M !' �
��M

�)
{
x− �y = −�
�x+ �y = ��

�)
{
�x+ y = −�
x+ �y = ��

�)

⎧⎨
⎩

�x− y + z = �

x+ �y − z = �

�x− �y + �z = 


�)

⎧⎨
⎩

x+ y − z = �

�x− y − z = �

x+ �y − �z = �

�)

⎧⎪⎪⎨
⎪⎪⎩

x− y + z + t = �

x+ �y − z − t = �

�x− y − z + �t = �

x+ �y + z − �t = �

�)

⎧⎪⎪⎨
⎪⎪⎩
−x+ y + z + t = 


x− y + z + t = �

x+ y − z + t = �

x+ y + z − t = �

/1�� ����� � ���#' 2��

�� n × n ]#��&
 A ���M x�= ������ ��&��
$�, � v ∈ Mat (n× �) �� � .�$�0 �S� *(��
�. λ �&��F �Av = λv �M ��$�S (=&# �.@ λ �\�\'
��h� �*W�� ����� N# �. v � A P��	�� �*W�� ���9� N#
��T GB&L
 v �&�.�$�0 X�b� *Z�
&��
 A ���0 λ �0

�� B$&U
 .$ �U�[@ .Y0 ��T .�$�0 ��#E �(�� �)� $.

*$.�$ ��T �� λ �� ��E� �0 Av = λv
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]#��&
 �M R#� ���0 �=&M � 4E_ p�O ���� %�&��
n ��.�$ A �M (�� 5F �O&0 ���O ��Y1 A ∈ Mat (n× n)

�#$&\
 ��.�$ A ]#��&
 �S� ��?U0 �O&0 �Y� !\ "
 ���#� .�$�0
� . . . �v� �v� � �$0 A.��V� &0 _z &+ '�C λn � . . . �λ� �λ� ���#�
!T&' ]#��&
 C � ��O&0 &	�F �0 ��h� �� � ���#� �&�.�$�0 vn

R#� .$ ��O&0 vn � . . . �v� �v� �&	� � 5$�$ .��1 Z� .&�M E�
� (�� ��Y1 C−�AC >.T

C−�AC =

⎡
⎢⎢⎢⎣
λ� � · · · �

� λ� · · · �

*** *** ***
� � · · · λn

⎤
⎥⎥⎥⎦

R#� .$ ;*J*� B� A&X .�8� )* ���� A& �'�() &�&��
(B&'

C =
[

v� v�
]

=
[

� �

−� �

]

��� � .$ �

[
� �

−� �

]−� [
� �

� �

] [
� �

−� �

]
=

[
� �

� �

]

(B&' R#� .$ A;*J*� E� A;C �&a
 �� 
�$�C A, .�8�

C =
[

v� v� v�
]

=

⎡
⎣ � � �

� � �

� � −�

⎤
⎦

��� � .$ �

⎡
⎣ � � �

� � �

� � −�

⎤
⎦−� ⎡

⎣ � � �

� � −�
−� � 


⎤
⎦
⎡
⎣ � � �

� � �

� � −�

⎤
⎦

=

⎡
⎣ � � �

� � �

� � �

⎤
⎦

R#� .$ *A =

⎡
⎣ � −� �

� −� −�
−� � −�

⎤
⎦ ���M x�= A 
 .�8�

.$ � (�� −(λ + �)� = � ��jL6
 �� B$&U
 ��.�$ A >.T
x�= *$.�$ �� .��V� &0 λ = −� ���#� .��\
 N# &	�� ��� �

>_$&U
 �&� �$ �0 AX = −X{
�x− y + �z = �

�x− �y + �z = �

v = (�,�,−�)t 5F �Y� !\ "
 %�) &	�� �M $O�
 �	 �

*("�� ���O ��Y1 A ]#��&
 �R#��0&�0 *(��

.$ *λ� = � � λ� = � �λ� = � E� ���.&[, A ���#� �#$&\
 ���U#
Z#.�$ �λ� = � ���#� .��\
 $.


Av = �v ⇔
⎡
⎣ � � �

� � −�
−� � 


⎤
⎦
⎡
⎣ x
y
z

⎤
⎦ = �

⎡
⎣ x
y
z

⎤
⎦

⇔
⎧⎨
⎩
−�x+ �y + �z = �

�x− �z = �

−�x+ �y + �z = �

⇒
⎧⎨
⎩

x = y + z
z = x
�y + �z = �x

⇒
⎧⎨
⎩

y = �

z = x
z = x

⇒
{
x = z
y = �

A ]#��&
 E� λ� = � �0 ��h� ���#� �&�.�$�0 ��,+�
 ���U#
E� ���.&[,⎧⎨

⎩
⎡
⎣ x
�

x

⎤
⎦
∣∣∣∣∣∣x ∈ R

⎫⎬
⎭ = span

⎧⎨
⎩
⎡
⎣ �

�

�

⎤
⎦
⎫⎬
⎭

� λ� = � �0 ��h� ���#� �&�.�$�0 ��,+�
 ��0&6
 >.T �0
&0 ���0��0 X���� �0 �A ]#��&
 E� λ� = �

span

⎧⎨
⎩
⎡
⎣ �

�

�

⎤
⎦
⎫⎬
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⎧⎨
⎩
⎡
⎣ �

�

−�

⎤
⎦
⎫⎬
⎭

�>.T R#� .$ *A =

⎡
⎣ � � �

� −� �

� � �

⎤
⎦ ���M x�= A
 .�8�

(O� λ�−λ� +�λ+� = � E� (�� >.&[, A ��jL6
 �� B$&U

:�$c
 y� L
 �&��6#. � λ� = −� �\�\' ��6#. ��.�$ �M
!V6 
 �&��,+�
 *(�� λ� = � − �i � λ� = � + �i

&0 ���0��0 X��� 0 &	�F �0 ��h� ���#� �&�.�$�0 E�
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⎧⎨
⎩
⎡
⎣ �

−�
�

⎤
⎦
⎫⎬
⎭ , span

⎧⎨
⎩
⎡
⎣ �

i
i

⎤
⎦
⎫⎬
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⎧⎨
⎩
⎡
⎣ �

−i
�

⎤
⎦
⎫⎬
⎭
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��$ �0��0

5F 5&��
��$ �f� �0��0 �]"#��&
 N# ���#� �#$&\
 ��+� ̀+�

*]#��&
 5F ��T� �Y1 �T&�, ̀+�
 �0��0 ��U# �(�� ]#��&


��h� �Y� !\ "
 ���#� �&�.�$�0 $��U� ���� $�&��
.$ ��#� .��\
 5F .��V� ��.&+O �0��0 �aM� �' ���#� .��\
 �� �0

*(�� �jL6
 �� B$&U

�Y� !\ "
 �>�&� 
 ���#� �#$&\
 �0 ��h� ���#� �&�.�$�0

*�� "�
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�. �#E �&	"#��&
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 �0���� ���&��
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�)
[
� −�
� −�

]n

�)
[
� −�
� −�

]n

�)

⎡
⎣ � � −�
� � −�
� � −�

⎤
⎦n

�)
[
λ �

� λ

]n

)�	#�' � �'	��' �	3 ��&	' 4��

*A = [aij ] ∈ Mat (m× n) ���M x�= ������ ��*��
�M $O�
 G#�U� At = [aji] >.T �0 A P��	�� �����	
� aij �T&�, 5&V
 �#U� E� � (�� Mat (m× n) E� �q,
*(At)t = A �M (�� RO�. �>.T R#� .$ *$$�S�
 !T&' aji

��U# *AAt = I �M Z�gS �
&U 
 ��.T .$ �. A ]#��&

*�O&0 D$&	���� �0��0 5F /VU


�M $O�
 �h'?
 �'�() ��*��

A−� =
[

�/� �/�
−�/� �/�

]−�
=

[
�/� −�/�
�/� �/�

]
= At

A−� =

⎡
⎣ �/� �/� �/�
�/� −�/� −�/�
�/� −�/� �/�

⎤
⎦−�

=

⎡
⎣ �/� �/� �/�
�/� −�/� −�/�
�/� −�/� �/�

⎤
⎦ = At = A

p�O �&��F �A = [aij ] ∈ Mat (n× n) �S� ���� ��*��
�M (�� 5F �O&0 �
&U 
 A �M R#� ���0 �=&M � 4E_

*a�
�j + a�

�j + · · ·+ a�nj = � �� ≤ j ≤ n �� ��E� �0 AGB�
*a�i� + a�i� + · · ·+ a�in = � �� ≤ i ≤ n �� ��E� �0 A%

*a�iaj� + · · ·+ aniajn = � �� ≤ i �= j ≤ n �� ��E� �0 A:
*ai�a�j + · · ·+ ainanj = � �� ≤ i �= j ≤ n �� ��E� �0 A$

.$ �. A = [aij ] ∈ Mat (n× n) ]#��&
 ������ ��*��
�� Ǳ�E� �0 ��U# ��O&0 �0��0 D$&	���� &0 �M Z�gS L��9�� ��.T

*aij = aji �� j �� � i

n ��.�$ �� n × n 5.&\ 
 ]#��&
 �� ���� $�*��
�Y� !\ "
 ���#� .�$�0 n � A.��V� %&" '� &0C �\�\' ���#� .��\

�0 ��h� ���#� �&�.�$�0 ���?U0 *(�� ���O ��Y1 R#��0&�0 � (��

*���
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 �>�&� 
 ���#� �#$&\
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��Y1 !VO �5&V
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� �

]
�)

[
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� �

]

�)

⎡
⎣ � � −�
� � �
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⎤
⎦ �)

⎡
⎣ � −� 


−� � −�
−� � −	

⎤
⎦
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⎡
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 �

⎤
⎦ �)

⎡
⎢⎢⎣
� � � �

� � � �

� � � �

� � � �

⎤
⎥⎥⎦

_&0 ]#��&
 ��Y1 4�= � ��#� �&�.�$�0 ���#� �#$&\
 A5

*���M �[�&�
 �.
⎡
⎣ a b d
� c e
� � f

⎤
⎦ �a�a


� (�� n × n ]#��&
 N# A ���M x�= ���� ��&��
*p (A) = O >.T R#� .$ *P (x) = |xIn −A|

.$ �A =
[
� �

� −�
]

���M x�= A& �'�() ���&��
>.T R#�

p (x) =
∣∣∣∣x

[
� �

� �

]
−

[
� �

� −�
]∣∣∣∣

=
∣∣∣∣ x− � �

−� x+ �

∣∣∣∣
= x� − �

� A�n = I �� n ≥ � �� ��E� �0 R#��0&�0 � A� = I ��� � .$
*A�n+� = A

�&��F �A =
[

� �

−� �

]
�S� A, .�8�

p (x) =
∣∣∣∣x

[
� �

� �

]
−

[
� �

−� �

]∣∣∣∣
=

∣∣∣∣ x− � −�
� x− �

]
= x� − �x+ �

*A� = �A− �I� &# �A� − �A+ �I� = O ��� � .$
B =

[
� �

� −�
]

x�= &0 �A =
[
� �

� �

]
�S� A
 .�8�

��� � .$ *B−�AB =
[
� �

� �

]
Z#.�$

An =
(
B

[
� �

� �

]
B−�

)n

= B

[
�n �

� �n

]
B−�

= �
n−�

[
�n + � �n − �
�n − � �n + �
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R#��0&�0 � C−� = Ct >.T R#� .$

C−�AC =

⎡
⎣ � � �

� −
√
� �

� �
√
�

⎤
⎦

�� B$&U
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⎡
⎣ � −� �

� −� �
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⎤
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(λ+ �)�(λ− �) = �

E� (�� >.&[, λ = � �0 ��h� ���#� �&�.�$�0 �&q=
�0 ��h� ���#� �&�.�$�0 �&q= � span
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}
R#��0&�0 *span
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(�,�,�)t
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⎡
⎣ � � �

� � �
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⎤
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⎡
⎣ −� � �

� −� �

� � �

⎤
⎦
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An .��\
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� −�
−� �

]
���M x�= A� .�8�
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 *Z��M�
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λ� = −� 5F ���#� �#$&\
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√
�/�√
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√
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]

CtAC =
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]

��� � .$ *A = C
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� �

]
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An =
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C

[ −� �

� �

]
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= C

[ −� �

� �
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= C
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[
� �

� �
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n

[
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−� �

]
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9(�� E .� Z� ��Y1 ]#��&
 N# &0 �#E 5.&\ 


�)
[

� −�
−� �

]
�)
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⎡
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⎡
⎣ � � �

� � �
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⎤
⎦
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�&��F �Z�
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C−�AC =

⎡
⎢⎢⎢⎣
λ� � · · · �

� λ� · · · �

*** *** ***
� � · · · λn

⎤
⎥⎥⎥⎦

�&�.�$�0 E� C .$ � ���O&0 c#&+ 
 A ���#� �#$&\
 ��+� �S� �R#��0&�0
*$0 ���� �
&U 
 C ]#��&
 �&��F �Z��M �$&� �� �V#

�. A =
[

� −�
−� �

]
]#��&
 A& �'�() &�*��

5F ��jL6
 �� B$&U
 � (�� 5.&\ 
 ]#��&
 R#� *�#���0 �h� .$
λ� = � � λ� = � 5F ���#� �#$&\
 ]3 *(�� λ� − �λ = �

���0��0 X��� 0 λ� = � � λ� = � �0 ��h� ���#� �&�.�$�0 *�� "�
x�= Z�����
 ]3 *span

{[
�

−�
]}

� span
{[

�

�

]}
&0

Z��M

v� =

[ √
�/�√
�/�

]
, v� =

[ √
�/�

−
√
�/�

]
,

C =
[

v� v�
]

=

[ √
�/�

√
�/�√

�/� −
√
�/�

]

.$ � C−� = Ct ���c#&+ 
 A ���#� �#$&\
 5Q >.T R#� .$
��� �

C−�AC = CtAC =
[
� �

� �

]

*�#���0 �h� .$ �. A =

⎡
⎣ � −� �

−� � �

� � �

⎤
⎦ ]#��&
 A, .�8�

5F ��jL6
 �� B$&U
 � (�� 5.&\ 
 ]#��&
 R#�

λ
(
λ� − �

)
= �

� λ� = −
√
� �λ� = � &0 ���0��0 A ���#� �#$&\
 ]3 *�O&0�


X���� �0 λ� � λ� �λ� �0 ��h� ���#� �&�.�$�0 *λ� =
√
�

span

⎧⎨
⎩
⎡
⎣ �

�

�

⎤
⎦
⎫⎬
⎭, span

⎧⎨
⎩
⎡
⎣ �√

�

−�

⎤
⎦
⎫⎬
⎭, span

⎧⎨
⎩
⎡
⎣ �

−
√
�

−�

⎤
⎦
⎫⎬
⎭

$�M x�= 5���
 ]3 *��O&0�


v� =

⎡
⎣
√
�/�
�√
�/�

⎤
⎦ , v� =

⎡
⎣ �/�√

�/�
−�/�

⎤
⎦ ,

v� =

⎡
⎣ �/�

−
√
�/�

−�/�

⎤
⎦ , C =

⎡
⎢⎣
√
�/� �/� �/�

�
√
�/� −

√
�/�√

�/� −�/� −�/�

⎤
⎥⎦



� �

F ((x, y, z) + (α, β, γ)) = F (x+ α, y + β, z + γ)

= x+ α− �y − �β + z + γ

= (x− �y + z) + (α− �β + γ)

= F (x, y, z) + F (α, β, γ)

� Rm �0 Rn E� �Y� �&	 O&�� G � F �S� ���� �����
�aF >.T R#� .$ �a ∈ R � �O&0 Rl �0 Rm E� �Y� � O&�� H
�Y� !#�[� �� /VU
 ���?U0 *����Y� (O&��H◦F � F+G

*(A−�)−� = A � (�� �#n<�VU
 �Y� !#�[� N# ��#n<�VU


�M (�� �.�$�0 ei ∈ Rn ���M x�= ������ �����
Ei ∈ ��?U0 � ����T 5F >&j L
 �#&� � N# 5F 4� i o L

��T u�&j L
 �#&� � N# 5F 4� i o L
 �M (�� �.�$�0 Rm

*��O&0
��E� �0 � (�� �Y� � O&�� F : Rn → Rm ���M x�=

Z�O&0 � O�$ � ≤ j ≤ n ��

F (ei) = a�jE� + a�jE� + · · ·+ amjEm

>��$	 ���F P��	�� �. A = [aij ] ]#��&
 >.T R#� .$
�S� �R#��0&�0 *Z��$�
 5&6� M (F) $&+� &0 � Z�
&��
 F !"#
�� v ∈ Rn �� ��E� �0 �&��F ���O � O� �� � !VO �0 &�.�$�0

∀v ∈ Rn : F (v) = M (F )v

Rn E� �Y� �&	 O&�� R�0 N�[V# ���&�� ���� $����
*$.�$ $)� m× n �&	"#��&
 ��,+�
 � Rm �0

�Rm �0 Rn E� �Y� �&	 O&�� G � F �S� ���� %����
E� �#n<�VU
 � �Y� � O&�� J � Rl �0 Rm E� �Y� � O&�� H

>.T R#� .$ �a ∈ R � �O&0 Rn �0 Rn

�) M (aF ) = aM (F )

�) M (F +G) = M (F ) +M (G)

�) M (H ◦ F ) = M (H)M (F )

�) M
(
J−�

)
= M (J)−�

� a = � ���M x�= �'�() &����
F (x, y) =

−−−−−−−−−−−−−−−−→
(�x− y, x+ y, x+ �y)

G (x, y) =
−−−−−−−−−−−−−−−→
(�x, x+ y,�x+ �y)

H (x, y, z) =
−−−−−−−−−−−−−−−−−−→
(x− y + z,�x+ y − �z)

J (x, y) =
−−−−−−−−−−→
(x− y,�x+ y)

�&��F ��O&0 ��LB$ A ∈ Mat (n× n) �S� �M ���$ 5&6� AH
*(�� 5.&\ 
 ]#��&
 N# M =

�

�

(
A+At

)
���Q �(�� 5.&\ 
 �5.&\ 
 ]#��&
 �$ %�q�T&' &#F A8

���Q �(�� 5.&\ 
 ��
&U 
 ]#��&
 �$ %�q�T&' &#F AJ

�[�&�
 �� n �� ��E� �0 �. An �
[

� −�
−� �

]
�l�&�Q A7

*���M

*A = O �&��F �AAt = O �S� �M ���M (0&f A�

�,� 5��6& 7��

��� "� 5$0 �Y� (�T&� �=&' �M �.�$�0 �&�&q= R�0 e0��
��U# *��O�
 ���
&� �Y�

��.T .$ �. F : Rn → Rm (O&�� ������ �����
�� a ∈ R �� � u,v ∈ Rn �� ��E� �0 �M Z�gS �Y�

F (au) = aF (u) � F (u + v) = F (u) + F (v)

*f(x, y, z) Z�"#��
 f(
−−−−→
(x, y, z)) �&�0 _z +U


(O&�� A& �'�() �����

F (x, y) =
−−−−−−−−−−−−→
(�x, x− y, y − x)

��#E *(�� �Y� R� �0 R� E�

F (a (x, y)) = F (ax, ay)

=
−−−−−−−−−−−−−−−−−→
(�ax, ax− ay, ay − ax)

=
−−−−−−−−−−−−→
(�x, x − y, y − x)

= aF (x, y)

F ((x, y) + (s, t)) = F (x+ s, y + t)

=
−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
(�x+ �s, x+ s− y − t, y + t− x− s)

=
−−−−−−−−−−−−→
(�x, x− y, y − x) +

−−−−−−−−−−−→
(�s, s− t, t− s)

= F (x, y) + F (s, t)

�Y� R �0 R� E� F (x, y, z) = x − �y + z (O&�� A, .�8�
��#E *(��

F (a (x, y, z)) = F (ax, ay, az)

= ax− �ay + az

= a (x− �y + z)

= aF (x, y)



� �

Z#.�$ �8*�*� �� �q1 E� A� t�\�� ���0 A�

(H ◦ F ) (x, y) = H (F (x, y))

= H (�x− y, x+ y, x+ �y)

=
(

(�x− y)− (x+ y) + (x+ �y)
)
i

+
(
� (�x− y) + (x+ y)− � (x+ �y)

)
j

=
−−−−−−−−−−−−−→
(�x+ y,�x− 	y)

M (H ◦ F ) =
[
� �

� −	
]

=
[
� −� �

� � −�
]⎡
⎣ � −�
� �

� �

⎤
⎦

= M (H)M (F )

x�= &0 �8*�*� �� �q1 E� A� (+"1 t�\�� ���0 A 
Z#.�$ J−� (x, y) = (u, v)

J
(
J−� (x, y)

)
=
−−−→
(x, y)⇒ J (u, v) =

−−−→
(x, y)

⇒ −−−−−−−−−−→(u− v,�u+ v) =
−−−→
(x, y)

{
u− v = x
�u+ v = y

⇒
{
�u = x+ y
�v = −�x+ y

⇒ J−� (x, y) =
−−−−−−−−−−−−−−→(
x+ y

�
,
−�x+ y

�

)

M (J)−� =
[
� −�
� �

]−�
=
�

�

[
� �

−� �

]

=
[

�/� �/�
−�/� �/�

]
= M

(
J−�

)

�#E �&	 O&�� E� N# �� �M ���$ 5&6� �0���� *����
9���M oL6
 �. N# �� u#&+� ]#��&
 ]<� *����Y�

�) F (x, y, z) = (�x− �y + �z, x+ y − �z)

�) F (x, y) = (�x− �y,�x+ �y, x+ y)

�) F (x, y) = �x− �y

�) F (x, y) = (x+ y,�x− y)

�) F (x, y, z) = (x+ z, y + x, z + x)

� a = � �M ���M t�\�� ��.T .$ �. 8*�*� �� �q1 A4

F (x, y) = (�x− �y, x+ y) H (x, y) = (x+ y, x− y)

G (x, y) = (�x− y, x− �y) J (x, y) = (�x+ y, x+ �y)

*(AB)−� = B−�A−� � (A−�)−� = A �M ���M (0&f A5

9Z��M t�\�� (B&' R#� .$ �. 8*�*� �� �q1 Z�����

A�� � �&�.�$�0 !VO �0C 5Q A&

F

([
�

�

])
=

⎡
⎣ �

�

�

⎤
⎦ � F

([
�

�

])
=

⎡
⎣ −��

�

⎤
⎦

E� ("�.&[, F u#&+� ]#��&
 R#��0&�0

M (F ) =

⎡
⎣ � −�
� �

� �

⎤
⎦

�0&6
 >.T �0

G

([
�

�

])
=

⎡
⎣ �

�

�

⎤
⎦ , G

([
�

�

])
=

⎡
⎣ �

�

�

⎤
⎦ ,

M (G) =

⎡
⎣ � �

� �

� �

⎤
⎦ , H

⎛
⎝
⎡
⎣ �

�

�

⎤
⎦
⎞
⎠ =

[
�

�

]
,

H

⎛
⎝
⎡
⎣ �

�

�

⎤
⎦
⎞
⎠ =

[ −�
�

]
, H

⎛
⎝
⎡
⎣ �

�

�

⎤
⎦
⎞
⎠ =

[
�

−�
]
,

M (H) =
[
� −� �

� � −�
]
, J

([
�

�

])
=

[
�

�

]
,

J

([
�

�

])
=

[ −�
�

]
, M (J) =

[
� −�
� �

]
.

Z#.�$ �8*�*� �� �q1 E� A� (+"1 t�\�� ���0 A,

(aF ) (x, y) = aF (x, y)

= �
−−−−−−−−−−−−−−−−→
(�x− y, x+ y, x+ �y)

=
−−−−−−−−−−−−−−−−−−−−−→
(�x− �y,�x+ �y,�x+ �y)

M (aF ) =

⎡
⎣ � −�
� �

� �

⎤
⎦

= �

⎡
⎣ � −�
� �

� �

⎤
⎦ = aM (F )

Z#.�$ �8*�*� �� �q1 E� A; t�\�� ���0 A


(F +G) (x, y) = F (x, y) +G (x, y)

=
−−−−−−−−−−−−−−−−→
(�x− y, x+ y, x+ �y) +

−−−−−−−−−−−−−−−→
(�x, x+ y,�x+ �y)

=
−−−−−−−−−−−−−−−−−−−−→
(�x− y,�x+ �y,�x+ �y)

M (F +G) =

⎡
⎣ � −�
� �

� �

⎤
⎦

=

⎡
⎣ � −�
� �

� �

⎤
⎦ +

⎡
⎣ � �

� �

� �

⎤
⎦

= M (F ) +M (G)



� :

transpose(A)
!<�

−−−−→ . . . . . . . . . . . . . . . A ]#��&
 $&	����

det (A )
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . A ]#��&
 5&��
��$

>.T �0 �. �I*�*� R#�+� E� ; (+"1 �'�() ������
9Z��$�
 4&��� !<�
 N+M �0 �#E

with(linalg) :

A := matrix(2, 2, [[1,−2], [2, 3]]);

B := matrix(2, 2, [[0, 2], [3, 1]]);

C := multiply(inverse(A),B);

multiply(C,A);

���M x�= ��?� @A���) 9�BC	� EJ $�����
>_$&U
 E� Sy �&� �$

eq_i:a_{i1}*x_1+a_{i2}*x_2+...+a_{im}*x_m=b_i

.$ �#E !VO �0 �. �&� �$ R#� *� ≤ i ≤ n �M ��O&0 ��O !�V6�
9Z��M�
 $.�� !<�


with(linalg) :

eq 1 := a 11 ∗ x 1 + ...+ a 1m ∗ x m = b 1;
...

eq n := a n1 ∗ x 1 + ...+ a nm ∗ x m = b n;

Sy := {eq 1, eq 2, ..., eq n};
Va := {x 1, x 2, ..., x m};

solve(Sy,Va) . �$ E� (�� �=&M �&� �$ R#� !' ���0 5�M�
*$O �$&� ��

5$.�F (��0 ���0 �9N�+ ����2 + ��
1) %�����
. �$ E� (�� �=&M A ]#��&
 ��jL6
 ����+)��Q

eigenvectors(A) . �$ N+M �0 *$O �$&� �� charpoly(A)
!VO �0 ��[ � *$.�F (��0 �. A ���#� �&�.�$�0 � �#$&\
 5���

���� [a,b,(v_1,...,v_k)] 4�= �0 �&	�.&[, E� �������E
�jL6
 ����+)��Q .$ 5F .��V� ��.&+O b ���#� .��\
 a �M �$0
���#� �&�.�$�0 E� �Y� !\ "
 ���,+�
 (v_1,...,v_k) �

*�O&0�
 a �0 ��h�

� �� �#� /.$F .$ �78����� &�����
http://webpages.iust.ac.ir/m_nadjafikhah/r2.htm

*(�� ��O $.�F �MnB� �= d'&[
 �0 p0�
 e0&�
 � &	B&a


58�' 9� /�	���� �:��

;H7 ����T �0 �!<�
 .�c=� 4�� E� �$&� �� >&
�\
 ����&6
 ���0
*$O �U)��
 doc.pdf !#&= &# �

�Y� �[) $.
 .$ >�. �$ ��:�
�� 9�� ������
. �$ &0 �M $.�$ $)� linalg 4&�0 �.�c=� 4�� .$ �!<[
 .$

*$+� .&M �0 �$&
F �h=&' .$ �. 5F 5���
 with(linalg)

N# E� �$&� �� ���0 �;����) + ����2 ����� ������
�=�U
 ijL0 �+�� &0 �. 5F (�� � 	0 �]#��&
 N# &# � .�$�0
�&��#F.$ &0 � v 4&�0 ����B�
−n �.�$�0 G#�U� ���0 *Z��M

. �$ E� v_n � * * * �v_2 �v_1 X��� 0

v := vector([v1, v2, ..., vn])
!<�

−−−−→ v :=

−−−−−−−−−−→
(v�, v�, · · · , vn)

�� #F.$ &0 � A 4&�0 n ×m ]#��&
 G#�U� ���0 *Z��M�
 �$&� ��
. �$ E� �Aij 4� (i, j)

A := matrx(n,m, [[A 11,A 12, ...,A 2m]

, [A 21,A 22, ...,A 1m],

... , [A n1,A n2, ...,A nm, ]])

]#��&
 G#�U� ���0

A :=

⎡
⎢⎢⎢⎣
A�� A�� · · · A�m

A�� A�� · · · A�m
*** *** ***

An� An� · · · Anm

⎤
⎥⎥⎥⎦

c�� &�.�$�0 G#�U� ���0 � ' �M $O�
 ��T� *Z��M�
 �$&� ��
$&�#� ���0 ���#$ >�. �$ � [B� *$O �$&� � ]#��&
 . �$ E�
�0 !<�
 help N+M �0 ������
 �M $.�$ $)� G#�U� .$ (B	�

*�#E�$�<0 &	�F �� UB&Y


]#��&
 B � A ���M x�= ��OD����) �2 '��6� ������
>.T R#� .$ ��O&0 ��LB$ �$�, c �

A + B
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . B � A �&	"#��&
 e+)

A − B
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . . B ]#��&
 �	�
 A

c ∗ A
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . . . . . . . A ]#��&
 .$ c

multiply (A , B )
!<�

−−−−→ B .$ A �&	"#��&
 %�q�T&'

A ∧ n
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . . . n 5�� �0 A ]#��&


inverse (A )
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . . . . . A /VU




� ���

����� ��	���

�) u •v = v •u �) a (u •v) = (au) •v

�) u • (v + w) = u •v + u •w �) u •u ≥ �

�;*�*; ��q1 E� A�C �S�#� !�B$ �0 ������ �����
>.T �0 �. u ∈ R� x���
 .�$�0 A�B��� &# Y� C .�S

‖u‖ =
√

u •u

���U# *Z��M�
 G#�U�

∥∥−−−−→(a, b, c)
∥∥ :=

√
a� + b� + c�

9�&��F �a ∈ R � u,v ∈ R� �S� ���� �����
�) ‖u‖ ≥ � �) ‖au‖ = |a|‖u‖

�) ‖u‖ = �⇔ u = 0 �) ‖u + v‖ ≤ ‖u‖+ ‖v‖

�) |u •v| ≤ ‖u‖‖v‖

�OM ��&"
&� � �a�a
 ��&"
&� X��� 0 �. AH � A� ��&"
&�
*��
&��


Z#.�$ ��OM ��&"
&� $)� !�B$ �0 ������ $����
�&�.�$�0 R�0 �#��E ���� � .$ *−� ≤ u •v

‖u‖ ‖v‖ ≤ �

>.T �0 �. u,v ∈ R�

∠ (u,v) := arccos
(

u •v
‖u‖ ‖v‖

)

*$+� G#�U� 5��
�&��F ��O&0 α �0��0 v � u R�0 �#��E �S� �R#��0&�0

u •v = ‖u‖‖v‖ cosα

G#�U� 5���
 �&VO� i�� �� UB&Y
 Z�, >.T �0 �. �����
Z � & 0 d � a 
 �$ R � 0 � #��E � e � - �$ � S� � V � #� ?z a 
 *$ + �
����� ZV' N# �� � 1& [Y �� ! 0& 1 d� a 
 �$ 5F �� �O& 0 � 0�� 0
*$.�$ $)� ����� !#&"
 !' ���0 �$�U 
 �&	O�. *(��
( �� t Y � 
 � 0 � �  [ 
 � M � , - 
 ! T� �� �� � � � � + ) E�
���� �� � !�"����#$ %&"' �0 �� [
 �M !�"���� #$ �� ���� & # �
!#&"
 !' .$ �Y� �[) E� �$&� �� !j= R#� E� m�� *�O&0�


*��
&��
 ������ ������ �. Z�, R#� *(�� �����

����� ;�< ���

�M �.@ 5&+� ��#E �(�� ��&�� .&�"0 uL0 R#� ̀-

������ ������ 4&+� &z[#�\� �M (�� (�.$ &,$� R#� ��#$ �����

*(�&� 5���
 ����$ %�- R O�$ &0 &	�� �.

�v =
−−−−→(
a, b, c

)
,w =

−−−−−→(
x, y, z

) ∈ R� �S� ������ �����
!VO �0 � �$�$ 5&6� v •w $&+� &0 �. w .$ v ����$ %�q�T&'

v •w = ax+ by + cz

*Z��M�
 G#�U�
9$+� G#�U� 5���
 �. Rn .$ ����$ %�- �0&6
 >.T �0
Rn .$ .�$�0 �$ w =

−−−−−−−→
(b�, · · · , bn) � v =

−−−−−−−−→
(a�, · · · , an) �S�

Z��M�
 G#�U� ���O&0

v •w := a�b� + · · ·+ anbn

RL� R� .$ ����$ %�- i�� $.
 .$ &	�� �]3 R#� E�
Rn ���0 � #$���
 ��� 5��0 XB&Y
 R#� &
� �(�S Z����

*�� "� ^��T

9�&��F �a ∈ R � u,v,w ∈ R� �S� ���� �����
��



� � 	 � ?�

�E� 
 N# /g. D � C �B �A ���M x�= A
 .�8�
&0 `?-� �@ 4�$ 5�� ̀+�
 �M ���M (0&f *��,?-_�

9AGB���*; !VOC *(�� �0��0 �Y1 �$ �@ 4�$ 5�� ̀+�


AB� +BC� + CD� +DA� = AC� +BD�

>.T R#� .$ *v =
−→
DA � u =

−→
AB Z��M x�= *!'

� −→DB =
−→
DC +

−→
CB = u + v �−→CB = v �−→DC = u

�h� $.
 ZV' R#��0&�0 *−→CA =
−→
CB −−→AB = v− u

‖u‖� + ‖ − v‖� + ‖ − u‖� + ‖v‖� = ‖u + v‖� + ‖v− u‖�

��#$ 5&�0 �0 &# *(��

�‖u‖� + �‖v‖� = ‖u + v‖� + ‖v− u‖�

9$O �$&� �� �E���� G#�U� E� (�� �=&M �>&[f� ���0

‖u + v‖� + ‖v− u‖� =

= (u + v) • (u + v) + (u− v) • (u− v)

= u •u + �u •v + v •v + u •u− �u •v + v •v

= �u •u + �v •v = �‖u‖� + �‖v‖�

u •v �‖v‖ �‖u‖ ��#E $.�
 E� N# �� .$ �0���� ������
9���M �[�&�
 �. ∠ (u,v) �

�) u =
−−−−−−−→(
�,�,−�), v =

−−−−−→(
�,�,�

)
�) u =

−−−−−→(
�,�,�

)
, v =

−−−−−→(
�,�,�

)
�) u =

−−−−−→(
�,�,�

)
, v =

−−−−−→(
�,�,�

)
�) u =

−−−−−−−→(
�,�,−�), v =

−−−−−−−−→(− �,�,�)
� B = (�,�,�) �A = (�,�,−�) ���M x�= A 
$.
 R#� .$ �. 7*�*; ��q1 E� A�C (+"1 *C = (�,�,�)

*���M t�\��

GB&L
 �.�$�0 u ∈ R� ���M x�= ������ ������
*Z��M�
 G#�U� u/‖u‖ >.T �0 �. u ��V# .�$�0 *(�� ��T
� (�� N# .�$�0 R#� �E���� �M (�� 5F �.�nS Z�� R#� !�B$

*u = ‖u‖ u
‖u‖ 9��?U0

x�= ��B�� �����2 �2 ����2 <� ��=P� ������
�0��0 u �0 v �#j� >.T R#� .$ *u �= 0 � u,v ∈ R� ���M

projuv =
(u •v
u •u

)
u

*$O �)� %��*; !VO �0 *(��

� u �&�.�$�0 �V�#� ���0 �=&M � 4E_ p�O ���� %����
*u •v = � �M (�� 5F ���O&0 ���J�� v

>.T R#� .$ *A,B ∈ R� ���M x�= ������ &����
$&+� &0 � �$+� G#�U� −→AB .�$�0 �E���� >.T �0 �. B �	 A )* '=�<

��#$ 5&�0 �0 *Z��$�
 5&6� d (A,B)

d
(
(x, y, z) , (a, b, c)

)
:=

√
(x− a)� + (y − b)� + (z − c)�

9�&��F �A,B,C ∈ R� �S� ���� *����
�) d (A,B) ≥ � �) d (A,B) = �⇔ A = B

�) d (A,B) = d (B,A)

�) d (A,B) + d (B,C) ≥ d (A,C)

*��
&��
 !8'8� ���E�� �. A� ��&"
&�
}

����$ %�- AGB� 9�*; !VO
���#$ �0 .�$�0 N# �#j� A%

�&�.�$�0 R�0 �#��E A& �'�() �����

u =
−−−−−−−−−→(
�,−�,

√
�

)
� v =

−−−−−−−−−→(
−�,�,

√
�

)
&0 (�� �0��0

∠ (u,v) = arccos
(

u •v
‖u‖‖v‖

)

=arccos

⎛
⎝ (�)(−�)+(−�)(�)+(

√
�)(
√
�)√

��+(−�)�+(
√
�)�

√
(−�)�+��+(

√
�)�

⎞
⎠

= arccos
( −��
�× �

)
= arccos (���) ≈ ����	

B = (�,�,�) �A = (�,�,�) 5F /g. �M �a�a
 A, .�8�
9��#E *(�� `?-_� ��&" 
 ��� "� C = (�,�,�) �

d (A,B) =
√

(�− �)� + (�− �)� + (�− �)� =
√
�

d (A,C) =
√

(�− �)� + (�− �)� + (�− �)� =
√
�

d (B,C) =
√

(�− �)� + (�− �)� + (�− �)� =
√
�



� ?� � � 	

*(�� u �0 v �#j� E� >.&[, l 5F .$ �M �h� = ‖v‖�− l� ��U#
��U#

l =
∥∥projuv

∥∥ =
|u •v|
‖u‖ =

|�+ �− �|√
�+ �+ �

=
�√
��

��#E *�O&0�

√

�/	 �0��0 ��O � ��� �@ ���� � .$

h� =
(√

�+ �+ �

)�
−

(
�√
��

)�

= ��− ��

��
=

�

	

9��0&�0 v �0 �. u �#j� �$.
 �� .$ �0���� ������
�) u =

−−−−−−−→(
�,−�,�), v =

−−−−−−−→(
�,�,−�)

�) u =
−−−−−→(
�,�,�

)
, v =

−−−−−→(
�,�,�

)
B = (−�,�,�) �A = (�,�,�) /g. &0 d�a
 ('&"
 A�

*���M �[�&�
 �. C = (�,�,−�) �

$+, �$ �0 �$ � �V# .�$�0 �� w � v �u �S� �M ���$ 5&6� A�
9�� x ��LB$ .�$�0 �� ��E� �0 �&��F ���O&0 Z� �0

a) projux = (u •x)u

b) projvx = (v •x)v

c) projwx = (w •x)w

d) x = (u •x)u + (v •x)v + (w •x)w

� &� x .�
 R�0 �#��E ���M x�= A�$&� �&	���"MC AH
�#��E � β �. u .�$�0 � &� y .�
 R�0 �#��E �α �. u .�$�0
�;*; !VOC *Z�
&�0 γ �. u .�$�0 � &� z .�
 R�0
&0 u ��V# .�$�0 u/‖u‖ >.T R#� .$ �M ���$ 5&6� *A%

ijL0 *(�� �0��0 −−−−−−−−−−−−−→(cosα, cosβ, cos γ)

cos� α+ cos� β + cos� γ = �

�∠ (u,v) = �π/� � ‖v‖ = � �‖u‖ = � �M ��.T .$ A8
9���M �[�&�
 �. �#E >�.&[, E� N# �� .��\


a) u •v b) u •u

c) ‖u + v‖� d) ‖u− v‖

e) (�u− �v) • (u + �v) f) ‖�u + �v‖

�u+ v+w = 0 � ����V# w � v �u �&�.�$�0 ���M x�= AJ
*�#.�F (��0 �. u •v + u •w + v •w ̀+�
 .��\


�0��0 u �0 v .�$�0 �#j� �@ ZM�$Q�

‖projuv‖ = ‖v‖.| cosα|
= ‖v‖ |u •v|

‖u‖.‖v‖
=
|u •v|
‖u‖

π/� < �S� �M (�� RO�. *(�� ∠ (u,v) �� #��E α �M �(��
R�+� �0 *$O�
 ���
 �@ �nB � cosα < � �&��F �α ≤ π

� ≤ �S� ��=�@ E� *(�� ��O ��&� | cosα| _&0 �[�&�
 .$ !�B$
�S� � (�� �0��0 u ��V# .�$�0 &0 �#j� ��V# .�$�0 �&��F �α < π/�

��� � .$ *(�� �0��0 −u &0 �&��F �π/� < α ≤ π �M
projuv
‖projuv‖ = sgn (cosα)

u
‖u‖

9Z#.�$ � ̀+�
 .$ ]3

projuv = ‖projuv‖ projuv
‖projuv‖

=
|u •v|
‖u‖ sgn (cosα)

u
‖u‖

=
‖u‖‖v‖| cosα|

‖u‖
cosα
| cosα|

u
‖u‖

=
‖u‖‖v‖ cosα
‖u‖� u

=
(u •v
u •u

)
u

.�$�0 �0 v =
−−−−−−−→(
�,�,−�) .�$�0 �#j� A& �'�() ������

*�#.�F (��0 �. u =
−−−−−−−→(
�,−�,�)

Z#.�$ G#�U� �0 �)� &0 *!'

projuv =
(u •v
u •u

)
u

=
(�) (�) + (−�) (�) + (�) (−�)

(�)� + (−�)� + (�)�
−−−−−−−→
(�,−�,�)

=
−−−−−−−−−−→(
−�
�
,
�

�
,−�

)

� B = (�,�,�) �A = (�,�,−�) ���M x�= A, .�8�
�. BC e�- �0 A /��. E� $.�� `&��.� �@ *C = (�,−�,�)

*���M �[�&�

Z��M�
 x�= �� 0� .h�
 R#� ���0 *!'

u =
−→
CB = B−C =

−−−−−→
(�,�,�)

v =
−→
CA = A−C =

−−−−−−−→
(�,�,−�)

�. H &� A �� �T&= � ���
&� H �. BC e�- �0 A �#j� �S�
�CAH �� #��cB� Zg&1 d�a
 .$ �&��F AGB�;*�; !VOC Z�
&�0 h
*$�M �[�&�
 �. CH e�- � CA e�- 5���
 h �[�&�
 ���0



� � 	 � E � G�� � "

�
&U 
 ���#&3 B =
{
v�,v�, · · · ,vk

} �S� ���� �����
�� ��E&0 >.T R#� .$ ��O&0 Rn E� V �.�$�0 �&q= �#E ���0

�� v ∈ V

v =
(

v� •v
v� •v�

)
v� +

(
v� •v
v� •v�

)
v� + · · ·+

(
vk •v
vk •vk

)
vk

Z��M x�= �'�() �����

v� =
−−−−−→(
�,�,�

)
, v� =

−−−−−−−−→(− �,�,�) , v� =
−−−−−−−→(
�,−�,�)

*(�� R� ���0 ���#&3 B >.T R#� .$ *B =
{
v�,v�,v�

}
�

>.T R#� .$ �v =
−−−−→(
a, b, c

) ∈ R� �S� ���?U0

v =
(

v� •v
v� •v�

)
v� +

(
v� •v
v� •v�

)
v� +

(
v� •v
v� •v�

)
v�

=
(
a+ b+ c

�

)
v� +

(−a+ c

�

)
v� +

(
a− �b+ c

�

)
v�

5Q ���#&3 B ���M x�= �7��8� Q��G K+� $����
� ��O&0 Rn E� V �.�$�0 �&q= �#E ���0

{
v�,v�, · · · ,vk

}
Z��M G#�U�

w� = v�

w� = v� −
v� •w�

w� •w�

w�

w� = v� −
v� •w�

w� •w�

w� −
v� •w�

w� •w�

w�

***
wk = vk − vk •w�

w� •w�

w� −
vk •w�

w� •w�

w� − · · ·

· · · − vk •wk−�
wk−� •wk−�

wk−�

�V# �
&U 
 ���#&3 B′ =
{
w�,w�, · · · ,wk

}
>.T R#� .$

*(�� Rn E� V �.�$�0 �&q= �#E ���0

�v� =
−−−−−−−→(
�,�,�,�

) ���M x�= A& �'�() %����
��?U0 � v� =

−−−−−−−−−−−→(− �,�,−�,�) �v� =
−−−−−−−→(
�,�,�,�

)
�4��S D�. N+M �0 >.T R#� .$ *B =

{
v�,v�,v�

}
�#E ���0 �V# �
&U 
 ���#&3 N# c�� � �
&U 
 ���#&3 (�+O�

*�#E&"0 R� E�
{
v�,v�,v�

}
�&q=

Z#.�$ 8*;*; �� �q1 �0 �)� &0 .h�
 R#� ���0 *!'

w� = v�

=
−−−−−−−→(
�,�,�,�

)
w� = v� −

v� •w�

w� •w�

w�

=
−−−−−−−→(
�,�,�,�

)− �+ �+ �+ �

�+ �+ �+ �

−−−−−−−→(
�,�,�,�

)

�∠ (u,v) = π/� � ‖v‖ = � �‖u‖ =
√
� �M ��.T .$ A7

*�#.�F (��0 �. u− v � u + v R�0 �#��E

.�$�0 w � v �u ��LB$ .�$�0 �� �� ��E� �0 �M ���$ 5&6� A�
*(�� $+, u �0 v (u •w)−w (u •v)

}

��#$ �.�$�0 �0 .�$�0 N# �#j� AGB� 9;*; !VO
�$&� �&	���"M A%

=�>?�@A��B C�� � �'	��' D �	� ���

!#&"
 ���0 .$ � (�� ('�. _z +U
 �
&U 
 �&��#&3 &0 5$�M .&M
&� (�� 4E_ 4�$ �).$ �&��#� . &# � &	����
 �E&"B&
�� ��h�
R#� �0 ��&3 uL0 R#� E� m�� *Z��M �
&U 
 �. ��O �$�$ �� #&3
E� �d�0 �
�$� .$ ���� ��S �� $&�#� 5��0 *(�� >&)&� '�

*$+� �h� m�T 5���
 uL0 R#� �� UB&Y


B =
{
v�,v�, · · · ,vk

}
���M x�= ������ �����

��.T .$ *�O&0 Rn E� V �.�$�0 �&q= �#E ���0 ���#&3
�� � i �� ��E&0 �M (�� V ���� ���J�� )* ��I [� B Z�gS�

��#S )?� ���J�� ��.T .$ �. �#&3 R#� *vi •vj = � �� j �= i

*
∥∥vi

∥∥ = � �� i �� ��E� �0 �M

� v� =
−−−−−−−→(
�,�,−�) ���M x�= A& �'�() �����

�
&U 
 �� #&3 N# B =
{
v�,v�

} >.T R#� .$ *v� =
−−−−−→(
�,�,�

)
*(�� V = span

{
v�,v�

} ���0

���M x�= A, .�8�

v� =

−−−−−−−−−−−−→(√
�

�
,

√
�

�
,

√
�

�

)
� v� =

−−−−−−−−−−−−→(√
�

�
,�,−

√
�

�

)

V = ���0 �
&U 
 �� #&3 N# B =
{
v�,v�

} >.T R#� .$
*(�� span

{−−−−−−−→
(�,�,−�),

−−−−−→
(�,�,�)

}
�&��#�.$ ��+� �0 �O&0 Rn .$ �.�$�0 ei ���M x�= A
 .�8�
>.T R#� .$ *(�� N# �0��0 �M 4� i �� #F.$ c�0 ����T 5F

*(�� Rn ���0 �V# �
&U 
 �� #&3 N# B =
{
e�, e�, · · · , en

}
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w� = v� −
v� •w�

w� •w�

w� −
v� •w�

w� •w�

w� −
v� •w�

w� •w�

w�

=
−−−−−−−→(
�,�,�,�

)t

− �+ �+ �+ �

�+ �+ �+ �

−−−−−−−−−−→(− �,�,�,�)t

− �+ �+ �+ �

�/�+ �+ �+ �/�

−−−−−−−−−−−−→(
−�
�
,�,�,−�

�

)t

− �+ �+ �+ �

�/�+ �+ �/�+ �/�

−−−−−−−−−−−−−−→(
−�
�
,�,−�

�
,−�

�

)t

=
−−−−−−−→(
�,�,�,�

)t

.$ *(�� �
&U 
 ���#&3 B′ =
{
v�,v�,v�,v�

}
X���� R#� �0

Z��M�
 �V# �. �#&3 R#� �
�$�

u� =
w�

||w�||
=

−−−−−−−−−−−−−−→(
−
√
�

�
,�,�,

√
�

�

)t

,

u� =
w�

||w�||
=

−−−−−−−−−−−−−−−−−−→(
−
√
�

�
,�,

�
√
�

�
,−
√
�

�

)t

,

u� =
w�

||w�||
=

−−−−−−−−−−−−−−−−−−−−−→(
−
√
�

�
,

√
�

�
,−
√
�

�
,−
√
�

�

)t

,

u� =
w�

||w�||
=
−−−−−−−−−−→(
�

�
,
�

�
,
�

�
,
�

�

)t

.

�V# �
&U 
 �� #&3 N# B′′ =
{
u�,u�,u�,u�

}
�>.T R#� .$

*(��

�(�+O��4��S D�. N+M �0 $.
 �� .$ �0���� &����
9��0&�0 �V# �
&U 
 �� #&3 N# ]<� � �
&U 
 �� #&3 N#

�) v� =
−−−→(
�,�

)
, v� =

−−−→(
�,�

)
�) v� =

−−−−−→(
�,−�), v� =

−−−→(
�,�

)
�) v� =

−−−−−→(
�,�,�

)
, v� =

−−−−−→(
�,�,�

)
, v� =

−−−−−→(
�,�,�

)
�) v� =

−−−−−→(
�,�,�

)
, v� =

−−−−−→(
�,�,�

)
, v� =

−−−−−→(
�,�,�

)
�) v� =

−−−−−−−→(
�,�,�,�

)
, v� =

−−−−−−−→(
�,�,�,�

)
,

v� =
−−−−−−−→(
�,�,�,�

)
, v� =

−−−−−−−→(
�,�,�,�

)
�) v� =

−−−−−−−→(
�,�,�,�

)
, v� =

−−−−−−−→(
�,�,�,�

)
,

v� =
−−−−−−−→(
�,�,�,�

)
, v� =

−−−−−−−→(
�,�,�,�

)
���M !#�[� ��Y1 !VO �0 �. �#E �&	"#��.&
 E� N# ��

	)
[
� �

� �

]

)

[ −� �

� −�
]

�)

⎡
⎣ −� � �

� � �

� � �

⎤
⎦ ��)

⎡
⎣ � � �

� � �

� � �

⎤
⎦

=
−−−−−−−→(
�,�,�,�

)− �−−−−−−−→(
�,�,�,�

)
=
−−−−−−−→(
�,�,�,�

)
w� = v� −

v� •w�

w� •w�

w� −
v� •w�

w� •w�

w�

=
−−−−−−−−−−−→(− �,�,−�,�)− −�+ �− �+ �

�+ �+ �+ �

−−−−−−−→(
�,�,�,�

)
−�+ �+ �+ �

�+ �+ �+ �

−−−−−−−→(
�,�,�,�

)
=
−−−−−−−−−−−→(− �,�,−�,�) + �

−−−−−−−→(
�,�,�,�

)− �−−−−−−−→(
�,�,�,�

)
=
−−−−−−−−−−→(
�,−�,−�,�)

�l�&�Q � (�� �
&U 
 �� #&3 N# B′ =
{
w�,w�,w�

}
��� � .$

$O x�=

u� =
w�

||w�||
=

−−−−−−−−−−−−→(√
�

�
,�,

√
�

�
,�

)
,

u� =
w�

||w�||
=

−−−−−−−−−−−−→(
�,

√
�

�
,�,

√
�

�

)
,

u� =
w�

||w�||
=
−−−−−−−−−−−−−→(
�

�
,−�
�
,−�

�
,
�

�

)

*(�� �V# �
&U 
 �� #&3 N# B′′ =
{
u�,u�,u�

}
�>.T R#� .$

�
−−−−−−−−−−→(− �,�,�,�)t

�0��0 X��� 0 v� � v� �v� ���M x�= A, .�8�
(�+O��4��S D�. *��O&0

−−−−−−−−−−→(− �,�,�,�)t

�
−−−−−−−−−−→(− �,�,�,�)t

9Z��M�
 ��)� B =
{
v�,v�,v�,v�

}
�� #&3 ���0 �.

w� = v�

=
−−−−−−−−−−→(− �,�,�,�)t

w� = v� −
v� •w�

w� •w�

w�

=
−−−−−−−−−−→(− �,�,�,�)t

− �+ �+ �+ �

�+ �+ �+ �

−−−−−−−−−−→(− �,�,�,�)t

=
−−−−−−−−−−→(− �,�,�,�)t

− �

�

−−−−−−−−−−→(− �,�,�,�)t

=
−−−−−−−−−−−−→(
−�
�
,�,�,−�

�

)t

w� = v� −
v� •w�

w� •w�

w� −
v� •w�

w� •w�

w�

=
−−−−−−−−−−→(− �,�,�,�)t

− �+ �+ �+ �

�+ �+ �+ �

−−−−−−−−−−→(− �,�,�,�)t

− �/�+ �+ �+ �

�/�+ �+ �+ �/�

−−−−−−−−−−−−→(
−�
�
,�,�,−�

�

)t

=
−−−−−−−−−−→(− �,�,�,�)t

− �

�

−−−−−−−−−−→(− �,�,�,�)t

−�
�

−−−−−−−−−−−−→(
−�
�
,�,�,−�

�

)t

=
−−−−−−−−−−−−−−→(
−�
�
,�,−�

�
,−�

�

)t



� � 	 � � ?�

= u×−−−−−−−−−→(−�,−�,−�)

=

∣∣∣∣∣∣
i j k
� � �

−� −� −�

∣∣∣∣∣∣
=
−−−−−−−→
(�,�,−�)

(u× v)×w =

∣∣∣∣∣∣
i j k
� � �

� −� �

∣∣∣∣∣∣×w

=
−−−−−−−→
(�,�,−�)×w

=

∣∣∣∣∣∣
i j k
� � −�
� −� �

∣∣∣∣∣∣
=
−−−−−−−−→
(�,−�,−�)

*("�� �#n< M�O �).&� %�- �R#��0&�0

9Z#.�$ �R� $.���& �� �� #&3 �&�.�$�0 $.
 .$ A
 .�8�

i× j = −j× i = k

j× k = −k× j = i

k× i = −i× k = j

w = � v =
−−−−→
(x, y, z) �u =

−−−−→
(a, b, c) ���M x�= A� .�8�

9>.T R#� .$ �−−−−−→(α, β, γ)

u • (v×w) = u •

∣∣∣∣∣∣
i j k
x y z
α β γ

∣∣∣∣∣∣
= u •

−−−−−−−−−−−−−−−−−−−−−−−−−−→(∣∣∣∣ y z
β γ

∣∣∣∣ ,−
∣∣∣∣ x z
α γ

∣∣∣∣ ,
∣∣∣∣ x y
α β

∣∣∣∣
)

= a

∣∣∣∣ y z
β γ

∣∣∣∣− b
∣∣∣∣ x z
α γ

∣∣∣∣ + c

∣∣∣∣ x y
α β

∣∣∣∣
=

∣∣∣∣∣∣
a b c
x y z
α β γ

∣∣∣∣∣∣
v .$ u �).&� %�q�T&' �$.
 �� .$ �0���� �����

9���M �[�&�
 �.

�) u =
−−−−−−−→
(�,−�,�), v =

−−−−−→
(�,�,�)

�) u = i− j, v = �i + j + �k

�) u =
−−−−−→
(�,�,�), v =

−−−−−→
(�,�,�)

�) u = i− �j + k, v =
−−−−−−−→
(�,−�,�)

�v =
−−−−−−−→
(−�,�,�) �u =

−−−−−−−→
(�,−�,�) ���M x�= AH

;*�*; �� �q1 (�� &� N# $.�
 *a = � � w =
−−−−−→
(�,�,�)

*���M t�\�� $.
 R#� .$ �.

�E�	� ;�< $��

���M x�= ������ �����

v =
−−−−→
(x, y, z),u =

−−−−→
(a, b, c) ∈ R�

�#E >.T �0 �. v .$ u .�$�0 A!%��# &#C !	���� K�;'=��
9Z��M�
 G#�U�

u× v =

∣∣∣∣∣∣
i j k
a b c
x y z

∣∣∣∣∣∣
= (bz − cy) i + (cx− az) j + (ay − bx)k
=
−−−−−−−−−−−−−−−−−−−→
(bz − cy, cx− az, ay − bx)

a ∈ R �� � u,v,w ∈ R� �� ��E� �0 ���� �����
�) u× v = −v× u

�) u× (v + w) = u× v + u×w

�) a (u× v) = (au)× v

�) u⊥u× v , v⊥u× v

�) ‖u× v‖ = ‖u‖‖v‖ sin (∠ (u,v))

�) u • (v×w) = (u× v) •w

�� λ ∈ R �S� &	�� � �S� u‖v �S� &	�� � �S� u × v = 0 AJ
*u = λv �M $$�S (=&#

*���$�
 !�V6� $�� ��. k�M u× v � v �u �&�.�$�0 A7

�&��F ��O&0 $+, v � u x���
 �&�.�$�0 �0 w .�$�0 �S� A�
*w‖u× v

Z��M x�= A& �'�() �����

u =
−−−−−−−→
(�,�,−�) , v =

−−−−−−−→
(�,�,−�)

9>.T R#� .$

u× v =

∣∣∣∣∣∣
i j k
� � −�
� � −�

∣∣∣∣∣∣
=
−−−−−−−−−−−−−−−−−−→
(−�+ �,−�+ �,�− �)

=
−−−−−−−−→
(−�,�,−�)

� v =
−−−−−−−→
(�,−�,�) �u =

−−−−−→
(�,�,�) �M ��.T .$ A, .�8�

9Z#.�$ �w =
−−−−−−−→
(�,−�,�)

u× (v×w) = u×
∣∣∣∣∣∣

i j k
� −� �

� −� �

∣∣∣∣∣∣
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}

%�- �E���� ����� ��[U� AGB� 9�*; !VO
N+M �0 ('&"
 �� [�&�
 A% �).&�

�).&� %�-

�0��0 X��� 0 C � B �A ���M x�= �'�() %����
d�a
 ('&"
 *�� "� (−�,�,�) � (�,�,	) �(�,−�,�)

*���M �[�&�
 �. �ABC
(�� RO�. *Z#��S�
 �h� .$ �. −→AC � −→AB �&�.�$�0 *!'
�.�$�0 �$ R#� E� !T&' `?-_� �E� 
 �M A%��*; !VOC
(�� �=&M ����0&�0 *(�� �ABC d�a
 ('&"
 �0��0 �$ ��.�$

9Z��M �[�&�
 �. ‖−→AB ×−→AC‖Gj� �M

−→
AB = B−A =

−−−−−→
(�,�,�)

−→
AC = C−A =

−−−−−−−→
(−�,�,�)

R#��0&�0 �

Area(�ABC) =
�

�

∥∥−→AB ×−→AC∥∥
=

�

�

∥∥∥
∣∣∣∣∣∣

i j k
� � �

−� � �

∣∣∣∣∣∣
∥∥∥

=
�

�
‖−−−−−−−−−−−−→(−��,−��,��)‖ = 	

√
�

.$ �. �ABC d�a
 ('&"
 �$.
 �� .$ �0���� &����
9���M �[�&�


�) A = (�,�,−�) , B = (�,−�,�) , C = (�,�,−�)

�) A = (�,�,�) , B = (�,�,�) , C = (−�,�,�)

F	B � ;�< (��

&	�F .$ .�$�0 �$ ��U# �����#&� �$ �).&� � ����$ %�- �&+,�
*(�� �#&� �� !+, N# ��&S �� %�- �M �B&' .$ *��.�$ u\�

*$.�$ �.&�"0 �&�$�0.&M �#�) %�-

�u,v,w ∈ R� .�$�0 �� ��E� �0 ������ �����
G#�U� u • (v×w) >.T �0 �. �� R#� !��	 )+ K�;'=��
E� A8C (+"1 �0&�0 *Z��$�
 5&6� [u,v,w] $&+� &0 � �$�M

��U
 * (u− v) × (u + v) = �u × v �M ���M (0&f A8
�("�Q ��&"� R#� �����

.��\
 �u •v =
√
� � ‖v‖ = � �‖u‖ = � �M ��.T .$ AJ

*���M �[�&�
 �. ‖u× v‖

�‖u × v‖ = 	� � ‖v‖ = �� �‖u‖ = � �M ��.T .$ A7
*���M �[�&�
 �. u •v .��\


*‖u× v‖� + (u •v)� = ‖u‖�‖v‖� ���M (0&f A�

�Q .$ ��&"� *‖u×v‖ ≤ ‖u‖‖v‖ �.�+� �M ���$ 5&6� A�I
�(�� .��1�0 ��.T

���M (0&f �u + v + w = 0 ���M x�= A��
*u× v = v×w = w× u

* u× (v×w = (u •w)v − (u •v)w �M ���M (0&f A�;

�M ���M (0&f A��
*[ (u + v)× (v + w)

]
• (u + w) = � (u× v) •w

�M ���M (0&f A��
*u× (v×w) + v× (w× u) + w× (u× v) = 0

�&��F �u ⊥ v �S� �M ���$ 5&6� A�H
*u× {

u× (u× [u× v])
}

= ‖u‖�v

�	�
 �.�$�0 x � 4�U
 �&�.�$�0 v � u ���M x�= A�8
�� B$&U
 &� $O �&+,� v � u �0 �#&0 �Y#��O �Q ��O&0
�.��1�0 >.T .$ ��O&0 %�) ��.�$ u×x = v �.�$�0

*���M oL6
 �. �B&�"
 %�Q �y#��O R#�

� u �S� ��R��� S�T 9 :�
�� �	
U5 ��.�� $����
x�= Ǳ��[
 .$ �. &	�F ��$ �� ��� 0� � ��O&0 ��LB$ .�$�0 �$ v

N# �u $�� 
� .$ v c�� � v $�� 
� .$ u 5$�$ (M�' &0 �Z��M
('&"
 *AGB���* ;!VOC $O�
 !T&' `?-_� �E� 

E� $.�� `&��.� .$ %�- u .�$�0 �@ �0��0 `?-_� �E� 
 R#�
v .�$�0 �@ �0��0 �h� $.
 `&��.� &
� *�O&0�
 u e�- �0 v /��.

��� � .$ *(�� v � u R�0 �� #��E /��� .$ %�-

A = ‖u‖.h
= ‖u‖‖v‖ sin (∠ (u,v))

�E���� ���U# *("�� u × v .�$�0 ��E���� c) �c�Q R#� �M
`?-_� �E� 
 ('&"
 &0 (�� �0��0 u×v �).&� %�q�T&'
�0 u × v �M $O �)� *v � u �&�.�$�0 y�� ��O � �&�
*(�� $+, �$.�$ .��1 5F .$ `?-_� �E� 
 R#� �M �����T



� � 	 ?�

9Z��M �[�&�
 �. −→AD � −→AC �−→AB �&�.�$�0 ���&S �� %�-

−→
AB = B−A =

−−−−−−−→
(�,−�,�)

−→
AC = C−A =

−−−−−→
(�,�,�)

−→
AD = D−A =

−−−−−−−→
(�,−�,�)

��� � .$

V =
�

�

∣∣∣[−→AB,−→AC,−→AD]
∣∣∣

=
�

�

∥∥∥∥∥∥
� −� �

� � �

� −� �

∥∥∥∥∥∥ =
�

�

}

��&S �� %�- ����� ��[U� AGB� 9�*; !VO
��&S �� %�- N+M �0 XUV
 Z�' �� [�&�
 A%

�B = (�,�,�) �A = (�,�,−�) p&\� &#F A, .�8�
�������T Z� D = (�,�,�) � C = (�,�,−�)

�M Z��M�
 �)� � V� R#� �0 �u��3 R#� �0 ��&3 ���0 *!'
�M ��.�$ .��1 ���T N# .$ � 1� &	�� � � 1� .Mn
 �Y\� .&	Q
%�q�T&' (�� �=&M ]3 *�O&0 ��T &	�F E� !T&' 4�� Z�'
��T %�- R#� �S� *Z��M �[�&�
 �. −→AD � −→AC �−→AB �� �&S ��

&
� *]VUB&0 � ������T N# �0 p&\� ��O&0[−→
AB,
−→
AC,
−→
AD

]
=

[
B−A,C−A,D−A

]
=

[−−−−−→
(�,�,�),

−−−−−−−−→
(−�,−�,�),

−−−−−−−→
(�,−�,�)

]

=

∣∣∣∣∣∣
� � �

−� −� �

� −� �

∣∣∣∣∣∣
= −
+ �+ 
 = �

*��U1�� ���T N# .$ .Mn
 p&\� ]3

*���M >&[f� �. ;*�*; �� �q1 A& �0���� $����
�B = (�,�,�) �A = (�,�,�) /g. &0 �
�� Z�' A;

*��0&�0 �. D = (�,�,�) � C = (−�,�,�)

E� ���.&[, 5F /g. �M ��0&�0 �. �
�� Z�' A�
� C = (�,�,�) �B = (�,�,�) �A = (�,�,�)

*D = (�,�,�)

�0&�0 ���?U0 *[u,v,w] = (u× v) •w Z#.�$ �;*�*; �� �q1
Z#.�$ ��*�*; �&a
 E� A�C (+"1

[u,v,w] =

∣∣∣∣∣∣
xu yu zu

xv yv zv

xw yw zw

∣∣∣∣∣∣
�a ∈ R � ��O&0 .�$�0 w � v �u� �u �S� ���� �����

9�&��F

�) [u + u�,v,w] = [u,v,w] + [u�,v,w]

�) [au,v,w] = a[u,v,w]

�) [u,w,v] = [v,u,w] = −[u,v,w]

�) [u,v,w] = [w,u,v] = [v,w,u]

� v �u �&�.�$�0 �M [u,v,w] = � � 1� &	�� � � 1� A 
*��O&0 �Y� ��  "0�� w

v �u .�$�0 �� &0 ����G �	 S�T �	
U5 ��.�� �����
*AGB���*; !VOC $$�S�
 oL6
 KY"B� �E� 
 N# w �
`?-_� �E� 
 ('&"
 &0 (�� �0��0 KY"B� �E� 
 R#� Z�'
/��. E� $.�� `&��.� .$ %�- v � u �&�.�$�0 y�� ��O � �&�
`?-_� `&��.� R#� �0 u × v 5Q *`?-_� �E� 
 R#� �0 w

�0 w .�$�0 �#j� �@ &0 (�� �0��0 �h� $.
 `&��.� �(�� $+,
��U# �u× v

h = ‖proju×vw‖
=
| (u× v) •w|
‖u× v‖

u �&�.�$�0 y�� ��O � �&� `?-_� �E� 
 ('&"
 �=�@ E�
9&0 (�� �0��0 KY"B� �E� 
 Z�' �(�� ‖u× v‖ �0��0 v �

V = ‖u× v‖ h
=

∣∣∣ (u× v) •w
∣∣∣

=
∣∣∣[u,v,w]

∣∣∣

5F /g. �M ��0&�0 �. �
�� Z�' A& �'�() �����
C = (�,�,�) �B = (�,�,�) �A = (�,�,−�) E� ���.&[,

*D = (�,−�,�) �
oL6
 �'Y"B� �E� 
 −→AD � −→AC �−→AB .�$�0 �� &0 *!'
4�� Z�' �4�� � KY"B� �E� 
 ����� i�� �0&�0 *$$�S�

KY"B� �E� 
 Z�' Z6O N# �0��0 D � C �B �A /g. &0
Z6O N# �M (�� �=&M ]3 *$O �)� %��*; !VO �0 *(��



� � � 	

p&\� E� �M � ��. y� �� B$&U
 A& �'�() ��$��
��0&�0 ��.T .$ �. $.nS�
 X� = (x�, y�) � X� = (x�, y�)

*X� �= X� �M
*Z#���0 Z�����
 �$&� �. −−−→X�X� .�$�0 � �&S ��V� �. X� *!'
E� ���.nS � y� �B$&U
 ��� � .$ *$O �)� %�H*; !VO �0
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*�� "� 5.&\ 
 Ǳ��[
 �0 (["� �� : −ax− by + c = �

y� y�� ��O � �&� d�a
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 R#� .$ *A$O �)� 8*; !VO

9����[�&�
 !0&1

X�X� =
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√
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√
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 &# � �� "� e@&\ 
 &# &q= .$ ���T �$ *!'
�B&�"
 R#� .$ &
� *(�� &	�F �&
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 5Q *(�� �0��0 −−−→HX� e�- �@ &0
y� �$&� � −−−→X�X� R�0 α �� #��E /��� .$ ��� �0��0 −−−→HX� *(��

9(�� v

h = ‖−−−→X�X�‖ sin
(
∠
(−−−→
X�X�,v

))
= ‖−−−→X�X�‖

‖−−−→X�X� × v‖
‖−−−→X�X�‖‖v‖

=
‖−−−→X�X� × v‖
‖v‖

*d (X�, l) =
‖−−−→X�X� × v‖
‖v‖ 9Z#.�$ ��M (B&' .$ �R#��0&�0

>.T �0 � ���&M >_$&U
 i&� �B&�"
 R#� .$ 5Q

l : x = �t, y = t, z = �t+ �

�� �T&= R#��0&�0 *v = (�,�,�) � X� = (�,�,�) ]3 �(��
9&0 (�� �0��0 �h� $.


d (X�, l) =

∥∥∥(X� −X�

)× v
∥∥∥

‖v‖

=

∥∥∥−−−−−−−→(�,�,−�)×−−−−−→(�,�,�)
∥∥∥

√
�+ �+ �

=
�√
��

∥∥∥−−−−−−−−→(
�,−��,�)∥∥∥ = �

√
�

��

y� �#j� �� B$&U
 A4 .�8�

l : �x+ �y + �z + � = � x− �y + �z − 	 = �

*��"#�0 �. P : �x+ �y + z + �� = � ����T �0
>&��T � �$ �� B$&U
 �(�� ���T �$ $.��0 !�
 � 5Q *!'

9>.j0 � E� � OnS

Pλ : �x+ �y + �z + �+ λ (x− �y + �z − 	) = �

q, 5F $.��0 !�
 E� (�� >.&[, P �0 � �#j� 5�M� *(��
(�� �=&M �nB *A%��I*; !VO �0C *(�� $+, P �0 �M Pλ E�
t�\�� ��U
 �0 �
� R#� *Z��M t�\�� �. P � Pλ 5$0 $+, p�O
Pλ �0 �&
�� nλ =

−−−−−−−−−−−−−−−−−−→(
�+ λ,�− �λ,�+ �λ

) .�$�0 5$0 $+,
&
� �(�� P �0 �&
�� n =

−−−−−→(
�,�,�

) .�$�0 �

n •nλ = � (�+ λ)+� (�− �λ)+ (�+ �λ) = −	λ+��

(��0 Pλ �� B$&U
 .$ λ .��\
 5$�$ .��1 &0 *λ = � �#&0 ]3
Z#.�F�


9R#��0&�0 *P� : �x− �y + ��z − � = �

�′ = P ∩ P� :
{
�x+ �y + z + �� = �

�x− �y + ��z − � = �

:
{ −��y + �z = ��

−��x− ��y = ���

�x = y � x+y+z = �� >_$&U
 �0 �� y� (�U-� A
 .�8�
�. z = t− � � y = �t + � �x = �t − � >_$&U
 �0 �� c�� �

*���M oL6
 Z� �0 (["�
��E�
 9�� "� ��M (�U-� �� ��.�$ &q= .$ y� �$ *!'
y� �$ �$&� � �&S ��V� �� 6�0 d�0 E� ![1 *�=&� 
 � e@&\ 


9>.j0 �. �� 9Z�0&#�
 �. ��O �$�$

�� :
{
�x = y
x+ y + z = ��

:
{
�x = y
�x + z = ��

:
x− �
�

=
y − �
�

=
z − ��
−�

*v� =
−−−−−−−→
(�,�,−�) � X� = (�,�,−��) ]3 *Z�"#��


*v� =
−−−−−→
(�,�,�) � X� = (−�,�,−�) ���?U0

���O&0 �E�
 v� � v� �M ��#E�
 ��.T .$ y� �$ R#�
*�� "�� �E�
 ]3 *(�� y�b �M �

�
=

�

�
=
−�
�

��U#
�&� �$ N# .$ �. &	�F >_$&U
 �&	�F 5$0 e@&\ 
 t�\�� ���0
.$ ��� >_$&U
 E� �. t X"' �0 z � y �x �#$&\
 *Z��M�
 !'

9Z��$�
 .��1 �� >_$&U
{
�t− � = �t+ �

�t− �+ �t+ �+ t− � = ��
⇒

{
t = �

�t = �


⇒ t = �

�$ ����O�
 >�&� 
 t �#$&\
 �S�C ��U@&\ 
 y� �$ ]3
��Y\� E� (�� >.&[, &	�F $.��0 !�
 � A��$0 �=&� 
 y�

*X� = (�,��,�)

� � : �x = �y + �� , �x = z − � y� R�0 �#��E A� .�8�
*���M �[�&�
 �. P : �x+ �y + �z + � = � ����T

� � R�0 �� #��E ��#F�
 �0 %��*; !VO E� �M �.@ 5&+� *!'
�#��E R#� *A�′ ��U#C P �0 � �#j� � � R�0 �� #��E &0 (�� �0��0 P
!�
 � &
� (�� ���T �&
�� � y� �$&� R�0 β �� #��E !+V
 α
�).&� %�q�T&' �0��0 5F �$&� ]3 �(�� ���T �$ $.��0

9�O&0�
 ���T �$ 5F �&
��

v = n� × n� =
−−−−−−−→
(�,−�,�)×−−−−−−−→(

�,�,−�) =
−−−−−→
(�,�,�)

9R#��0&�0

∠ (l, P ) = α =
π

�
− β

=
π

�
− ∠ (v,n)

=
π

�
− arccos

(
v •n
‖v‖‖n‖

)

=
π

�
− arccos

(
��

��

)

>_$&U
 �0 y� &� X� = (�,�,−�) ��Y\� �� �T&= A .�8�
*��0&�0 �. � : x = �y, z = �y + �



� � 	 �

}

Z� E� y� �$ �� �T&= AGB� 9��*; !VO
y� �$ w� 6
 $+, A%

$	6
 %���*; !VO .$ �M �.@ 5&+� �>.T R#� .$
&0 R#��0&�0 �(�� !
&O �. � � �� pY� P� ����T 5Q �(��
pY� P� *n� = v× v� ��� � .$ � (�� �E�
 &	�F ��$ ��
.$ � (�� �E�
 &	�F ��$ �� &0 R#��0&�0 �(�� !
&O �. � � ��
�� � �� y� �$ �� �0 � y� �M R#� E� *n� = v × v� ��� �

̀+�
 .$ ]3 *v = v� × v� �M $$�S�
 ��� � (�� $+,

n� =
(
v� × v�

)
× v� =

∣∣∣∣∣∣
i j k
� � �

� � �

∣∣∣∣∣∣× v�

=

∣∣∣∣∣∣
i j k
�� −� �

� � �

∣∣∣∣∣∣ =
−−−−−−−−−−−−→
(−��,−��,	�)

n� =
(
v� × v�

)
× v� =

∣∣∣∣∣∣
i j k
�� −� −�
� � �

∣∣∣∣∣∣
=
−−−−−−−−−−−−→
(−��,−��,�	)

E� (�� >.&[, P� ����T �� B$&U
 �(�,�,�) ∈ �� ⊂ P� 5Q

−��(x− �)− ��(y − �) + 	�(z − �) = �

����T �� B$&U
 �(�,�,−�) ∈ �� ⊂ P� 5Q ��0&6
 >.T �0
E� (�� >.&[, P�

−��(x− �)− ��(y − �) + �	(z − �) = �

E� (�� >.&[, ��O&0�
 P� � P� eY\
 �M � ���� � .$

� :
{ −��(x− �)− ��(y − �) + 	�(z − �) = �

−��(x− �)− ��(y − �) + �	(z − �) = �

:
{
��x+ ��y − 	�z − �� = �

��x+ ��y − �	z − �
� = �

�0���� ��&��
>�E�
 �0 (�,�,−�) ��Y\� E� �M ��"#�0 �. �Y� �� B$&U
 A�

*$.nS�
 x = y =
z − �
�

y�

(�,�,−�) � (�,−�,��) p&\� E� ���.nS y� &#F A;
���M�
 eY1 �. �x+ y = z + � ����T

}

y� &� �Y\� �� �T&= AGB� 9�I*; !VO
���T �0 y� �#j� A%

���Q ���U1�� ���T N# .$ �� � �� y� �$ &#F A5 .�8�

�� : x = �t− � , y = �t+ �, z = �− t
�� : x = y − � =

�

�
(z − �)

vi �$&� � Xi �&S ��V� ��.�$ �i y� Z��M x�= *!'
Z��M�
 !j 
 �. −−−→X�X� .�$�0 X� ��Y\� �0 X� ��Y\� E� *�O&0
���O&0 e1�� ���T N# �0 y� �$ R#� �S� *AGB����*; !VOC
�&�.�$�0 �M �� "� ���j+� � 1� y� �$ R#� ]3 *]VU�0 �

��U# *��O&0 �Y� ��  "0�� −−−→X�X� � v� �v�[−−−→
X�X�,v�,v�

]
= �

�X� = (−�,�,�) Z#.�$ �ijL0 (B&' R#� .$ �&
�
.$ *v� =

−−−−−→
(�,�,�) � X� = (�,�,�) � v� =

−−−−−−−→
(�,�,−�)

9��� �
[−−−→
X�X�,v�,v�

]
=

[−−−−−−−→
(�,−�,�),

−−−−−−−→
(�,�,−�),

−−−−−→
(�,�,�)

]

=

∣∣∣∣∣∣
� −� �

� � −�
� � �

⎤
⎦ = �� �= �

*�� "�� ���j+� .Mn
 y� �$ ]3

9��0&�0 �. ��O �$�$ pY� w� 6
 $+, �B$&U
 A0 .�8�

�� :

⎧⎨
⎩

x = �s+ �

y = �s+ �

z = �s− �
; � �� :

⎧⎨
⎩

x = �t+ �

y = �t+ �

z = �t+ �

(�� �Y� E� >.&[, y� �$ w� 6
 $+, �G#�U� �0&�0 *!'
���*; !VOC �O&0�
 c�� $+, &	�F �0 � �$�M eY1 �. �$ �� �M
*(�� � y� 5F ��&3 � (�� ��O !' �B&�"
 Z��M x�= *A%
.�$�0 X��� 0 v� =

−−−−−→
(�,�,�) � v� =

−−−−−→
(�,�,�) �v 9Z��M x�=

$.��0 !�
 X��� 0 X� � X� *��O&0 �� � �� �� y� �$&�
� �� y� E� �M �O&0 �����T P� *��O&0 �� � �� y� &0 � y�
X� ��Y\� � �� y� E� �M �O&0 �����T P� *$.nS�
 X� ��Y\�

*��O&0 P� � P� ����T �&
�� .�$�0 X��� 0 n� � n� *$.nS�




E � � 	

���Y\� E� �M �@&\� ��+� ����� 5&V
 �9���� ��*��
cM�
 �. (0&f ��Y\� *��
&��
 ��#�$ �. �����T&= N# �0 ijL0
�)� GB���;*; !VO �0 *Z�
&��
 ��#�$ `&UO �. (0&f $�, �
x�= R �. `&UO � X� = (x�, y�) �. cM�
 >&j L
 �S� *$O
.��1 C ��#�$ �0 � 1� &	�� � � 1� X = (x, y) ��Y\� �&��F �Z��M
�0 &# � R = ‖−−−→X�X‖ ��U# �$O R �0��0 X� &� X �� �T&= �M $.�$

9��&j L
 !VO

C : (x− x�)� + (y − y�)� = R�

}
R#� VQM A% ��#�$ G#�U� AGB� 9�;*; !VO

x���
 ��Y\� �$ E� ���.nS ���#�$

`&UO � X� = (�,−�) cM�
 �0 ���#�$ A& �'�() ��*��
&# �(�� (x− �)� + (y + �)� = �

� �� B$&U
 �0 R = �

x� + y� − �x+ �y = �

��#�$ N# m�U
 x� +y�−�x+�y+� = � �� B$&U
 A, .�8�
�� B$&U
 �0 5F 5$�M !
&M e0�
 &0 ��#E *(��

(x− �)� + (y + �)� = �
�

��Y\� .$ cM�
 &0 � R = � `&UO �0 ����#�$ �� B$&U
 �M Z��.�

*(�� X� = (�,−�)

y� �.&3 5F �Y1 �M ��"#�0 �. ����#�$ �� B$&U
 A
 .�8�
`&UO �(B&' R#� .$ �M (�� RO�. *(�� AB = (�,�) (�,�)

��Y\� &z\�1$ c�� 5F cM�
 � (�� B &� A �� �T&= Gj� �0��0 ��#�$ R
.$ *$O �)� %��;*; !VO �0 *(�� AB y� �.&3 y�� X�

*(x− �)� +(y − �)� = �� E� (�� >.&[, ��#�$ �� B$&U
 ���� �
��#E

R =
�

�
d (A,B) =

�

�

∥∥−→AB∥∥ =
�

�

∥∥−−−−−→(�,−�)
∥∥ = �

X� =
�

�
(A + B) =

�

�

−−−→
(�,
) =

−−−→
(�,�)

�A = (�,�) ��Y\� �� E� �M ��"#�0 �. ����#�$ �� B$&U
 A� .�8�
*$.nS�
 C = (�,�) � B = (−�,�)

!j= y� &0 x+ �

�
=

y − �
−� =

z

�
y� �M ���M (0&f A�

x = y + �z + 
 � x + y − z = � ����T �$ w� 6

*(�� �E�


x−�y+�z = � ����T �$ w�� O� E� !T&' y� �� B$&U
 A�
*��0&�0 �. �x+ �y = �z �

y� �$ � � OnS (−�,−�,�) ��Y\� E� �M ��0&�0 �. �Y� AH
�� :

x+ �

�
=
y + �

−� =
z − �
−� 9��M eY1 �. �#E �=&� 


*�� :
x− �
�

=
y + �

�
=
z − �
−� �

>_$&U
 �0 y� �0 (["� X� = (�,−�,	) ��Y\� �� �#�1 A8
*��0&�0 �. x+ �

�
=
y − �
�

= z

��0&�0 y� �$ R�0 �� �T&= R#� �&�M �� [�&�
 ���0 �B
�= AJ
9�#��[0 .&V0 �. ��O �$�$ y� �$ $.
 .$ ]<� �

�� : x = �t− � , y = �− t , z = −�t− �

�� : x = �t− � , y = −�t+ � , z = −�t+ �

N� N� �0 �. x− �
�

=
y − �
−� =

z − �
�

y� �#j� A7
*��0&�0 ��&j L
 �&����T

(x�, y�, z�) ��Y\� E� � OnS ����T �� B$&U
 �M ���$ 5&6� A�
�0 �v = (a, b, c) �$&� � (x�, y�, z�) �&S ��V� &0 � y� �

9(�� �#E >.T∣∣∣∣∣∣
a b c

x− x� y − y� z − z�
x� − x� y� − y� z� − z�

∣∣∣∣∣∣ = �

A�� E�� �	3�*�*' 4��

E� �M �.@ 5&+� �@��L
 e@&\
 &# 4�$ �).$ �&	����

$.���& �� p��L
 $.��0 E� !T&' �#�&j� ��#F�
 �0 5&6+��
�0 *�� "� ���T−xy �0 ��LB$ ����T N# � x� + y� = z�

� \�1$ 5&�0

�!S��V� �"9� &# Y�� )%�� !�(�� ������ ��*��
!VO �0 ���B$&U
 �&	0�) ��,+�


C : ax� + by� + �cxy + dx+ ey + f = �

C ����
 �c = � �l�&�Q *a� + b� + c� �= � 5F .$ �M (��
*Z�
&��
 ������+� �.

� Z#E�$�3�
 $.���& �� �&	����
 ��+� ���0�\[@ �0 �
�$� .$
�. &	����
 ��S R#� ��M >.T �c = � p�O R O�$�0 &0 ]<�

*$+� Z���� ��.�0



� � 	 E

̀+�
 �M �@&\� ��+� ����� 5&V
 ����2 $�*��
�. (�� 4�U
 �$�, �0��0 oL6
 ��Y\� �$ &� &	�F !T�=
$�, � !;�� ������ �. ��O oL6
 p&\� *��
&��
 !;��
(B	� ���0 *AGB����*; !VOC ��
&��
 5F Y� �. 4�U

B = � A = (−c,�) &	��&M �M $�M x�= 5���
 d�0 .$
�h� $.
 �q�0 C �S� ]3 *(�� �a (0&f $�, � ��� (c,�)

9Z#.�$ G#�U� �0&�0 �&��F ��O&0 e1�� C �0 X = (x, y) � �O&0

d (X,A) + d (X,B) = �a√
(x+ c)� + y� +

√
(x− c)� + y� = �a

Z#.�$ b� = c� − a� x�= &0 � �5$�M �$&� E� ]3 �M

C :
x�

a�
+
y�

b�
= �

.�
−y &0 � ±a �0��0 .�
−x &0 C $.��0 !�
 �M $O �)�
y � x �0 ��h� �Y1�Z�� X��� 0 �. b � a $�, *(�� ±b �0��0
�q�0 ���M (B&' .$ *(�� (�,�) �q�0 R#� cM�
 *��
&��

�#E ��B$&U
 �0 X� = (x�, y�) .$ cM�
 &0 � b � a �&��Y1 Z�� &0

9AR#�+�C (��

C :
(x− x�)�

a�
+

(y − y�)�
b�

= �

}

�q�0 G#�U� AGB� 9��*; !VO
!�Y "
 N# .$ p&�
 �q�0 A%

C �&	��&M �&��F �c =
√
a� − b� � b < a Z��M x�= �S�

�S� �M �B&' .$ *(�� �a c�� 5F 4�� � (x� ± c, y�) E� ���.&[,
���.&[, C �&	��&M �&��F �c =

√
b� − a� Z��M x�= � a < b

*$0 ���� �b 5F 4�� � (x�, y� ± c) E�

�� B$&U
 �0 ����
 N# A& �'�() %�*��
C : �x� + �y� = �
x + ��y + ��

*���M oL6
 �. 5F ̀� *(�� ��O �$�$
�� B$&U
 �0 5$�M !
&M e0�
 &0 *!'

C :
(x− �)�

��
+

(y − �)�

��
= �

�&��Y1 Z�� � X� = (�,�) .$ cM�
 &0 �q�0 N# �M �Z��.�

*(�� b = � � a = �

S : x� + y� + ax+ by + c = � ��#�$ �� B$&U
 Z��M x�= *!'
�M $O�
 ��� � X���� �0 A,B,C ∈ S x�= E� *(��⎧⎨

⎩
�+ �+ a+ �b + c = �

�+ �− a+ �b + c = �

�+ ��+ �a+ �b+ c = �

⇒
⎧⎨
⎩

a+ �b + c = −�
−a+ �b+ c = −�
�a+ �b+ c = −��

c = �� � b = −�� �a = � �#$&\
 ��&� �$ !' E� ]3 �M
9E� ("�.&[, �h� $.
 ���#�$ R#��0&�0 *$O�
 !T&'

S : x� + y� − ��y + �� = �

: (x− �)� + (y − �)� = ��

�0���� ��*��

C : x� + y� = � ���#�$ � l : x + y = � y� (�U-� A�
*���M oL6
 �. Z� �0 (["�

�0 X� = (�,−�) E� �M ��0&�0 �. �@&\� ����� 5&V
 A;
e1�� 5F ��. �0 X� = (�,�) &#F *�� "� R = � �� �T&=

�(�� e1�� 5F 5�.$ X� &#F �(��

X� = (�,�) .$ 5F cM�
 �M ��"#�0 �. ����#�$ �� B$&U
 A�
*(�� /&+
 �x+ � = �y y� �0 � (��

9E� ("�.&[, 5F �� B$&U
 �M ��0&�0 �. ����#�$ `&UO � cM�
 A�

GB�C �x� + �y� + �x − 
y = �

%C x� + y� − �y = �

���#�$ � A = (�,−�) ��Y\� (�U-� AH
C : x� + y� − �y = �

*���M oL6
 �. Z� �0 (["�

� C� : x� + y� − �x + �y = � �#��$ (�U-� A8
oL6
 �. Z� �0 (["� C� : x� + y� = x + y + �

*���M

�. R `&UO � X� = (x�, y�) cM�
 �0 ���#�$ �M ���$ 5&6� AJ
9$�M �� 
�.&3 5���
 !#{ >.j0

*C : x = x�+R cos t , y = y�+R sin t ; � ≤ t < �π

x���
 y� �$ �0 /&+
 �#��$ �+� cM�
 ����� 5&V
 A7
*��0&�0 �. l� : �x = �y � l� : x+ y = �

���#�$ �0 /&+
 �&���#�$ ��+� cM�
 ����� 5&V
 A�
*��0&�0 �. x = � y� � x� + y� = �
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�x�+�y� = �� �q�0 � X� = (�,−�) ��Y\� (�U-� AJ
*���M oL6
 Z� �0 (["� �.

�x�+y�+
x+� = �y �q�0 � x+y = � y� (�U-� A7
*���M oL6
 Z� �0 (["� �.

� C : x� + y� = � ���M x�= A�

F (x, y) =
(
x+ �y − �, x+ y + �

)

!VO &#F *���M oL6
 F ��f&� E� ]3 �. C (�U-�
�(�� �q�0 !T&'

�@&\� ����� 5&V
 �+	� G#�U� t0&Y
 ���O	 *�*��
�� �T&= �0��0 x���
 y� N# &� &	�F �� �T&= �M (�� ���T E�
5�&M �. �Y\� � �B
 �. y� *(�� x���
 ��Y\� N# &� &	�F
���&M �� �T&= �. 5�&M &� �B
 �� �T&= Gj� *��
&��
 �+	�
�+	� 5�&M Z��M�
 x�= d�0 .$ (B	� ���0 *��
&��

� � 1� 5�M� *�O&0 x = −p y� 5F �B
 � (p,�) ��Y\�
&� X �� �T&= �M (�� e1�� C �+	� �0 X = (x, y) � 1� &	��
GB����*; !VO �0C �O&0 x = −p &� X �� �T&= �0��0 (p,�)

9A$O �)�

C : (p,�) (x, y) = (x− (−p))

:
√

(x− p)� + y� = x+ p : x =
y�

�p

&��+	� ���0 $.���& �� !VO .&	Q 5���
 �0&6
 >.T �0
9$.�F (��0

�+	� �� B$&U
 5�&M �B


x− x� = a (y − y�)�
(
x� +

�

�a
, y�

)
x = x� −

�

�a

x− x� = −a (y − y�)�
(
x� −

�

�a
, y�

)
x = x� +

�

�a

y − y� = a (x− x�)�
(
x�, y� +

�

�a

)
y = y� −

�

�a

y − y� = −a (x− x�)�
(
x�, y� −

�

�a

)
y = y� +

�

�a

/��. � (�� �/�a ���&M �� �T&= (B&' .&	Q �� .$ �V�#� ^�-�
A(�� (�,�) /��. GB����*; !VO .$C (�� (x�, y�) &	�F
�0 RV+
 �&	 B&' ����&6
 ���0 *�O&0�
 ([a
 �$�, a �

*���M �)� %���*; !VO

� B = (�,�) � A = (�,�) �&	��&M &0 �q�0 �� B$&U
 A, .�8�
*��"#�0 �. � 4��

�0 &	��&M ]3 �(�� �V# �Y\� �$ �� x o L
 5Q *!'
c =

√
b� − a� � a < b (B&' �M ��� "� (x�, y� ± c) !VO

Z#.�$ ���� � .$ *(�� u��&M �$ y�� �q�0 cM�
 5Q *(��

�c = � − � = � ��?U0 *X� =
�

�
(A+B) = (�,�)

� b = � R#��0&�0 *�b = � x�= t0&Y
 &
� *c = � &#
>.&[, �q�0 �� B$&U
 ]3 *a =

√
� ��� � .$ � =

√
�− a�
E� (��

C :
(x− �)�

�
+

(y − �)�

�
= �

/g. &0 `?-_� �E� 
 .$ p&�
 �q�0 �� B$&U
 A
 .�8�
�. D = (�,�) � C = (�,�) �B = (�,�) �A = (�,�)

*��0&�0
�&��F ���O&0 D � C �B �A X��� 0 �. ��O �$�$ p&\� �S� *!'

9&0 ���0��0 &��Y1 Z�� �%���*; !VO t0&Y


a =
�

�
AB =

�

�
‖B−A‖ = �

b =
�

�
BC =

�

�
‖C−B‖ = �

R#��0&�0 �(�� �U�-.&	Q y�� ��q�0 cM�
 ��?U0

X� =
�

�
(A + B + C + D) = (�,�)

�q�0 �� B$&U
 ��� � .$

(x− �)�

�
+

(y − �)�

�
= �

A���QC *(��

9��0&�0 �. ��O �$�$ �&	�q�0 ���&M �� B$&U
 �0���� &�*��

�) �x� + �y� = ��

�) �x� + �y� = ��x+ ��y − ��

�) x� + �y� = 
x+ ��y − 	�

�) �x� + y� + 
x = �y − �

�. �� 4�� � (��,�) � (�,�) �&	��&M &0 �q�0 �� B$&U
 AH
*��0&�0

Z�� � X� = (x�, y�) cM�
 �0 �q�0 �M ���$ 5&6� A8
9$�M �� 
�.&3 5���
 �#E >.j0 �. b � a �&��Y1

C : x = x� + a cos t, y = y� + b sin t;� ≤ t < �π
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�) x+ y� = �y �) x� + �y + � = �

	) x = �+ �y� + 
y 
) �y = �x�

�0 (["� �. y = x� − � �+	� � (�,−�) ��Y\� (�U-� A�
*���M oL6
 Z�

�. x = −� (y − �)� �+	� � y = �x y� (�U-� A�I
*���M oL6
 Z� �0 (["�

� (�� y = x� �+	� C ���M x�= A��

F (x, y) = (x+ y + �,�x− y)

�(�� �+	� &#F *���M Z�. �. F (C) !VO

E&"+�� � .�
−y �Ǳ��[
 �0 (["� y = x� �+	� ]VU�
 A�;
*��0&�0 �. 4� � ��� e0.

�M ���M oL6
 C : y − y� = P (x− x�) ���M x�= A��
*��M�
 ����v� �Q ����
 !VO �x� ���v� &0

�M ���M oL6
 C : y − y� = P (x− x�) ���M x�= A��
*��M�
 ����v� �Q ����
 !VO �y� ���v� &0

�M ���M oL6
 C : y − y� = P (x− x�) ���M x�= A�H
*��M�
 ����v� �Q ����
 !VO �P ���v� &0

E� ���,+�
 �BBn� G#�U� �0&�0 ��V=VI5 ���*��
�0��0 oL6
 �Y\� �$ E� &	�F !T�= !-&�� �M (�� p&\�
�. ��O oL6
 p&\� *A�H*; !VOC (�� oL6
 �$�,

*��
&��
 !H�H]� Y� �. �h� $.
 (0&f $�, � L���

}

�BBn� G#�U� 9�H*; !VO

}

�+	� G#�U� AGB� 9��*; !VO
$.���& �� �+	� `��� A%

(	) �0 �. �(�,−�) .$ /��. &0 �+	� A& �'�() ��*��
�� B$&U
 ��.�$ �/
 ���&M �� �T&= &0 � .�
−y ���


y − (−�) =
−�

� (�/
)
(x− �)�

*(�� y + � = −� (x− �)� &#

([a
 (	) �0 �. �(�,�) ��Y\� .$ /��. &0 �+	� A, .�8�
�� B$&U
 ��.�$ �/� ���&M �� �T&= &0 � .�
−x

x− � =
�

� (�/�)
(y − �)�

*(�� x− � = (y − �)� &#

.$ /��. &0 �+	� N# y = �x� + �x ����
 A
 .�8�
!
&M e0�
 E� ]3 ��#E �(�� �/�� ���&M �� �T&= � (−�,�)

�0 � . �+	� R#� *y − � = � (x+ �)� (O� 5���
 �5$�M
*�O&0�
 .�
−y ([a
 (	)

� (�,�) .$ /��. &0 �+	� N# �y� + x = �y ����
 A� .�8�
�$.�$ !#&+� .�
−x ���
 (	) �0 �M (�� �/
 ���&M �� �T&=

*x− � = −� (y − �)� (O� 5���
 ��#E

�. �#E �&��+	� E� N# �� �� B$&U
 �0���� ���*��
9��"#�0

�0 � (�� � 5F ���&M �� �T&= � (�� (�,�) 5F /��. A�
*(�� .�� 	) .�
−x ([a
 (+�

�0 � (�� �/� 5F ���&M �� �T&= � (�� (�,�) 5F /��. A;
*(�� .�� 	) .�
−x ���
 (+�

�0 � (�� � 5F ���&M �� �T&= � (�� (−�,�) 5F /��. A�
*(�� .�� 	) .�
−y ([a
 (+�

�0 � (�� �/
 5F ���&M �� �T&= � (�� (�,�) 5F /��. A�
*(�� .�� 	) .�
−y ���
 (+�
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� &��Y1 Z�� �cM�
 R��U� R+- �0���� ���*��
9���M Z�. �. &	�F ��#E �&��BBn� E� N# �� �&	[�&�


�) (x− �)� − (y + �)�

�
= � �) x� − y� = �

�)
(x − �)�

�
− y� = � �) ��y� − (x − �)�

�
= �

&� ����
��C	� ��W Q+� � R�� ��O�U!U) ���*��
x�= 5�M� *Z� ��$�3 4�$ �).$ �&	����
 ���0 �\[@ �0 &��#�

��M ����
 � � O�$�0 �. c = �

C : ax� + by� + �cxy + dx+ ey + f = � A�*; C

E� ]3 Z��$ 5&6� �M (�� 5F m�� *Z#��S�
 �h� .$ �.
����
 N# �0 �. C ����
 �X�&�
 5�.�$ _z &+ '� � �&\ �� N#

*$+� !#�[� 5���
 $.���& ��

K+� X Q+� � R�� �U!U) �:�	 '�)�� �$�*��
�� B$&U
 .$ xy �� �+) X#�- 5���
 &�.�
 5$�$ 5�.�$ &0 �'+�
x�= �#&0 (B&' R#� .$ *$+� ��T �. A�*; C 4�$ �).$ ����


9$�M

x = u cosα− v sinα , y = u sinα+ v cosα

5F .$ �M

α =
�

�
arctan

(
�c

a− b
)

=
�

�
arccot

(
a− b
�c

)

��T uv X#�- �Z�"#�0 v � u X"' �0 �. A�*; C �S� �&'
R#� +	
 *$O�
 � �S �E&� �&
�� .&M R#� �0 *$0 ����
&	�F 5.&\� �&�.�
 �M (�� 5F (�$ R#� E� �&�����
 �S�#�

*��O&0�
 ��&j L
 �&�.�
 �E�


*�#���0 �h� .$ �. �xy = � ����
 A& �'�() �%�*��
9Z#.�$ ��H*7*; �0&�0 >.T R#� .$

α =
�

�
arccot

(
�

�

)
=
�

�

π

�
=
π

�⎧⎪⎪⎨
⎪⎪⎩

x = u cos
(π
�

)
− v sin

(π
�

)
=

√
�

�
(u− v)

y = u sin
(π
�

)
+ v cos

(π
�

)
=

√
�

�
(u+ v)

�0 �BBn� N# �� B$&U
 �M u�− v� = � Z#.�$ ��.�n�#&) E� ]3
����T .$ .�
−v $�� 
� .$ � � � � �&��Y1 Z�� � (�,�) cM�


*A$O �)� �J*; !VO �0C �O&0�
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�a 4�� � (−c,�) � (c,�) �&	��&M &0 �BBn� C Z��M x�= �S�
�M (�� e1�� C �0 X = (x, y) � 1� &	�� � � 1� �&��F �(��

R#��0&�0 � (−c,�) (x, y)− (c,�) (x, y) = �a√
(x+ c)� + y� −

√
(x− c)� + y� = �a

9Z#.�$ �b =
√
c� − a� x�= � 5$�M �$&� E� ]3

C :
x�

a�
− y�

b�
= �

b � a $��,� *(�� y = ± b
a
x X�&�
 �$ ��.�$ .Mn
 �BBn�

*��
&��
 �BBn� �&��Y1 Z�� �.
9Z#.�$ �BBn� � �$ �$ ��M (B&' .$

.$ � b � a �&��Y1 Z�� � X� = (x�, y�) cM�
 �0 �BBn� AGB�
9A$O �)� GB���8*; !VO �0C .�
−x $�� 
�

(x− x�)�
a�

− (y − y�)�
b�

= �

.$ � b � a �&��Y1 Z�� � X� = (x�, y�) cM�
 �0 �BBn� A%
9A$O �)� %��8*; !VO �0C .�
−y $�� 
�

(y − y�)�
b�

− (x− x�)�
a�

= �

E� ���.&[, &	[�&�
 (B&' �$ �� .$

y − y� = ± b
a

(x− x�)

Z�� � (�,−�) cM�
 �0 �BBn� A& �'�() ���*��
9(�� �#E �� B$&U
 �0 .�
−x $�� 
� .$ � � � � �&��Y1

(x− �)�

��
− (y + �)�

�
= �

cM�
 �0 (y − �)� /� − (x− �)� /� = � �BBn� A, .�8�
*(�� .�
−y $�� 
� .$ � � � � �&��Y1 Z�� � (�,�)

��#E �(�� �BBn� N# �x� − y� +�y = �� ����
 A
 .�8�
5���
 x�/�� − (y − �)� /�� = � >.T �0 �. 5F �� B$&U

*�� "� � � � u#&��Y1 Z�� � (�,�) �BBn� R#� cM�
 *(O�

}
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{
�ax+ �cy + d = � , �by + �cx+ e = �

}
9>.j�#� .$ *Z��M�
 ��h� �.

�(�� &	0�) E� y� N# ��.�$ �&� �$ �&��F �� = � �S� AGB�
*(�� ��
F (��0 !VO 5.&\� .�
 y� R#� �M

�&� �$ %�) *$.�$ %�) N# �&� �$ �&��F �� �= � �S� A%
E� �V# �&� �$ >_&U
 E� N# �� *(�� C �BBn� &# �q�0 cM�
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�h� .$ �. xy = � �� B$&U
 �0 ����
 A& �'�() ���*��
�BBn� !VO �nB � (�� ([a
 � = �/� >.j�#� .$ *�#���0
]3 {x = �, y = �} E� ("�.&[, ����
 �0 ��h� �&� �$ *(��
�&�.�
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−y � .�
−x � (�� (�,�) �BBn� R#� cM�


*�� "� 5F 5.&\�

*�#���0 �h� .$ �. x� + y� = xy + x �� B$&U
 �0 ����
 A, .�8�
*(�� �q�0 !VO �nB � (�� ���
 � = −�/� >.j�#� .$
{�x − y − � = � , �y − x = �} ����
 �0 ��h� �&� �$
cM�
 &0 �q�0 R#� ]3 *(�� (�/�,�/�) 5F %�) �M (��
*�O&0�
 �x = y+� � x = �y 5.&\� �&�.�
 � (�/�,�/�)

�. x� + y� + �xy = x + y + � �� B$&U
 �0 ����
 A
 .�8�
� (�� ��T � = � − � = � >.j�#� .$ *�#���0 �h� .$
("�.&[, ����
 R#� �0 ��h� �&� �$ *�O&0�
 �+	� !VO �nB
(#&	��0 ��.�$ �M {�x+ �y − � = �,�y + �x− � = �} E�
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 �� B$&U
 R#� *(�� �x + �y = � �� B$&U
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*�O&0�
 �+	� 5.&\�

5.&\� �&�.�
 �����
 ̀� $.
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9���M oL6
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�) x� + y� = �xy + x
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�BBn� N# 5$+� �&
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√
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arctan
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=
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x = u cos
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− v sin

(π
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�u− v
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y = u sin

(π
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)
+ v cos
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√
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�0 �q�0 N# �M Z��.�
 u�/� + v�/�� = � �� B$&U
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√
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√
�xy = y� + 	

�) �x� + �xy + �y� = ��

�) x� + y� = �xy + � 	) xy + �y = �


) x� + y� + �x = �xy + �y + �

�Q+� � R�� �U!U) Z=� 0���� Y=):[ �*�*��
(["� �. � = c� − ab R�[
 A�*; C 4�$ ��).$ ����
 �0

9Z	
 ��b i&� �&	 B&' E� �h� m�T �>.j�#� .$ *Z��$�

*(�� �+	� C ����
 �&��F �� = � �S� AGB�
*(�� �BBn� C ����
 �&��F �� > � �S� A%

*(�� �q�0 C ����
 �&��F �� < � �S� A:



E � � 	

5.&\ 
 ]#��&
 N# �M �A =
[
a c
c b

]
Z��M�
 x�= � � O�

A ���#� �#$&\
 β � α �S� � 8*7*� �� �q1 �0&�0 *�O&0�
 � × �
9��$ �. �M (�� RV+
 (B&' �$ �&��F ���O&0

�0 ��h� ���#� �&�.�$�0 >.T R#� .$ �M α �= β AGB�
��V# �
&U 
 .�$�0 �$ 5���
 R#��0&�0 � ��$+, Z� �0 &	�F

� v� �M (=&# ����S �0 v� = [a��, a��]t � v� = [a��, a��]t

*��O&0 β � α �0 ��h� ���#� .�$�0 X��� 0 v�
�
&U 
 .�$�0 �$ 5���
 Z� E&0 >.T R#� .$ �M α = β A%
�M (=&# ����S �0 v� = [a��, a��]t � v� = [a��, a��]t ��V#
*���$�
 !�V6� α �0 ��h� ���#� �&�.�$�0 ���0 ���#&3 �$ �� �M
5���
 �. B =

[
a�� a��
a�� a��

]
�
&U 
 ]#��&
 �(B&' �$ �� .$

*BtAB =
[
α �

� β

]
� B−� = Bt >.T R#� .$ *$+� ��	�

�&��F �
[
x
y

]
= Xv� + Y v� $O x�= �S� ��� � .$

ax� + by� + �cxy =
[
x
y

]t

A

[
x
y

]
= αX� + βY �

!T&' �� B$&U
 �&��F �Z�"#�0 Y � X X"' �0 �. C �S� R#��0&�0
9$0 ���� �&
��

C : αX� + βY � + γX + ηY + θ = �

C ����
 �θ � η �γ �β �α G� L
 �#$&\
 �0 � "0 �X���� R#� �0
9(�� �#E $.�
 E� �V# �0

� �$0 (
?, Z� � ��T GB&L
 β � α �S� A&

φ := θ − �

�

(
γ�

β
+
η�

α

)

� u = X + γ/�α x�= &0 >.T R#� .$ ��O&0 ��T
�� B$&U
 �0 v � u X"' �0 C �� B$&U
 R O� � �v = Y + η/�β

�Y\� N# 5F %�) &	�� �M Z��.�
 αu� + βv� = � !VO �0
C 4�$ �).$ ����
 (B&' R#� .$ ���U# *u = v = � 9(��

*(�� �Y\� N#
� �$0 (
?, Z� � ��T GB&L
 β � α �S� A,

φ := θ − �

�

(
γ�

β
+
η�

α

)

x�= &0 >.T R#� .$ ��O&0 (
?, Z� �$ 5F &0 c��
X"' �0 C �� B$&U
 R O� � �v = Y + η/�β � u = X + γ/�α

��S ��� �M Z��.�
 αu� + βv� + φ !VO �0 �� B$&U
 �0 v � u
*(�� �	� C 4�$ �).$ ����
 (B&' R#� .$ ���U# *$.��� �0�)

� �$0 (
?, Z� � ��T GB&L
 β � α �S� A


φ := θ − �

�

(
γ�

β
+
η�

α

)

�) �x� + �	y� + 	y = �
xy + �x

�) xy + y� = �x+ y �) �x� +
√
�xy = y�

�) �x� + 	xy + �y� + ��x = 
�

�) x� + �y� = �xy + �x+ y

��O �$�$ �� 
�.&3 !VO �0 4�$ ��).$ ����
 N#�$.
 �� .$
5.&\� �&�.�
 � ̀� �����
 5F �� B$&U
 :��L �� R+- *(��

9���M oL6
 �. ����
 5.&\� cM�
 �

	) x = � sin t− �, y = � cos t+ �, � ≤ t < �π


) x = �t, y = �t� − t, −∞ < t <∞

�) x = t, y =
√
�− t�, −� ≤ t ≤ �

��) x = − cosh t, y = sinh t, −∞ < t <∞

��) x = t�, y =
√
t� + �, � ≤ t

��) x = � sinh t+ �, y = cosh t+ �, −∞ < t <∞

9���M �� 
�.&3 �. �#E 4�$ �).$ �&�����
 E� N# ��

��) xy = � ��) xy + y� = �x+ y

��)
x�

�
− (y − �)� = � ��) x� + y� + �xy = x− y

�	)
x�

�
+
y�

�
= � �
) �x� +

√
�xy = y�

����
 �M ���$ 5&6� A��
(a�x+ b�y + c�) (a�x+ b�y + c�) = a

�&	[�&�
 &0 �BBn� N#
a�x+ b�y + c� = � � a�x+ b�y + c� = �

*a�b� �= a�b� �V�F �0 p��6
 �(��

�&��F �a�b� �= a�b� �S� �M ���$ 5&6� A;I∗

(a�x+ b�y + c�)
� = (a�x+ b�y + c�)

� + a

*(�� �BBn� N#

K+� X Q+� � R�� ��5�U!U) �:�DV�)�� ���*��
�M (�� X�Y
 R#� >&[f� uL0 R#� E� m�� �Q+�

�0 �&VO� E� �V# 4�$ ��).$ ����
 �� �� �� ���*��
�e@&\ 
 y� �$ ��+	� ��BBn� ��q�0 ���#�$ s 9(�� �#E K�O

r*�	� ���,+�
 &# � �Y\� N# �y� N#

!VO �0 �. A�*; C �� B$&U
 �X�Y
 R#� >&[f� ���0 ������
�"#��&


[
x y

] [ a c
c b

] [
x
y

]
+ dx + ey + f = � A;*; C
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�0 v � u X"' �0 C �� B$&U
 R O� � �v = Y +
η

�β
� u = X

v = ±
√
−φ

βu y� �$ �M Z��.�
 βv�+φ = � !VO �0 �� B$&U

C 4�$ �).$ ����
 (B&' R#� .$ ���U# *(�� ���T−uv .$

*(�� �E�
 y� �$ E� �,&+ )�
φ := � �O&0 ��T GB&L
 α � β = γ = � �S� A&&
�0 ��[O ?z 
&M (�U-� �&��F ���O&0 �
?UB� G� L
 α � θ − γ�

�β
*(�� A�IC

� �O&0 ��T GB&L
 β � α = γ = � �S� A&,
� u = X x�= &0 >.T R#� .$ �φ := θ − η�

�β
= �

�0 �� B$&U
 �0 v � u X"' �0 C �� B$&U
 R O� � �v = Y +
η

�β

���T−uv .$ v = � y� N# �M Z��.�
 βv� = � !VO
*(�� (��. y� C 4�$ �).$ ����
 (B&' R#� .$ ���U# *(��
� �O&0 ��T GB&L
 α � β = γ = � �S� A&

*(�� A�;C �0 ��[O ?z 
&M (�U-� �&��F �φ := θ − γ�

�α
= �

C >.T R#� .$ �θ �= � � α = β = γ = � �S� A&�
� *(�� 4&+� 5&��0 X���� R#� �0 � *(�� �	�

.$ �. x� + y� = �xy + x ����
 A& �'�() ���*��
9(O� 5���
 *�#���0 �h�

[
x y

] [ � −�
−� �

] [
x
y

]
− x = �

9]#��&
 R#� ��jL6
 �� B$&U
 *A =
[

� −�
−� �

]
��� � .$

� = |λI� −A| =
∣∣∣∣ λ− � �

� λ− �
∣∣∣∣ = λ� − �λ− �

.�$�0 *β = � � α = −� E� ���.&[, 5F ���#� �#$&\
 ]3 *(��
E� ("�.&[, α = −� �0 ��h� ���#� ��V#

v� =
[√
�/�,

√
�/�

]t

E� ("�.&[, c�� β = � �0 ��h� ���#� ��V# .�$�0 �

v� =
[√
�/�,−

√
�/�

]t

9Z��M�
 x�= R#��0&�0

[
x
y

]
= Xv� + Y v� =

⎡
⎢⎢⎣
√
�

�
X +

√
�

�
Y√

�

�
X −

√
�

�
Y

⎤
⎥⎥⎦

.��1 E� ]3 �M y =

√
�

�
(X − Y ) � x =

√
�

�
(X + Y ) R#��0&�0

Z#.�$ ���O �$�$ �� B$&U
 .$ 5$�$

X� − �Y � −
√
�

�
X −

√
�

�
Y = �

x�= &0 >.T R#� .$ ��O&0 �
?UB� G� L
 &	�F &0
u X"' �0 C �� B$&U
 R O� � �v = Y +η/�β � u = X+γ/�α

�q�0 N# �M Z��.�
 α
φ
u� +

β

φ
v� = � !VO �0 �� B$&U
 �0 v �

C 4�$ �).$ ����
 (B&' R#� .$ ���U# *(�� ���T−uv .$
*(�� �q�0 N#

� �$0 �
?UB� G� L
 � ��T GB&L
 β � α �S� A�

φ := θ − �

�

(
γ�

β
+
η�

α

)

� u = X + γ/�α x�= &0 >.T R#� .$ ��O&0 ��T
�0 �� B$&U
 �0 v � u X"' �0 C �� B$&U
 R O� � �v = Y + η/�β

v = ±α
β
u !VO �0 �. 5F �M Z��.�
 α

φ
u� +

β

φ
v� = � !VO

*(�� ���T−uv .$ e@&\ 
 y� �$ E� >.&[, � (O� 5���

y� �$ E� �,&+ )� C 4�$ �).$ ����
 (B&' R#� .$ ���U#

*(�� e�&\ 

� �$0 �
?UB� G� L
 � ��T GB&L
 β � α �S� A 

φ := θ − �

�

(
γ�

β
+
η�

α

)

� u = X + γ/�α x�= &0 >.T R#� .$ ��O&0 ��T GB&L

�� B$&U
 �0 v � u X"' �0 C �� B$&U
 R O� � �v = Y + η/�β

!VO �0 �. 5F �M Z��.�
 α

φ
u� +

β

φ
v� + � = � !VO �0

���T−uv .$ �BBn� N# �M (O� 5���
 u
�

A�
− v�

B�
= ±�

�BBn� N# C 4�$ �).$ ����
 (B&' R#� .$ ���U# *(��
*(��

>.T R#� .$ ���O&0 ��T GB&L
 γ � β � α = � �S� A4
R O� � �v = Y + η/�β � u = X �φ := θ − η�/�β x�= &0
γu+ βv� + φ = � !VO �0 �� B$&U
 �0 v � u X"' �0 C �� B$&U

�M (O� 5���
 u = −φ

γ
− β

γ
v� !VO �0 �. 5F �M Z��.�


����
 (B&' R#� .$ ���U# *(�� ���T−uv .$ �+	� N#
*(�� �+	� N# C 4�$ �).$

(�U-� �&��F ���O&0 ��T GB&L
 γ � α � β = � �S� A5
*(�� A8C �0 ��[O ?z 
&M

(
?, Z� φ := θ − η�

�β
� β �= � �α = γ = � �S� A0

� �v = Y +
η

�β
� u = X x�= &0 >.T R#� .$ ��O&0 β &0

βv� +φ = � !VO �0 �� B$&U
 �0 v � u X"' �0 C �� B$&U
 R O�
����
 (B&' R#� .$ ���U# *$.��� �0�) ��S ��� �M Z��.�


*(�� �	� C 4�$ �).$

φ := θ− γ�

�α
� �O&0 ��T GB&L
 α � β = γ = � �S� A2

*(�� A7C �0 ��[O ?z 
&M (�U-� �&��F ��O&0 α &0 (
?, Z�
� �O&0 ��T GB&L
 β � α = γ = � �S� A&^
x�= &0 >.T R#� .$ ���O&0 �
?UB� G� L
 β � φ := θ− η�

�β
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*(�� e0&� ��Q &# N# $�0 >.T �0 �,+�
 5F 5&�0

��#�$ ��M !VO �0 �)� &0 �9���� �����

C : (x− x�)� + (y − y�)� = R�

.$ *y − y� = R sin t � x − x� = R cos t $+� x�= 5���

9(O� 5���
 �#E e0&� $�0 >.T �0 �. C ���� �

r(t) =
−−−−−−−−−−−−−−−−−−−→(
x� +R cos t, y� +R sin t

)
; � ≤ t ≤ �π

�q�0 ��M !VO �0 �)� &0 ����2 �����

C :
(x− x�)�

a�
+

(y − y�)�
b�

= �

.$ *y − y� = b sin t � x − x� = a cos t $+� x�= 5���

9(O� 5���
 �#E e0&� $�0 >.T �0 �. C ���� �

r(t) =
−−−−−−−−−−−−−−−−−−→(
x� + a cos t, y� + b sin t

)
; � ≤ t ≤ �π

Zg&1 �+	� ��M !VO �0 �)� &0 ���O	 �����

C : y − y� = a(x− x�)�

$�0 >.T �0 �. C ���� � .$ � x − x� = t $+� x�= 5���

9(O� 5���
 �#E e0&�

r(t) =
−−−−−−−−→(
t, y� + at�

)
; −∞ < t <∞

�\=� �+	� ���0 ��0&6
 >.T �0

C : x− x� = b(y − y�)�

$�0 >.T �0 �. C ���� � .$ � y − y� = t $+� x�= 5���

9(O� 5���
 �#E e0&�

r(t) =
−−−−−−−−→(
x� + bt�, t
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; −∞ < t <∞
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C :
(x− x�)�

a�
− (y − y�)�

b�
= �

��� � .$ *v = Y +

√
�

��
� u = X −

√
�

�
Z��M�
 x�= 5�M�

�M u�

�/��
− v�

�/�
= � &# u� − �v� =

�

��
9(O�$ Z����

*(�� ���T−uv .$ �BBn� N# �� B$&U
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[
x y
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−� −�
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x
y
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� −�
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��� � .$

� = |λI� −A| =
∣∣∣∣ λ− � �
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∣∣∣∣ = λ� − ��

.�$�0 *β = −� � α = � E� ���.&[, 5F ���#� �#$&\
 ]3 *(��
E� ("�.&[, α = � �0 ��h� ���#� ��V#

v� =
[
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√
�/�,

√
�/�
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E� ("�.&[, c�� β = −� �0 ��h� ���#� ��V# .�$�0 �

v� =
[√
�/�,�

√
�/�
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9Z��M�
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y
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√
�

�
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√
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√
�
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(X +�Y ) � x =

√
�

�
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�X� = �y� + �
√
�X + �

√
�Y + �

*v = Y − �
√
�/� � u = X −

√
�/� Z��M�
 x�= 5�M�

y� �$ �� B$&U
 �M v = ±u &# u� = v� 9(O�$ Z���� ��� � .$
*(�� ���T−uv .$ e@&\ 
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�) xy = � �) �x� +
√
�xy = y�

�) x� − y� + xy = � �) xy + y� = �x + y

A�� E�� �	3�*�*' )�G>F /��'��	� 7��

� (6� !j= ��UB&Y
 ���0 4E_ �� ��
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 4&��� 5F &� �. uL0 R#� �� UB&Y
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S :
(x− x�)�

a�
+

(y − y�)�
b�

+
(z − z�)�

c�
= �

�. c � b �a $��,� � cM�
 �. X� = (x�, y�, z�) *(��
%���*; !VO �0C ��
&��
 S 5S�q�0 �&��Y1 Z�� X��� 0
� (x�, y� ± b, z�) �(x� ± a, y�, z�) ��Y\� uO *A$O �)�

*��U1�� 5S�q�0 ^Y� �0 (x�, y�, z� ± c)
�����T .$ �q�0 N# ���M x�= �-+�\) ������
.$ ���T 5F �0 e1�� ��b X� ���Y\� � ����T−xy &0 �E�
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�$ ��).$ �� #� . R��Q

S :
(z − z�)�
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=

(x− x�)�
a�

+
(y − y�)�

b�

p��L
 5.&\� .�
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−z �E�
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 ��O&0 y X"'
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 ��O&0 x X"'
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�� p��L
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eY1 p��L
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�Q.&<V# �BBn� 5���
 c�� .�
−x � .�
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−−−−−−−−−−−−−−−−−−−−→(
x� + a cosh t, y� + b sinh t

)
; � ≤ t ≤ �π

h(t) =
−−−−−−−−−−−−−−−−−−−−→(
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−−−−−−−−−−−−−−−−−−−−→(
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)
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−−−−−−−−−−−−−−−−−−−−→(
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 ��� 0 �M ��� �0
vw � uw �uv >?+) X#�- 5F .$ �M ���B$&U
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 λ� ≤ λ� ≤ λ� � �O&0 A�*; C 4�$ ��).$
�.@

{
v�,v�,v�

}
�
&,(
 �&�.�$�0 >.T R#� .$ *��O&0

*(�� λi �0 ��h� ���#� .�$�0 vi �M ��.�$ $)�

�� �q1 ���&+� &� vi � &� λi Z��M x�= ���� �$�����
� ��O&0 ��*�I*;[

x y z
]t = Xv� + Y v� + Zv�

X"' �0 �#$&\
 z � y �x �&�0 A�*; C .$ �S� �>.T R#� .$
���U# *$0 ���� �&
�� !T&' �� B$&U
 �Z��$ .��1 �. Z � Y �X

!VO �0

λ�X
� + λ�Y

� + λ�Z
� + αX + βY + γZ + η = �

���v� N# N+M �0 4�$ �).$ �� #� . �� ���� �%�����
9(�� �#E �&��#� . E� �V# �0 !#�[� !0&1 �Y� >&j L


��Q.&3�$ 5S�BBn� ��Q.&<V# 5S�BBn� ��q�0 ���Ms
�� �� �� ��BBn� 5S�+	� ��q�0 5S�+	� �p��L

�e@&\ 
 ����T �$ ��BBn� �� �� �� ��+	� �� �� �� ��q�0
��E�
 y� �$ �e@&\ 
 y� �$ ��E�
 ����T �$ ����T N#

*r�Y\� N# &# � �Y\� �$ �y� N#

4�$ �).$ �#� . ��=V=VI5 ���=C	� �������

S :
(x− x�)�

a�
− (y − y�)�

b�
= �

���T .$ �. �B$&U
 R#� �S� *��
&��
 �BBn� �� �� �� �.
R#� (�� �=&M S Z���� ���0 �$0 ���� �BBn� �Z��M Z�.
�. ���
 �&) �S� *Z��$ (M�' &� z .�
 $�� 
� .$ �. �BBn�
�.�
−y $�� 
� .$ �&�0 !VO �� ��$ �Z��M x, S �� B$&U
 .$
$�� 
� .$ �BBn� �� �� �� S ��U# *$0 ���� .�
−x
�;�*; !VO �0C (�� .�
−y $�� 
� .$ �� ��$ &0 � .�
−z
�&
�� �BBn� �� �� �� ̀� uO &zU+) R#��0&�0 *A$O �)� GB�

*$.�$ $)�

�� B$&U
 �0 4�$ �).$ �#� . ��=�O	 � ��=C	� �������

S : y − y� = a (x− x�)�

(	) � .�
−z >�E�
 �0 �+	� �� �� �� �. a > � �M
�S� *A$O �)� %�;�*; !VO �0C Z�
&��
 .�
−x ([a

���� .�
−x ���
 (	) �0 �. �+	� �� �� �� �&��F �a < �

>�E�
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�) y = z� �) z = y� − �
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) �x� + ��y� + ��z� + �xy + �xz

−��yz + �x = �z = �
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−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + as cos t, y� + bs sin t, z� + cs

)
� ≤ t ≤ �π, � ≤ s ≤ ∞

��M !VO �0 �)� &0 ��=��2 Y=G��O	 &�����
�q�0 5S�+	�

S :
z − z�
c

=
(x− x�)�

a�
+

(y − y�)�
b�

�&��F �z − z� = cs� Z��M x�= �l�&�Q

(x− x�)�
a�

+
(y − y�)�

b�
= s�

*y− y� = bs sin t � x− x� = as cos t Z��M�
 x�= �R#��0&�0
9(O� 5���
 �#E e0&� $�0 >.T �0 �. S ���� � .$

r(s, t) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + as cos t, y� + bs sin t, z� + cs�

)
� ≤ t ≤ �π, � ≤ s ≤ ∞

��M !VO �0 �)� &0 ��=V=VI5 Y=G��O	 *�����
�BBn� 5S�+	�

S :
z − z�
c

=
(x− x�)�

a�
− (y − y�)�

b�

�y − y� = b(s − t) � x − x� = a(s + t) Z��M x�= �l�&�Q
e0&� $�0 `&+ )� >.T �0 �. S ���� � .$ *z− z� = �cst �&��F

9(O� 5���
 �#E

r(s, t) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + a(s+ t), y� + b(s− t), z� + �cst)

)
−∞ ≤ t ≤ ∞, −∞ ≤ s ≤ ∞

��� �� ��M !VO �0 �)� &0 ��=��2 ���=C	� ������
�q�0

S :
(x− x�)�

a�
+

(y − y�)�
b�

= �

*z = s � y− y� = b sin t �x−x� = a cos t $+� x�= 5���

9(O� 5���
 �#E e0&� $�0 >.T �0 �. S ���� � .$

r(s, t) =
−−−−−−−−−−−−−−−−−−−−→(
x� + a cos t, y� + b sin t, s

)
� ≤ t ≤ �π, −∞ < s <∞

5S�q�0 ��M !VO �0 �)� &0 �Y=G���2 ������

S :
(x− x�)�

a�
+

(y − y�)�
b�

+
(z − z�)�

c�
= �

$+� x�= 5���


x− x� = a sin t cos s,

y − y� = b sin t sin s,

z − z� = c cos t.

9(O� 5���
 �#E e0&� $�0 >.T �0 �. S ���� � .$

r(s, t) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + a sin t cos s, y� + b sin t sin s, z� + c cos t

)
� ≤ t ≤ π, � ≤ s ≤ �π

��M !VO �0 �)� &0 ��]��^3� Y=G�V=VI5 ������
�Q.&<V# 5S�BBn�

S :
(x− x�)�

a�
+

(y − y�)�
b�

− (z − z�)�
c�

= �

$+� x�= 5���


x− x� = a cosh t cos s,

y − y� = b cosh t sin s,

z − z� = c sinh t.

9(O� 5���
 �#E e0&� $�0 >.T �0 �. S ���� � .$

r(s, t)=
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + a cosh t cos s, y� + b cosh t sin s, z� + c sinh t

)
−∞ ≤ t ≤ ∞, � ≤ s ≤ �π

��M !VO �0 �)� &0 ��]��_ +� Y=G�V=VI5 $�����
�Q.&3 �$ 5S�BBn�

S : − (x− x�)�
a�

− (y − y�)�
b�

+
(z − z�)�

c�
= �

$+� x�= 5���


x− x� = a sinh t cos s,

y − y� = b sinh t sin s,

z − z� = c cos t.

9(O� 5���
 �#E e0&� �$ $�0 `&+ )� >.T �0 �. S ���� � .$

r(s, t) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + a sinh t cos s, y� + b sinh t sin s, z� + c cosh t

)
h(s, t) =

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� + a sinh t cos s, y� − b sinh t sin s, z� − c cosh t

)
−∞ ≤ t ≤ ∞, � ≤ s ≤ �π
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norm(u)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . u �@

evalm(a ∗ u)
!<�

−−−−→ . . . . . . . . . . . . . . . . u .$ a %�q�T&'

dotprod(u, v)
!<�

−−−−→ . . . . . . . . v .$ u ����$ %�q�T&'

crossprod(u, v)
!<�

−−−−→ . . . . . v .$ u �).&� %�q�T&'

���0 �#E �� 
&��0 E� ��B�� ����2 �2 ����2 ��=P� ������
9$+� �$&� �� 5���
 v .�$�0 �0 u .�$�0 �#j� �� [�&�


proj := proc(u, v) dotprod(u, v), dotprod(v, v) ∗ v end;

. �$ E� (�� �=&M v �0 u .�$�0 �#j� �� [�&�
 ���0 5�M�
*$O �$&� �� proj(u,v)

R�0 �� #��E �� [�&�
 ���0 �����2 +� 0�2 � �+�: ������
*$O�
 �$&� �� angle(u,v) . �$ E� v � u �&�.�$�0

Z��M�
 $�$.��1 ��?1� +� 0�2 E#�+ ����2 ������
.$ P:=[a,b,c] >.T �0 �. (a,b,c) >&j L
 �0 P ��Y\� �M
&0 �. Q � P ��Y\� �$ R�0 !T�� −→PQ .�$�0 *Z��M $.�� !<�
 y��

*$.�F (��0 5���
 evalm(vector(P)-vector(Q)) . �$

D�. �&+,� ���0 �7��8� Q��G K+� $�����
� *** �v_2 �v_1 x���
 �&�.�$�0 ��,+�
 �0 (�+O� 4��S
�$&� �� GramSchmidt([v_1,v_2,...,v_n]) . �$ E� v_n

*Z��M�

�.�c=� 4�� ��  "0 E� ��-&' uL0 5&#&3 &� �U0 �0 R#� E�
(�� �=&M 5F 5$0 /� �$ .$ ���0 *Z��M�
 �$&� �� Geom3d

*Z��M ��)� !<�
 y��
 .$ �. with(geom3d) . �$

>&j L
 �0 P ��Y\� 5$+� $.�� ���0 ��?1� %�����
point(P,[a,b,c]) . �$ E� �!<�
 y��
 .$ (a,b,c)

��?U0 *Z��M�
 �$&� ��

coordinates(P)
!<�

−−−−→ . . . . . . . . . . . . . P ��Y\� >&j L


xcoord(P)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . P ��Y\� x o L


ycoord(P)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . P ��Y\� y o L


zcoord(P)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . P ��Y\� z o L


E� !<�
 y��
 .$ l y� 5$+� $.�� ���0 ��� &�����
9$+� �$&� �� 5���
 �#E >�. �$ E� �V#

line(l,[P1,P2]) . . . . . . . . . . . P2 � P1 p&\� E� ���.nS y�
line(l,[P,v]) . . . . . . . . . . P �&S �[V� � v �$&� .�$�0 &0 y�
line(l,[p1,p2]) . . . . . p2 � p1 ����T �$ �1?� !�
 y�

��M !VO �0 �)� &0 ��=V=VI5 ���=C	� �������
�BBn� ��� ��

S :
(x− x�)�

a�
− (y − y�)�

b�
= �

� y − y� = b sinh t �x − x� = ±a cosh t $+� x�= 5���

5���
 �#E e0&� �$ $�0 `&+ )� >.T �0 �. S ���� � .$ *z = s

9(O�

r(s, t) =
−−−−−−−−−−−−−−−−−−−−−−→(
x� + a cosh t, y� + b sinh t, s

)
h(s, t) =

−−−−−−−−−−−−−−−−−−−−−−→(
x� − a cosh t, y� + b sinh t, s

)
−∞ ≤ t ≤ ∞, −∞ < s <∞

��M !VO �0 �)� &0 ��=�O	 ���=C	� �������
�+	� ��� ��

S : y − y� = a(x − x�)�

.$ *z = s � y − y� = at� �x − x� = t $+� x�= 5���

9(O� 5���
 �#E e0&� $�0 >.T �0 �. S ���� �

r(s, t) =
−−−−−−−−−−−−−−→(
x� + t, y� + at�, s

)
−∞ ≤ t ≤ ∞, −∞ < s <∞

58�' 9� /�	���� ����
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 .�c=� 4�� E� �$&� �� >&
�\
 ����&6
 ���0
*$O �U)��
 doc.pdf !#&= &# �

�0 ;*�I*� .$ ���&
 �Y[ �2 '��6� + ����2 ������
>.T

vector([a, b, c])
!<�

−−−−→ −−−−→(

a, b, c
) .�$�0

�4�� >�. �$ *$+� G#�U� !<�
 y��
 .$ �. .�$�0 5���

4�� ��  "0 .$ &�.�$�0 �).&� %�- � ����$ %�- � ̀+�

5���
 with(linalg) . �$ &0 �M $.�$ .��1 linalg �.�c=�
�#E !VO �0 �. &�.�$�0 �0 �&+,� *$+� �$&
F �h=&' .$ �. 5F
.$ ��O&0 $�, a � ��.�$�0 v � u ���M x�= 9$�$ 4&��� 5���


>.T R#�

evalm(u− v)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . u E� v !-&��

evalm(u+ v)
!<�

−−−−→ . . . . . . . . . . . . . . . . . . . . v � u ̀+�
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B � A ���M x�= �/5 :� Ǳ�8 +� � �#�� �������
Ǳ�O �$ R#� �� �T&= >.T R#� .$ ���O&0 ���T &# � y� ��Y\�

*$.�F (��0 5���
 distance(A,B) . �$ &0 �. Z� E�

y� B � A ���M x�= �Ǳ�8 +� 0�2 � �+�: �������
. �$ &0 �. Ǳ�O �$ R#� R�0 �� #��E >.T R#� .$ ���O&0 ���T &#

*$.�F (��0 5���
 FindAngle(A,B)

x�= ��B�� Ǳ�8 �2 Ǳ�8 <� ��=P� �������
�#j� >.T R#� .$ ���O&0 ���T &# y� ��Y\� B � A ���M
5���
 projection(C,A,B) . �$ &0 �. B Ǳ�O �0 A �� O C

*$.�F (��0

x�= �����2 <� 9 :�
��2 Ǳ�8 <� '�1C�� �������
.$ ��O&0 .�$�0 N# v � �O&0 ���T � y� ��Y\� N# A ���M
. �$ &0 �. v .�$�0 ��E���&0 A Ǳ�O C ��  =&# �&\ �� >.T R#�

*$.�F (��0 5���
 translation(C,A,v)

� �� �#� /.$F .$ �78����� �������
http://webpages.iust.ac.ir/m_nadjafikhah/r2.htm

*(�� ��O $.�F �MnB� �= d'&[
 �0 p0�
 e0&�
 � &	B&a


line(l,[a*t+x0,b*t+y0,c*t+z0],t) . . . . . . . . . . . . . . . *
. . . . . . . . . z0+ct � y0+bt �x0+at �� 
�.&3 >_$&U
 &0 y�

�$+� 5&�0 �� 
�.&3 E� ��b �0 �&	O�. E� �V# �0 �. l y� �l�&�Q
�. 5F �� 
�.&3 !VO ������
 Equation(l) . �$ &0 ���O&0
FixedVector(L) � ParallelVector(l) >�. �$ *��0&�0
*��.�$�
 4?,� �. l ���0 �&S ��V� N# � �$&� .�$�0 N# X��� 0

y��
 .$ P ����T 5$+� $.�� ���0 ��!"# *�����
9$+� �$&� �� 5���
 �#E >�. �$ E� �V# E� !<�


plane(P,[X,Y,Z]) . . . . . . . Z � Y �X p&\� E� ���.nS ����T
plane(P,[X,v]) . . . . . . X �&S ��V� � v �&
�� .�$�0 &0 ����T
plane(P,[l1,l2]) . . . . . . l2 � l1 y� �$ E� ���.nS ����T
plane(P,eq) . . . . . . . . . . . . . . . . . . . . . . . eq �� B$&U
 �0 ����T
�$+� 5&�0 $.���& �� ��b �&	O�. E� �V# �0 �. P ����T �l�&�Q
�. 5F $.���& �� !VO ������
 Equation(P) . �$ &0 ���O&0
4?,� �. P ����T �&
�� .�$�0 NormalVector(P) . �$ *��0&�0

*$.�$�


y� ��Y\� B � A ���M x�= �Ǳ�8 +� ��=��2 ������
�. Ǳ�O �$ R#� C $.��0 !�
 >.T R#�.$ ���O&0 ���T &# �

*$.�F (��0 5���
 intersection(C,A,B) . �$ &0



� ���

����
� �����

�0��0 Rr :=
{
r(t)

∣∣ t ∈ Dr
}

5F $�0 � Dr = [−�;�] �.�$�0{−−−−−−−−−−−−−−−−−−→(
�+ �t,�− �t,�t+ �

) ∣∣∣ − � ≤ t ≤ �} =

=
{−−−−−→(
�,�,�

)
+ t
−−−−−−−→(
�,−�,�) ∣∣∣ − � ≤ t ≤ �}

�� 
�.&3��.�$�0 �� B$&U
 �Rr .$ ��O K�Y
 �� B$&U
 &
� *(��
�$&� .�$�0 � X� =

(
�,�,�

) �&S��V� &0 (��. y�
$���
 m�@ �$ E� t � 
�.&3 5Q *�O&0�
 v =

−−−−−−−→(
�,−�,�)

E� y� �.&3 ���U# *�O&0�
 y� �.&3 N# r(t) $�0 ]3 �(��
�0C r

(
�
)

=
−−−−−−−−→(

,−�,��) &� r

( − �
)

=
−−−−−−−−−→(− �,�,−�)

*A$O �)� �*� !VO
}

(�� �.�$�0 e0&� N# $�0 y� �.&3 9�*� !VO

���M x�= A, .�8�

r(t) =
−−−−−−−−−−−−−−−−→(
�+ � sin t,� cos t,�

)
; −π ≤ t ≤ π

9(O� 5���
 >.T R#� .$

r(t) =
(
�+ � sin t

)
i +

(
� cos t

)
j + �k

y(t) = � cos t �x(t) = � + � sin t 5F ����B�
 e0�� ��U#
[−π;π] �0��0 r �� �
�$ �M $$�S�
 �h'?
 *��O&0�
 z(t) = � �
*z(t) = � � cos t =

�

�
y(t) �sin t =

�

�

(
x(t)−�) ��?U0 � (��

!j= �0 r(t) $�0 ��� � .$ � �cos� t + sin� t = � �=�@ E�

5&�0 R+- *(�� R� �0 R E� e0�� &0 �#&�OF !j= R#� E� m��
� R�U
& � ���� �� � t 6
 ��' ���U #C e 0� � � �S R#� c � B& �F
�. N#c�= � c�B& �F ������ .$ e0&� R#� $�0.&M �AR�U
 ���� ��

*$+� Z���� K�Y


������ I��G& J�K	FL ��$

� R�U
&� ���� �� �t 6
 ��' E� (�� >.&[, uL0 R#� ̀-

$.
 .$ �� B&�"
 �� �M $�$ Z���� 5&6� ��.�$�0 e0�� R�U
 ���� ��
N# �� �M �$$�S�
 !�V6� ���$&� �� B&�"
 ��Q E� �.�$�0 e0&� N#
�-&#. .$ d�0 $.
 e0��C R �0 R E� e0�� ij� .$ &	�F E�

*�O&0�
 AN# �
+,

!VO �0 (�� �U0&� R� �� r������ ���	 ������ �����
�� ��E� �0 �&��F �Z�
&�0 Dr �. r �� �
�$ �S� *r : R −→ R�

9(O� 5���
 �R#��0&�0 �r(t) ∈ R� �� t ∈ Dr

r(t) =
−−−−−−−−−−−→(
x(t), y(t), z(t)

)
= x(t)i + y(t)j + z(t)k

e0�� R#� *��
&��
 r(t) ��)6H�*� ����	 �. z(t) � y(t) �x(t) e0��
!0&1 Rn &# � R� .$ �.�$�0 e0&� �0&6
 >.j0 *�� "� R �0 R E�

*�O&0�
 ��LB$ �U�[@ $�, n �M �(�� G#�U�
e0�� �� �
�$ w�� O� �0��0 �.�$�0 e0&� �� �� �
�$ �M $O �)�

*Dr = Dx ∩Dy ∩Dz 9(�� 5F ����B�


9���M x�= A& �'�() �����

r(t) =
−−−−−−−−−−−−−−−−−−→(
�+ �t,�− �t,�t+ �

)
; −� ≤ t ≤ �

�x(t) = �t + � 5F ����B�
 e0�� >.T R#� .$
e0&� R#� �� �
�$ *�� "� z(t) = �t + � � y(t) = −�t + �

8�



� � J 	 � � J K

9>.T R#� .$

lim
t→�

r(t) =

−−−−−−−−−−−−−−−−−−−−−−−−−→(
lim
t→�

e�t − �
sin t

, lim
t→�

cos t, lim
t→�

sin t
t

)

(�)
=

−−−−−−−−−−−−−−−−→(
lim
t→�

�e�t

cos t
, cos(�),�

)
=
−−−−−→
(�,�,�)

*(�� ��O �$&� �� ��� �� #F.$ ���0 �& �3� ���,&1 E� A�C .$ �M
Z��M x�= A, .�8�

r(t) =
−−−−−−−−−→(
t�,−t, t+ �

)
, h(t) =

−−−−−−−−→(
t, t− �,�t)

9>.T R#� .$

r(t)× h(t) =

∣∣∣∣∣∣
i j k
t� −t t+ �

t t− � �t

∣∣∣∣∣∣
=
−−−−−−−−−−−−−−−−−−−−−−−→(− �t� + �,−�t� + t� + t, t�

)
lim

t→−�

(
r(t)× h(t)

)
=
−−−−−−−−−→(− �,�,−�)

9Z#.�$ Z�\ "
 �� [�&�
 &0 ��=�@ E�(
lim

t→−�
r(t)

)
×
(

lim
t→−�

h(t)
)

=
−−−−−→(
�,�,�

)×−−−−−−−−−−→(− �,−�,−�)
=
−−−−−−−−−→(− �,�,−�)

(�.$ �.�$�0 e0�� ���0 ��&�
 .��\
 �� �q1 &#F A
 .�8�
�(��

�M r(t) =
−−−−−−−−→(
cos t, sin t

) Z��M x�= �S� ?z a
 ��#E ���� *!'
p&\� R�0 !T�� y� �.&3 �0 C = (�,�) 5�M� *� ≤ t ≤ π

�0 �M �B&' .$ �$.�$ .��1 r
(
π
)

=
−−−−−−→(− �,�) � r(�) =

−−−→(
�,�

)
y�b R#� ��U# *$O�+� r(t) = C �� t ∈ [�, π] ��� ��E�

9Z�g�0 �M (��
e1�� r

(
a
)
r
(
b
)

y� �.&3 �0 C � �O&0 � ��3 [a; b] �0 r(t) �S�
*r(t) = C �M $.�$ $)� �� t ∈ [a; b] �&��F ��O&0

9���M �[�&�
 �. �#E $��' E� N# �� �0���� %����

�) lim
t→�

−−−−−−−−−−−−−−−−−−−−−→(
t� sin

(
πt

)
, t� − �t+ �, et

)

�) lim
t→�

−−−−−−−−−−−−−−−−→(
sin t− t
t�

,
et − cos t

sin t

)

�) lim
t→�

{
ti− (

sin
π

t

)
k
}

�) lim
t→�−

(
i + tj + t�k

)
te�/t

�h(t) =
−−−−−−→(
�t,�, t�

) �r(t) =
−−−−−−→(
t,−t,�t) ���M x�= A 

.$ y0�� . *� ∈ {−,+, • ,×} R��l+� � t� = � �a = �

*���M t�\�� �. �*�*�

(x − �)�

�
+
y�

��
= � �q�0 �� �� �� � z = � ����T w� 6


.$ e1�� �q�0 N# ��U# A$O �)� ;*� !VO �0C *(�� e1��
�q�0 �0��0 ���T−xy �0 5F �#j� �M (�� z = � ����T

9�O&0�
 (x− �)�

�
+
y�

��
= �

Rr :
(x− �)�

�
+
y�

��
= � , z = �

*A$O �)� ;*� !VO �0C
}

(�� �.�$�0 e0&� N# $�0 �q�0 9;*� !VO

&	�� .$ �. (�S 5���
 �.�$�0 e0�� c�B&�F $.
 .$ �M �l�F 4&+�
9$+� �T?� $O�
 ��+) N#

���M x�= ������2 a2�=� 4�V��[ �	�	� E#� �����
.$ *�O&0 AR �0 R E� ��U#C �B+U
 e0�� ij� .$ � �T&� P
�� �M �(�� P (�T&� ��.�$ r(t) �.�$�0 e0&� Z�gS�
 ��.T

*��O&0 � O�$ �. P (�T&� 5F r(t) ����B�
 e0�� E� N#

9Z#.�$ ��*�*� ��M G#�U� R#� E� ����� � 5��, �0

�r(t) =
−−−−−−−−−−−→(
x(t), y(t), z(t)

) �S� ��BC	=�_ + 
J �����
�&��F

lim
t→�

r(t) =
−−−−−−−−−−−−−−−−−−−−−→(

lim
t→�

x(t), lim
t→�

y(t), lim
t→�

z(t)
)

����B�
 e0�� ��+� �M (�� � ��3&� t� .$ r(t) � 1� &	�� � � 1�
�� ∈ {+,−, • ,×} � a ∈ R �S� ��?U0 *��O&0 � ��3 t� .$ 5F

9�&��F

�) lim
t→t�

ar(t) = a lim
t→t�

r(t)

�) lim
t→t�

(
r�h

)
=

(
lim
t→t�

r(t)
)
�
(

lim
t→t�

h(t)
)

Z��M x�= A& �'�() $����

r(t) =

−−−−−−−−−−−−−−−−→(
e�t − �

t
, cos t,

sin t
t

)



� � J K � � J 	

9Z#.�$ �B&�"
 >&-���
 �0 �)� &0 *!'

r(t) ≈ r
(
�
)

+ tr′
(
�
)

+
t�

�
r′′ +

t�

�
r′′′

(
�
)

=
−−−−−−−−−−−→(
et, cos t, t sin t

)∣∣∣
t=�

+t
−−−−−−−−−−−−−−−−−−→(
et,− sin t, sin t+ t cos t

)∣∣∣
t=�

+
t�

�

−−−−−−−−−−−−−−−−−−−→(
et,− cos t,� cos t− t sin t)∣∣∣

t=�

+
t�

�

−−−−−−−−−−−−−−−−−−−→(
et, sin t,−� sin t− t cos t

)∣∣∣
t=�

=
−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
+
t�

�

−−−−−−−→(
�,−�,�) +

t�

�

−−−−−→(
�,�,�

)

=

−−−−−−−−−−−−−−−−−−−−−−−→(
�+ t+

t�

�
+
t�

�
,�− t�

�
, t�

)

e0�� 4� �� [��
 .��� y"0 ��*�*� !T� ��#&�� .$ �M $O �)�

�x(t) = et ≈ � + t +
t�

�
+
t�

�
9E� ���.&[, r(t) ����B�


*z(t) ≈ t� � y(t) = cos t ≈ �− t�

�

(0&f &) �+� .$ �.�$�0 e0&� N# �@ �S� �M ���M (0&f A
 .�8�
$+, D$� �0 �.�$�0 e0&� 5F t 6
 &) �+� .$ �&��F ��O&0

*(��
�� t �� ��E� �0 � �O&0 (0&f �$�, A Z��M x�= *!'
r(t) •r(t) = ‖r(t)‖� = A� Z#.�$ �>.T R#� .$ *‖r(t)‖ = A

� "#&0 ]3 *r′(t) •r(t)+r(t) •r′(t) = � Z#.�$ ����\ 6
 &0 �
$+, Z� �0 r′(t) � r(t) ��U# *r′(t) ⊥ r(t) &# r(t) •r′(t) = �

*�� "�

.$ K��6
 �.�$�0 e0�� E� N# �� t 6
 �0���� ������
9���M �[�&�
 �. �#E

�) r(t) =
−−−−−−−−−−→(
t+ �

t− � , cos t
)

�) r(t) =
ti− t�j√
�+ t�

�) r(t) =
−−−−−−−−−−−−−−→(
tet, cos� t, arctan t

)
�) r(t) =

t� + �

t� − � i− etj +
(
tan t

)
k

���M x�= A 
h(t) =

−−−−−−−−−−→(
sin t,�+ t, t

) � r(t) =
−−−−−−−−→(
et, sin t, t�

)
*���M t�\�� $.
 R#� .$ �. 7*�*� E� H � � �� �; y0�� .

*���M (0&f �. 7*�*� ��q1 A4

h(t) Z�gS�
 ��.T .$ �0��)�� '��BC�� ������
e0�� ��+� �,+�
 h′(t) = r(t) �M (�� r(t) �� �B�� e0&� N#

�(�� � ��3 t = t� .$ r(t) ���M x�= �bCc) &����
�' �M (�� �#n3t 6
 t = t� ��Y\� .$ r(t) Z�gS�
 ��.T .$

t 6
 �. �' R#� .��\
 *�O&0 $)
 lim
t→t�

�

t− t�
(
r(t)− r

(
t�
))

>&[f� �S$&� �0 *Z��$�
 5&6� r′(t�) &0 � ���
&� t = t� .$ r(t)

A�*�*� �0&�0C �&��F r(t) =
−−−−−−−−−−−→(
x(t), y(t), z(t)

) �S� �M $O�


r′
(
t�
)

=
−−−−−−−−−−−−−−−−→(
x′
(
t�
)
, y′

(
t�
)
, z′

(
t�
))

�&���B�
 �M (�� �#n<\ 6
 ��.T .$ �.�$�0 e0&� ���� � .$
*��O&0 �#n<\ 6
 5F

� ��O&0 �#n<\ 6
 �.�$�0 e0�� l � h �r �S� ���� *����
>.T R#� .$ �a ∈ R

�)
(
ar

)′ = ar′ �)
(
r + h

)′ = r′ + h′

�)
(
r •h

)′ = r′ •h + r •h �)
(
r× h

)′ = r′ × h + r× h′

�) ‖r‖′ = (r •r′) /‖r‖

�)
[
r,h, l

]′ =
[
r′,h, l

]
+

[
r,h′, l

]
+

[
r,h, l′

]
� ��3 4� (k+�

) �� [��
 t 6
 ��.�$ r(t) �S� Z��'�	 )* �;: A5
9�&��F ��O&0 t = t� .$

r(t) = r
(
t�
)

+
(
t− t�

)
r′
(
t�
)

+

(
t− t�

)�
�

r′′
(
t�
)

+ · · ·

· · ·+
(
t− t�

)k

k!
r(k)

(
t�
)

+ h(t)

* lim
t→t�

h(t)(
t− t�

)k+�
= � 5F .$ �M

r(t) =
−−−−−−−−−−−→(
et, cos t, t sin t

) Z��M x�= A& �'�() �����
�. 7*�*� E� A�C ��Y0�. >.T R#� .$ *h(t) =

−−−−−−−−→(
t, t+ �, t�

) �
*���M �\�\��

9Z#.�$ �B&�"
 >&-���
 �0 �)� &0 *!'

r′(t) =
−−−−−−−−−−−−−−−−−→((
et
)′
,
(
cos t

)′
,
(
t sin t

)′)
=
−−−−−−−−−−−−−−−−−−→(
et,− sin t, sin t+ t cos t

)
h′(t) =

−−−−−−−−−−−−−−→(
(t)′,

(
t+ �

)′
,
(
t�
)′) =

−−−−−−→(
�,�,�t

)
(r(t) •h(t))′ =

(
tet +

(
�+ t

)
cos t+ t� sin t

)′

= et + tet + cos t− (
�+ t

)
sin t+ �t� sin t+ t� cos t

r′(t) •h(t) + r(t) •h′(t) = tet − (
�+ t

)
sin t

+t� sin t+ t� cos t+ et + cos t+ �t� sin t

�.�$�0 e0&� At = � .$ .���C 5.B N
 y"0 A, .�8�
*���M �[�&�
 4� �� [��
 &� �. r(t) =

−−−−−−−−−−−→(
et, cos t, t sin t

)
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ζi ∈ Ii = [ti−� ; ti] �� i �� Ǳ�E� �0 � (�� [a; b] ��E&0 E� �E��=�
�ti → �M �
&���

n∑
i=�

r
(
ζi
)�ti ̀+�
 �' �S� *(�� ��LB$

.��\
 � (�� �#n<B��� �� [a; b] �0 r(t) Z�gS�
 ��O&0 $)
 �

5&6�
∫ b

a

r(t)dt $&+� &0 � ���
&� b &� a E� r(t) ���� �� �. �'
*(�� .��1�0 c�� (B&' R#� .$ c ��[#_�R��� �� �q1 *Z����


�&��F ��O&0 r(t) �� �B�� e0&� N# h(t) �S� ���� �%����
∫ b

a

r(t)dt = h(b)− h(a)

9Z#.�$ _&0 �� �q1 �0 �)� &0 �'�() �&����

�)
∫ �

�

−−−−−−→(
[�t], tet

)
dt =

−−−−−−−−−−−−−−−−−→(∫ �

�

[�t] dt,
∫ �

�

tet dt

)

=

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(∫ �/�

�

� dt+
∫ �

�/�

� dt,
[
tet

]�
�
−

∫ �

�

et dt

)

=
−−−−−−−−−−−→(
�

�
, e− [

et
]�
�

)
=
−−−−−→(
�

�
,�

)

�)
∫ π

�

{sin ti− tj + cos tk} dt =

=
[− cos t

]π

�
i−

[
t�

�

]π

�

j +
[
sin t

]π

�
k

= �i− π�

�
j =

−−−−−−−−−→(
�,
−π�
�

,�

)

�. �#E �&	B��� �� E� N# �� .��\
 �0���� �*����
9���M �[�&�


�)
∫ �

�

−−−−−−−−→(
�

t
, ln(t�)

)
dt �)

∫ π

�

−−−−−−−−−−−−−−−→(
t sin t, et, ln

(
�+ t

))
dt

�)
∫ �

�

i + tj√
�− t�

dt �)
∫ �

−�

{
eti− tetj + t�k

}
dt

�#&�.�$�0 v� � r� ��.�$�0 �U0&� r : R→ R� ���M x�= AH
�� B&�"
 *�O&0 �\�\' �$�, ω � (0&f

rr′(�) = v� � r(�) = r� �d
�r
dt�

= −ω�rs
$)� >.T .$ �$.�$ $)� %�) &z�&�� &#F *���M !' �.

�(�� & V# %�) &#F �%�)

�#&�.�$�0 v� � r� ��.�$�0 �U0&� r : R→ R� ���M x�= A8
�� B&�"
 *�O&0 �\�\' �$��,� c � g � (0&f

rr′(�) = v� � r(�) = r� �d
�r
dt�

= −gk− cdr
dt

s

$)� >.T .$ �$.�$ $)� %�) &z�&�� &#F *���M !' �.
�(�� & V# %�) &#F �%�)

*���M (0&f �. �8*�*� ��q1 AJ

5&6� ∫ r(t) dt $&+� &0 � ���
&� r(t) R�U
&� ���� �� �. r(t) �� �B��
*Z��$�


�$ h� � h� � �O&0 A�Q.&<V# ���U#C ��[+� r(t) �� �
�$ �S�
�O ���� (=&# 5&�Q C (0&f .�$�0 �&��F ���O&0 r(t) �� �B�� e0&�
Z�"#��
 (B&' R#� .$ *h�(t) = h�(t)+C �� t �� ��E� �0 �M

*
∫

r(t) dt = h�(t) + C

���0 ��V# �-&#. e0�� R�U
&� ���� �� �B+U
 �&#&q1
��+) E� ��� "� ^��T �.�$�0 e0��

��O&0 �#n<B��� �� h � r �.�$�0 e0�� �S� ���� ������
�&��F ��O&0 �\�\' �$�, a �

�)
∫
ar(t) dt = a

∫
r(t) dt

�)
∫ (

r(t) + h(t)
)
dt =

∫
r(t) dt+

∫
h(t) dt

�M ��.T .$ ��M (�S 5���
 �*�*� !T� $.
 .$
9�&��F �r(t) =

−−−−−−−−−−−→(
x(t), y(t), z(t)

)
∫

r(t) dt =
−−−−−−−−−−−−−−−−−−−−−−−−→(∫

x(t) dt,
∫
y(t) dt,

∫
z(t) dt

)

�x(t) e0�� ��#n<B��� �� ��U
 �0 r(t) ��#n<B��� �� p�O �&z �� �
*�O&0�
 z(t) � y(t)

�'�() ������

�)
∫ −−−−−−−−−−−−−→(

�t− �, sin t, e�t
)
dt =

−−−−−−−−−−−−−−−−→(
t� − t,− cos t,

�

�
e�t

)
+ c

�)
∫ {(

t sin t
)
i− t+ �

t− � j
}
dt =

= i
∫
t sin t dt− j

∫
t+ �

t� + �
dt

= i
{
−t cos t+

∫
cos dt

}
−j

∫ {
t

t� + �
+

�

t� + �

}
dt

= i {−t cos t+ sin t+ c�}
−j

{
�

�
ln |t� + �|+ arctan t+ c�

}

�. �#E �.�$�0 e0�� E� N# �� ���� �� �0���� ������
9���M �[�&�


�) r(t) =
−−−−−−−−−−−→(
t� − �t, t ln t

)
�) r(t) =

−−−−−−−−−−−−−→(
�

t
, ln t, sin

(
�t

))

�) r(t) =
ti− t�j√
t� + �

�) r(t) = t�
(
i− sin tj + etk

)

���M x�= �0��) '��BC�� �$����
P : a = t� < t� < · · · < tn = b



7� 	� � ! J

���#�$ C � R > � �X� =
(
x�, y�

) Z��M x�= _����� A, .�8�
!VO �0 C �� B$&U
 *(�� R `&UO� X� .$ cM�
 �0

(
x− x�

)� +
(
y − y�

)� = R�

� x − x� = R cos t �M Z��M x�= Z�����
 �R#��0&�0 *(��
R#��0&�0 *y − y� = R sin t

r(t) =
−−−−−−−−−−−−−−−−−−−→(
x� +R cos t, y� +R sin t

)
t�\�� �. � &� � y#��O 5���
 �S$&� �0 *� ≤ t ≤ �π �M

��#E �r′ �= 0 9Z#.�$ � p�O $.
 .$ *$+�

∥∥r′(t)∥∥ =
∥∥−−−−−−−−−−−−−→(−R sin t, R cos t

)∥∥ = R �= �

�M $O�
 ��� � �� < R � r(t) = r(s) x�= E� ��?U0
x�= t0&Y
 5Q � *cos t = cos s � sin t = sin s

*(�� ����
 N# C ]3 *s = t � "#&0 �t, s ∈ (
�;�π

)
b � a �&��Y1 Z�� � X� =

(
x�, y�

) cM�
 �0 �q�0 A
 .�8�
9Z#.�$ A;C �0 ��[O d�0 &0 ��#E �(�� ����
 N#

C : r(t) =
−−−−−−−−−−−−−−−−−−→(
x� + a cos t, y� + b sin t

)
; � ≤ t ≤ �π

�0 y = f
(
x
) Z��M x�= *���T .$ x E� �U0&� .�$+� A� .�8�

f .�$+� >.T R#� .$ *�O&0 �#n3t 6
 (
a; b

) �0 � � ��3 [a; b]

>.j0 �M [a; b] �0

Γf =
{(
x, f(x)

) ∣∣∣ a ≤ x ≤ b} ⊆ R�

Z� $�0 �0��0 ��#E �(�� ����
 N# �$O�
 G#�U�

r(t) =
−−−−−→(
t, f(t)

)
; a ≤ t ≤ b

�M y = x� − x+� �� B$&U
 �0 �+	� � ��&a
 5��, �0 *�O&0�

>.j0 �. −� ≤ x ≤ � 5F .$

C : r(t) =
−−−−−−−−−→(
t, t� − t+ �

)
; −� ≤ t ≤ �

*$+� �� 
�.&3 5���


���Y\� X� Z��M x�= *&q= .$ � =&# Z�+U� �q�0 A .�8�
��*� !VO �0 *���
&U 
 � �V# v � u �&�.�$�0 � (�� &q= E�
R#� .$ *�� [a
 $��,� b � a Z��M x�= R��l+� *$O �)� %
u >�E�
 �0 � b � a �&��Y1 Z�� �X� cM�
 �0 C �q�0 >.T
�0 �. n = u × v Zg&1 .�$�0 � X� �&S��V� &0 ����T .$ e1�� v �

Z� N+M

r(t) =
−→
X� +

(
a cos t

)
u +

(
b sin t

)
v ; � ≤ t ≤ �π

	3�*�*' 5� F����� ��*H ��$

������ �� UB&Y
 .$ �.�$�0 e0�� E� �$&� �� uL0 R#� E� m��
(�� R#� ��T� �� B&�"
 *(�� &q= � ���T .$ �&	����

&0 5���
 ��.T �Q .$ ���-���
 C� � C� �&	����
 �M
*$+� t[Y�
 ���#$ �0 �. �V# A(M�'C �����1� !#�[� N#
5F �M{ �0 &	�� &
 � (�� �V��V� .&�"0 �� B&�"
 R#� ��&3 �� [B�
*$O�
 �M
 !�"����#$ ������ /.$ �0 5F >&[f� � Z#E�$�3�


�. r(t) =
−−−−−−−−−−−→(
x(t), y(t), z(t)

) �.�$�0 e0&� ������ �����
9�M Z�gS ������I &# `# ��.T .$

*�O&0 [a; b] !VO �0 r �� �
�$ A �
*�O&0 � ��3 [a; b] �0 r A;

*�O&0 �#n3t 6
 (
a; b

) �0 r A�
*�O&0 ��T GB&L
 (

a; b
) �0 r′ A�

*�O&0 N�[V# (a; b) �0 r AH

}
AB y� �.&3 AGB� 9�*� !VO

� =&# Z�+U� �q�0 A%

�M Z�gS a�: &# !�(�� ��.T .$ �. C ⊆ R� ��,+�
 �#E
�M �#&	+� R��U� *�O&0 �0��0 Z� ��Q &# N# $�0 E� �,&+ )� &0
�����I &# L��� �������I �$O C ��,+�
 �0��0 &	�F $�0 `&+ )�

*$O�
 � �S C

�$ B � A Z��M x�= _-#���I A& �'�() �����
�.�$�0 e0&� *�O&0 AB y� �.&3 C � �$0 R� E� >�&� 
 ��Y\�
R#� .$ *�#���0 �h� .$ �. [�;�] �� �
�$ &0 r(t) =

(
�− t)A + tB

9(�� �#n3t 6
 (
�;�

) �0 � � ��3 [�;�] �0 r >.T

r′(t) = −A + B �= 0

�r(t) = r(s) x�= &0 ���?U0 *��.��1�0 ��� p�O .&	Q ]3
R#��0&�0 *(�− t)A + tB =

(
�− s)A + sB Z#.�$

(
s− t)(B−A

)
= 0

R#��0&�0 *(�� N�[V# (�;�
) �0 r �nB � s = t ]3 �A �= B &
�

*A$O �)� GB���*� !VO �0C (�� ����
 N# AB



J 7� 	� � !

�0 *���M�
 oL6
 �. ��3.&
 $��' � ����LB$ $��,� β � α �M
*$O �)� %��*� !VO

����
 N# $� �����
 ��&� 
 $��U� �� `&+ )� 5Q A0 .�8�
�#�) ����
 (#&	��0 5���
 _&0 �&	����
 &0 R#��0&�0 �(��
⊕ !VO &# � (�� y� �.&3 �� `&+ )� �M d�a
 �?z a
 *(�&�

*(�� y� �.&3 �$ � ��#�$ N# `&+ )� �M

�?z a
 *(�� ����
 N# $� �����
 N# E� �UY1 �� A2 .�8�
*�q�0 E� e0. N# &# � (�� ����
 N# ��#�$ Z��

�$ y�� �M (�� 4�$ e0. E� � +"1 D ���M x�= A&^ .�8�
�. 5F C E�
 *(�� ��O ��) y = � − x� � y = x� �+	�
!VO �0 *C = C�∪C�∪C� ∪C� Z��M x�= *���M�
 �� 
�.&3

��� � .$ *(�� y� �.&3 C� *$O �)� GB��H*�

C� : r(t) = (�− t)−−−→(
�,�

)
+ t
−−−→(
�,�

)
; � ≤ t ≤ �

=
−−−−→(
�,�t

)
; � ≤ t ≤ �

*���M�
 eY1 (�,�) � (−�,�) p&\� .$ ��O �$�$ �+	� �$
y = �− x� �+	� E� � +"1 C� *−� ≤ x ≤ � �$ �� .$ ]3

� y = �− t� ��� � .$ *x = t $�M x�= 5���
 ]3 *(��

C� : r(t) =
−−−−−−−→(
t,�− t�) ; −� ≤ t ≤ �

�0&6
 >.T �0

C� : r(t) =
−−−→(
t, t�

)
; −� ≤ t ≤ �

z� = x�+y� p��L
 ^Y� E� � +"1 S ���M x�= A&& .�8�
� z = � >&��T y�� � $.�$ .��1 ��� Z 6� N# .$ �M (��
Z��M x�= *���M�
 �� 
�.&3 �. 5F C E�
 *(�� ��O ��) z = �

*$O �)� %�H*� !VO �0 *C = C� ∪ C� ∪ C� ∪ C�

}

;*;*� �&a
 E� �� � �I �&	 +"1 9H*� !VO

*$+� �� 
�.&3 5���

9Z#.�$ 4.&	Q p�O $.
 .$ *�� "� �	#�0 ��� p�O ��

r′(t) = 0 ⇒
{

r •u = �

r •v = �

⇒
{ (− a cos t

)
u •u = �(

b sin t
)
v •v = �

⇒ cos t = sin t = �

9�M $O�
 ��� � �r(t) = r(s) x�= E� ��?U0 *(�� �&�
 �M{
r(t) •u = r

(
s
)

•u
r(t) •v = r

(
s
)

•v
⇒

{
a cos t = a cos s
b sin t = b sin s

⇒
{

cos t = cos s
sin t = sin s

*s = t R#��0&�0 �� < t � s < �π &
�

R#� B+U
 E� �V# *���v 
 �� e0&� �$ .�$+� $.��0 A4 .�8�
5&�
 ��Y0�. �$ E� �$&� �� �&q= .$ �&	����
 G#�U� ���0 &	O�.

��h� ��O&0�
 z � y �x

C : f
(
x, y, z

)
= a , g

(
x, y, z

)
= b

X���� R#� �0 �(�� >_$&U
 �&� �$ !' �$�M �#&0 �M �.&M &	��
*Z��M x�= e0&� �. ��#$ �&��$ � �$�M x�= ��v 
 �. �V# �M

�&��F �C : x� + y� = � � x + y + z = � �S� ?z a

Z�����
 �M �x� + y� = � x�= �0&�0 &
� *z = −x − y

z = − cos t − sin t R#��0&�0 *Z#���0 y = sin t � x = cos t

��� � .$ �

C : r(t) =
−−−−−−−−−−−−−−−−−−−→(
cos t, sin t,− cos t− sin t

)
; � ≤ t ≤ �π

*$O �)� GB���*� !VO �0
}

�#� . �$ $.��0 E� !T&' ����
 AGB� 9�*� !VO
� =&# Z�+U� ��3.&
 A%

�M ��M�
 (M�' 5&�Q �M�� 
 ���M x�= *��3.&
 A5 .�8�
&0 � (�� AHC �&a
 .$ �q�0 �0��0 N .�$�0 $�� 
� .$ 5F �#j�
>.T �0 �. ����
 R#� *$� .�
 _&0 n $�� 
� .$ c (0&f (,��

9$+� �� 
�.&3 5���
 �#E

r(t) =
−→
X� +

(
a cos t

)
u +

(
b sin t

)
v + ctn ; α ≤ t ≤ β
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�q�0 5S�+	� �$ $.��0 E� !T&' C ����
 A&� .�8�
!VO �0 *�#���0 �h� .$ �. z = �−�x� + y� � z = x� +�y�

�&� �$ N# .$ �#� . �$ R#� �� B$&U
 !' E� *$O �)� GB��J*�
*x�+y� = � &# �−�x�+y� = x�+�y� �M $$�S�
 �h'?

>.T R#� .$ *y = sin t � x = cos t $+� x�= 5���
 ]3

R#��0&�0 � z = x� + �y� = �+ � cos� t

C : r(t) =
−−−−−−−−−−−−−−−−−−→(
cos t, sin t,�+ � cos� t

)
; � ≤ t ≤ �π

}

;*;*� �&a
 E� �H � �� �&	 +"1 9J*� !VO

x�+y�+z� = �
 ��M $.��0 E� !T&' C ����
 A& .�8�
�)� %�J*� !VO �0 *�#���0 �h� .$ �. z = x + y ����T �
$$�S�
 �h'?
 �&� �$ N# .$ �#� . �$ R#� �� B$&U
 !' E� *$O
*�x� + �y� + �xy = �
 &# x� + y� + (x + y)� = �
 �M

&# �x� + �y� + �xy = �� >.T �0 �. R#�

(�x+ y)� + (
√
�y)� = �

�

�x + y = � cos t $+� x�= 5���
 �R#��0&�0 *(O� 5���

��� � .$ *

√
�y = � sin t �

y = �
√
� sin t

x =
�

�
(� cos t− y) = � cos t−

√
� sin t

z = x+ y = � cos t+
√
� sin t

Z#.�$ ̀+�
 .$ �

C : r(t) =
(
� cos t−

√
� sin t

)
i +

(
�
√
� sin t

)
j

+
(
� cos t+

√
� sin t

)
k ; � ≤ t ≤ �π

5$+� �� 
�.&3 ����Q �*; uL0 .$ �78����� �����
*(�� ��O �$�$ ^�-� 4�$ �).$ �&�����


9���M �� 
�.&3 �. &	����
 E� N# �� �0���� �����

*���T .$ (
�,−�)(�,�) y� �.&3 A�

��� � .$ ��� "� y� �.&3 C� � C�

C� : r(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
; � ≤ t ≤ �

=
−−−−−−−−−−−→(
�,�+ t,�+ t

)
; � ≤ t ≤ �

C� : r(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
; � ≤ t ≤ �

=
−−−−−−−−−−−→(
�+ t,�,�+ t

)
; � ≤ t ≤ �

��� � .$ *�� "� ��#�$ e0. C� � C�

C� :

⎧⎨
⎩

x� + y� = z�

z = �

� ≤ x, y
:

⎧⎨
⎩

x� + y� = �

z = �

� ≤ x, y

: r(t) =
−−−−−−−−−−→(
cos t, sin t,�

)
; � ≤ t ≤ π

�

C� :

⎧⎨
⎩

x� + y� = z�

z = �

� ≤ x, y
:

⎧⎨
⎩

x� + y� = �

z = �

� ≤ x, y
: r(t) =

−−−−−−−−−−−−−→(
� cos t,� sin t,�

)
; � ≤ t ≤ π

�

C : r = a(�+ cos θ) ; � ≤ θ ≤ �π &+�B$ ����
 A&, .�8�
�8*� !VO �0 *Aa > �C �#���0 �h� .$ �. y� L
 ���T .$
� x = r cos θ ���#� �0 �)� &0 � t = θ x�= &0 *$O �)� GB�

9�M $$�S�
 �h'?
 x = r sin θ

C : r(t) = a(�+ cos t).
−−−−−−−−→(
cos t, sin t

)
; � ≤ t ≤ �π

}

;*;*� �&a
 E� �� � �; �&	 +"1 98*� !VO

>&V"��+B ����
 A&
 .�8�

C : r� = a� cos(�θ) ; � ≤ θ ≤ �π

�8*� !VO �0 *Aa > �C �#���0 �h� .$ �. y� L
 ���T .$
R#��0&�0 *cos(�θ) > � �#&0 �M (�� RO�. *$O �)� %

&0 ��� � .$ *k ∈ N �M �kπ − π/� ≤ �θ ≤ �kπ + π/�

� −π/� ≤ θ ≤ π/� Z#.�$ X��� 0 k = � � k = � x�=
9(�� �V� �$ �h� $.
 ����
 ���U# *�π/� ≤ θ ≤ �π/�

� x = r cos θ ���#� �0 �)� &0 � t = θ x�= &0 *C = C� ∪ C�
9�M $$�S�
 �h'?
 x = r sin θ

C� : r(t) =
√

cos(�t).
−−−−−−−−→(
cos t, sin t

)
; −π

�
≤ t ≤ π

�

C� : r(t) =
√

cos(�t).
−−−−−−−−→(
cos t, sin t

)
;
�π

�
≤ t ≤ �π

�



J 7� 	� � !

�	) z = x�, y = x�, −� ≤ x ≤ �

�
) �x� = �+ y� + z�, x =
√
�

��) �x+ �y + z = �, x� + �y� = z

��) x� + y� = �, x� + z� = �

��
∗) x� + y� + z� = R�,

(x − a)� + (y − a)� = r�,
√
�|a|+ |r| < R

*���M �� 
�.&3 �. 7*� !VO .$ ;8 &� ;; �&	����


���M x�= ��U!U) <� F= '=d $����
C : r(t) ; a ≤ t ≤ b

C �0 r
(
t� + dt

) &� r
(
t�
) E� /1 �@ *a < t� < b �

��l �h� $.
 �@ �&�0 ��B&�"
 R#� �0 ��&3 ���0 �(�� .�\Q
!VO �0C Z��M�
 �[�&�
 �. d� �Y\� �$ 5F R�0 !T�� .�$�0 �@

9A$O �)� GB���*�

�� ≈ d� =
∥∥−−−−−−−−−−→r

(
t�
)
r
(
t� + dt

)∥∥
=

{(
x
(
t�
)− x(t� + dt

))� +
(
y
(
t�
)− y(t� + dt

))�
+
(
z
(
t�
)− z(t� + dt

))�}�/�

.$ t� � t� �t� $��,� �Z� m�U
 i�� � ����S_ �� �q1 �0&�0 &
�
9�M ��O�
 (=&# 5&�Q (

t� ; t� + dt
) ��E&0

�l ≈ d� =
{(
x′
(
t�
)
dt
)� +

(
y′
(
t�
)
dt
)� +

(
z′
(
t�
)
dt
)�}�/�

9Z#.�$ ��O&0 NQM �=&M ��E���� �0 dt �S� ]3

�l ≈ d� ≈
√(

x′
(
t�
))� +

(
y′
(
t�
))� +

(
z
(
t�
))�

dt

= ‖r′(t�)‖ dt
��U# ���
&��
 /1 �@ !�"����#$ �. ��F >.&[,

(�� �=&M C a�: .�S �� [�&�
 ���0 5�M� *ds = ‖r′(t)‖dt
9Z#���0 ���� �� [a; b] ��E&0�0 ds E�

� =
∫ b

�

ds =
∫ b

a

‖r′(t)‖ dt

�M ��.T .$ A& �'�() %����

C ; r(t) =
−−−−−−−−−−−−−−−−−→(
� cos t+ �,� sin t− �) ; � ≤ t ≤ π

&0 (�� �0��0 C ����
 /1 �@

� =
∫ π

�

∥∥−−−−−−−−−−−−−→(− � sin t,� cos t
)∥∥ dt

=
∫ π

�

√
� sin� t+ � cos� t dt = �π

*���T .$ � `&UO � (
�,−�) cM�
 �0 ���#�$ A;

�) x� + y� = �x �) x+ y = �,−� ≤ x ≤ �

�) x�/�+ y� = � �) y = �x� − �, y ≤ 	

	) x� − y� = �, |x| ≤ � 
) x�/� + y�/� = �

*(�,�,−�)(�,�,�) y� �.&3 A2
�. 7*� !VO .$ ��O �$�$ 5&6� �� &� �I �&	����


*���M �� 
�.&3
}

;8 &� ;� � �; &� �I !#&"
 97*� !VO

*(�,�,�) � (− �,�,�) �(�,−�,�) /g.&0 d�a
 A��

� (
�,−�,�) .$ cM�
 &# � z = � ����T .$ e1�� ���#�$ A��

*� `&UO
��) x = y = z, −� ≤ x ≤ �

��) x� + y� = �, x+ y = z�
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�) r(t) = ti +
�

�
t�/�k ; � ≤ t ≤ 


�) r(t) = �t�i− �t�j− �t�k ; � ≤ t ≤ �

�) r(t) =
(
t, cosh t

)
; − ln� ≤ t ≤ ln�

�) r(t) =
(
� cos t

)
i +

(
� sin t

)
j +
√
�tk ; � ≤ t ≤ π

�) r(t) =
−−−−−−−−−−−−−−−−−−−−→(
t sin t+ cos t, t cos t− sin t

)
;
√
� ≤ t ≤ �

	) r(t) =
(
t cos t

)
i +

(
t sin t

)
j + �

√
�

�
t�/�k ; � ≤ t ≤ π

���M x�= ����.d �C)���_ *����

C : r(t) ; a ≤ t ≤ b

>.j0 �. s �$UT e0&� *�O&0 ��O �� 
�.&3 ����
 N#

s(t) =
∫ t

a

‖r′(t)‖ dt , a ≤ t ≤ b

e0&� R#� *$O �)� GB���I*� !VO �0 *Z��M�
 G#�U�
�0 �. t 5���
 ]3 *ds

dt
= ‖r′‖ > � ��#E �(�� �#n<�VU


C /1 �@ l � � ≤ s ≤ l �M t = t(s) 9$.�F (��0 s X"'
9(O� � �$�M �$&� �� s E� t �&�0 r .$ 5���
 5�M� *(��

C : rn(s) = r(t(s)) ; � ≤ s ≤ l

� 
�.&3 R#� R"' *��
&��
 C !J�$S ������I �. rn(s) &z'?YT�
9(�� N# �0��0 &) �+� .$ 5F (,�� �M (�� 5F .$

∥∥r′n(s)
∥∥ =

∥∥ d
ds

r
(
t(s)

)∥∥
=

∥∥ dt
ds

d

ds
r(t)

∥∥ =
∥∥r′(t)∥∥÷ ds

dt

=
∥∥r′(t)∥∥÷ ∥∥r′(t)∥∥ = �

}

���= k�M A% �U�[@ � 
�.&3 AGB� 9�I*� !VO

}

/1 �@ AGB� 9�*� !VO
8*;*� �&a
 E� � (+"1 A%

�0��0 C =
(
�,�,�

)(
�,�,−�) y� �.&3 /1 �@ A, .�8�

p&\� R#� R�0 !T�� .�$�0 �@ &0 (��

� =
∥∥−−−−−−−→(
�,�,−�)−−−−−−→(

�,�,�
)∥∥ =

∥∥−−−−−−−→(
�,�,−�)∥∥ = �

9!VO �0 �. C �=�@ E�

C : r(t) =
(
�− t)−−−−−→(

�,�,�
)

+ t
−−−−−−−→(
�,�,−�)

=
−−−−−−−−−−−→(
�,�,−�t+ �

)
; � ≤ t ≤ �

R#��0&�0 *$+� �� 
�.&3 5���


� =
∫ �

�

∥∥−−−−−−−→(
�,�,−�)∥∥ dt =

∫ �

�

� dt = �

�. %��*� .$ ��O �$�$ 5&6� ����
 /1 �@ A
 .�8�
��O !�V6� C� � C� Ǳc) �$ E� ����
 R#� *Z��M�
 �[�&�
(
�,�,�

) �&	 �� � �(�,�,�) ��� 0� &0 �Y� �.&3 C� *(��
R#��0&�0 �(��

C� : r(t) =
−−−−−−−−−−→(
�t,�− �t,�) ; � ≤ t ≤ �

.$ R = � `&UO �X� = � Ǳ��[
 cM�
 �0 ���#�$ e0. C� �=�@ E�
9R#��0&�0 �(�� ���T −xz

C� : r(t) = −→o +
(
� cos t

)
i +

(
� sin t

)
k

=
−−−−−−−−−−−−−→(
� cos t,�,� sin t

)
; � ≤ t ≤ π/�

� = �� + ��

=
∫ �

�

‖−−−−−−−→(
�,−�,�)‖ dt
+

∫ π/�

�

‖−−−−−−−−−−−−−−−→(− � sin t,�,� cos t
)‖ dt

=
∫ �

�

�
√
� dt+

∫ π/�

�

� dt = �
√
�+ �

π

�

�. �#E �&	����
 E� N# �� /1 �@ �0���� &����
9���M �[�&�


�) r(t) =
−−−−−−−−−−−−−−−−−→(
� sin t+ �,� cos t+ �

)
; � ≤ t ≤ π



J 7� 	� � !

9G#�U� �0&�0 �5�M�

Tn(s) = r′n(s)

=
�

�
cos

( s
�
− π

)
i− �

�
sin

( s
�
− π

)
j +

�

�
k

r′′n(s) = − �

��
sin

( s
�
− π

)
i− �

��
cos

( s
�
− π

)
j

Nn(s) =
r′′n(s)
‖r′′n(s)‖ = − sin

( s
�
− π

)
i− cos

( s
�
− π

)
j

Bn(s) = Tn(s)×Nn(s)

=

∣∣∣∣∣∣∣∣∣
i j k

�

�
cos

( s

�
− π

)
−�
�

sin
( s

�
− π

) �

�

− sin
( s

�
− π

)
− cos

( s

�
− π

)
�

∣∣∣∣∣∣∣∣∣
=

�

�
cos

( s
�
− π

)
i− �

�
sin

( s
�
− π

)
j− �

�
k

� 
�.&3 E� �$&� �� 5��0 �. N# �&a
 ����
 �� ��= k�M A, .�8�
9Z��M�
 �[�&�
 �U�[@

r′(t) =
(
� cos t

)
i +

(− � sin t
)
j + �k

r′′(t) =
(− � sin t

)
i +

(− � cos t
)
j

r′(t)× r′′(t) =
(
�� cos t

)
i +

(− �� sin t
)
j− �k

‖r′(t)‖ = � ‖r′(t)× r′′(t)‖ = ��

9Z#.�$ �@0�
 �&	B
�= N+M �0

T(t) =
r′(t)
‖r′(t)‖ =

(�
�

cos t
)
i +

(− �

�
sin t

)
j +

�

�
k

B(t) =
r′(t)× r′′(t)
‖r′(t)× r′′(t)‖

=
(�
�

cos t
)
i +

(− �

�
sin t

)
j− �

�
k

N(t) = B(t)×N(t) =
(− sin t

)
i +

(
cos t

)
j

����
 �� ��= k�M A
 .�8�

C : x� + y� = � , x� + z� = �

*��0&�0 X� =
(√

�/�,
√
�/�,

√
�/�

)
��Y\� .$ �.

*r(t) =
−−−−−−−−−−−→
(cos t, sin t, sin t) 9Z��M�
 �� 
�.&3 �. C �� 0� *!'

�. &	�F E� �V# &	�� .Mn
 � 
�.&3 � (�� e@&\ 
 ���#�$ �$ C � [B�
9R#��0&�0 *X� = r

(π
�

)
�M (�� RO�. ��?U0 *��M�
 �� 
�.&3

r′
(π
�

)
=
−−−−−−−−−−−−−→
(− sin t, cos t, cos t)

∣∣∣
π
�

�$&� �� 7*;*� (+"1 >&-���
 E� ����� eUL �����
.�$�0 *Z��M�


Tn(s) := r′n(s)

N# �0��0 5F �@ � (�� /&+
 C ����
 �0 rn(s) ��Y\� .$
���?U0 *Z�
&��
 !�(�� �� a�F� )*?� ����� �. 5F � �O&0�

��I*� !VO �0C �O&0�
 s � 
�.&3 $&#$E� �& ��. .$ 5F (	)

*A$O �)� %
*�O&0�
 $+, u\ 6
 �0 �(�� N# �0��0 Tn(s) �@ 5Q

��V# .�$�0

Nn(s) :=
T′

n(s)
‖T′

n(s)‖ =
r′′n(s)
‖r′′n(s)‖

.$ .�$�0 R#� *Z�
&��
 rn(s) ��Y\� .$ C !�(�� !'=� `b�: �.
����
 Ǳ&���� cM�
 (+� �0 � (�� $+, ����
 �0 rn(s) ��Y\�

9�).&� %�q�T&' *$.�$ m��

Bn(s) := Tn

(
s
)×Nn(s)

X��
 �#&� �� *Z�
&��
 rn(s) ��Y\� .$ C Y�� `b�: �.

Fn(s) : =
(
Tn(s),Nn(s),Bn(s)

)
k�M N# k�M R#� *Z�
&��
 rn(s) ��Y\� .$ C )* �< c�� �.
N# �0��0 �� �� �@ �M ��U
 R#� �0 �(�� $�� ��. � �V# �
&U 

*(�� ([a
 &	�F �#&� �� %�q�T&' � ��$+, �$ �0 �$ �(��

(��0 �. ���= k�M 5���
 c�� �U�[@ � 
�.&3 E� �$&� �� 5��0
*Z��M�
 >&[f� �*�*� .$ �. ��q1 R#� 9$.�F

�O&0 [a; b] �� �
�$ &0 ��LB$ Z� N# r �S� ���� ������
�&��F �t ∈ (a; b) �

T(t) =
r′(t)
‖r′(t)‖ , B(t) =

r′(t)× r′′(t)
‖r′(t)× r′′(t)‖ ,

N(t) = B(t)×T(t)

���M x�= A& �'�() ������
C : r(t) =

(
� sin t

)
i +

(
� cos t

)
j + �tk ; −π ≤ t ≤ π

9E� (�� >.&[, C /1 �@ e0&� >.T R#� .$

s(t) =
∫ t

−π

∥∥−−−−−−−−−−−−−−→(
� cos t,−� sin t,�

)∥∥dt
=

∫ t

−π

�dt = �
(
t+ π

)
9��� � .$ *� ≤ s ≤ ��π �M t = s/�− π R#��0&�0

C : rn(s) = r
( s
�
− π

)
= � sin

( s
�
− π

)
i + � cos

( s
�
− π

)
j

+�
( s
�
− π

)
k



7� 	� � ! J

}
��'?T� >&��T 9��*� !VO

/&+
 y� � Zg&1 � /&+


R#� *(�� T(t) �$&� � r(t) �&S��V� &0 y� 9/&+
 y�
*(�� r(t) ��Y\� .$ C ����
 �0 y� R#� V#$c� y�

*(�� B(t) �&
�� � r(t) �&S��V� &0 ����T 9/&+
 ����T
�0 *(�� r(t) ��Y\� .$ C ����
 �0 ���T R#� V#$c� ���T R#�
���T 5F �����0 ���T N# .$ r(t) ���L0 �S� �M ��U
 R#�
c�� ���	
 ���� �. /&+
 ���T *�O&0�
 /&+
 ����T 5&+�

*��
&��

.�$�0 *(�� T(t) �&
�� � r(t) �&S��V� &0 ����T 9Zg&1 ����T
Zg&1 ����T .$ �M *(�� $+, C �0 r(t) .$ � 1� &	�� � � 1� v

*�O&0 � O�$ .��1
*(�� N(t) �&
�� � r(t) �&S��V� &0 ����T 9�'?T� ����T

���M x�= A& �'�() ������
r(t) =

(
�+� cos

(
πt

))
i+� sin

(
πt

)
j+�πtk ; −� ≤ t ≤ �	

Z#.�$ X���� R#� �0 *X� = r(�) =
−−−−−−→(
�,�,�π

) 5F .$ �M
R��l+� � N(�) =

−−−−−→(
�,�,�

) �T(�) =
−−−−−−−−−−−→
(�,−�/�,�/�)

9R#��0&�0 *B(�) =
−−−−−−−−−→
(�,�/�,�/�)

/&+
 y� :
x− �
�

=
y − �
−�/� =

z − �π
�/�

: x = �,�y + �z = ��π

Zg&1 ���T : �
(
x− �)− (

�/�
)(
y − �)

+
(
�/�

)(
z − �π) = �

: �z = �y + �π

/&+
 ���T : �
(
x− �) +

(
�/�

)(
y − �)

+
(
�/�

)(
z − �π) = �

: �y + �z = ��π

�'?T� ���T : �
(
x− �) + �

(
y − �)

+�
(
z − �π) = �

: x = �

>&j L
 �0 X� ��Y\� .$ �. �#E ����
 �$ R�0 �#��E A, .�8�
9��0&�0 (�,−�,−�)

=

−−−−−−−−−−−−−−→(
−
√
�

�
,

√
�

�
,

√
�

�

)

r′′
(π
�

)
=
−−−−−−−−−−−−−−−−→
(− cos t,− sin t,− sin t)

∣∣∣
π
�

=

−−−−−−−−−−−−−−−−−→(
−
√
�

�
,−
√
�

�
,−
√
�

�

)

r′
(π
�

)
× r′′

(π
�

)
=
−−−−−−−→
(�,−�,�)

∥∥r′ (π
�

)∥∥ =

√
�

�

∥∥r′ (π
�

)
× r′′

(π
�

) ∥∥ =
√
�

T
(π
�

)
= r′

(π
�

)
÷ ‖r′

(π
�

)
‖

=

−−−−−−−−−−−−−−→(
−
√
�

�
,

√
�

�
,

√
�

�

)

B
(π
�

)
= r′

(π
�

)
× r′′

(π
�

)
÷ ∥∥r′ (π

�

)
× r′′

(π
�

) ∥∥
=

−−−−−−−−−−−−→(
�,−

√
�

�
,

√
�

�

)

N
(π
�

)
= B

(π
�

)
×T

(π
�

)

=

−−−−−−−−−−−−−−−−−→(
−
√
�

�
,−
√
�

�
,−
√
�

�

)

!VO �0 �. �#E �&	����
 E� N# �� �0���� ������
9�#.�F (��0 �. &	�F �� ��= k�M ��$�M �� 
�.&3 �U�[@

�) r(t) =
−−−−−−−−−−−−−−−−→(
� cos t,� sin t ,

√
�t

)
; � ≤ t ≤ �π

�) r(t) =
−−−−−−−−−−−−→(
�t+ �,�− �t) ; −� ≤ t ≤ �

�) C : x� + y� + z� = � , z =
√
�y

�) C : x� + y� + �x + �y = �

9��0&�0 X� ��Y\� .$ �. ��O �$�$ ����
 �� ��= k�M

�) C : x = y = z�, X� =
(
�,�,−�)

�) C : r(t) =
−−−−−−−−−−−−−−−−→(
t� − �, t� + �t, t− �), X� = r

(
�
)

E� �Y\� �� .$ ���= k�M $)� !�B$ �0 ������ ������
E� �Y\� �� �0 �#E K�O �0 y� N# � ���T �� �����
 N#

9A$O �)� ��*� !VO �0C $O�
 �$�$ (["� �����
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}

(
?, A% /&+
 ���#�$ AGB� 9�;*� !VO
Ǳ&����

κ(t) =

√∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣� +
∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣� +
∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣�(
(x′)� + (y′)� + (z′)�

)�/�

9(O� 5���
 ���Y"
 �&	����
 $.
 .$

κ(t) =
x′′y′ − x′y′′(

(x′)� + (y′)�
)�/�

&0 �M (�� ([a
 ��.T .$ κ (
?, �(�� (
?, ��.�$ �M
��b .$ *���l0 (,&� �&��0�\, (	) .$ T(t) .�$�0 �t $&#$E�
*A$O �)� %��;*� !VO �0C $0 ���� ���
 κ >.T R#�

� Ǳ&���� `&UO �Ǳ&���� cM�
 �Ǳ&���� A& �'�() �&����
X� =

(
�,�

) ��Y\� .$ �. ��O �$�$ ����
 �0 /&+
 ���#�$ �� B$&U

9�#.�F (��0

C : r(t) =
−−−−−−−−−−−→(
�t+ �,�− t�) ; −� ≤ t ≤ �

9Z#.�$ �X� = (�,�) = r(�) �V�#� �0 �)� &0 *!'

r′(�) =
−−−−−−−→(
�,−�t,�)∣∣∣

t=�
=
−−−−−−−→(
�,−�,�)

r′′(�) =
−−−−−−−→(
�,−�,�) r′(�)× r′′(�) =

−−−−−−−→(
�,�,−�)

T(�) =

(√
�

�
,−
√
�

�
,�

)
B(�) =

−−−−−−−→(
�,�,−�)

N(�) = B(�)×T(�) =

−−−−−−−−−−−−−→(
−
√
�

�
,−
√
�

�
,�

)

κ(�) =
‖r′(�) × r′′(�)‖
‖r′(�)‖� =

�(
�
√
�
)� =

√
�




cM�
 � (�� R(�) = �/κ(�) = �
√
� �0��0 Ǳ&���� `&UO ]3

9E� (�� >.&[, Ǳ&����

r(�) +R(�)N(�) =
−−−−−→(
�,�,�

)
+ �
√
�

−−−−−−−−−−−−−→(
−
√
�

�
,−
√
�

�
,�

)

=
−−−−−→(
�,�,�

)

C� : r�(t) =
−−−−−−−−−−−−−−−−−→(
t� + �, t− �,�t+ �

)

C� : r�(t) =
−−−−−−−−−−−−−→(
t�,�t− 	,�− t

)

�0��0 �$ 5F �0 /&+
 �&�.�$�0 R�0 �#��E �0��0 �#��E R#� _>�
� ��� �#��E �R#��0&�0 r�

( − �) = r�
(
�
)

= X� �B� *(��
&0 (�� �0��0 α ��O

∠
(
r′
�

(− �), r′
�
(�)

)
=

= ∠
(−−−−−−→(
�t,�,�

)∣∣∣
t=−�

,
−−−−−−−→(
�t,�,−�)∣∣∣

t=�

)

= ∠
(−−−−−−−−→(− �,�,�),−−−−−−−→(

�,�,−�))

= cos−�
( −
√

�
√
��

)
= cos−�

(



�
√
��

)

�/&+
 ����T �/&+
 y� �� B$&U
 �0���� �$����
X� ��Y\� .$ �. ��O �$�$ ����
 �'?T� ����T � Zg&1 ����T

9�#.�&�0 (��0

�) r(t) =
(
t+ �

)
i + �tj + t�k, X� = r(�)

�) r(t) =
−−−−−−−−−→(
cos t, sin t, t

)
, X� =

(− �,�, π)
�) x = y� + �, z = y + x ; X� =

(
�,−�,�)

�) x+ y + z = �, x� + y� + z� = �, X� =
(
�,−�,�)

r(t) =
−−−−−−−−−−−−−−−−−→(
a cos(wt), a sin(wt), bt

) �0 /&+
 �M ���$ 5&6� AH
*$E&��
 ���T−xy &0 (0&f ���#��E �.�+�

&0 y = x� + ax+ b �+	� �M ���M R��U� �.@ �. b � a A8
*�O&0 /&+
 x� + y� = � ���#�$

�Q &0 �. ��#�V# x� − y� = b � xy = a �&��BBn� AJ
*���M�
 eY1 �#&#��E

�& ��.C Tn(s) >����v� 5�c�
 �S�� + Ǳ�U!�� �%����
&3&M $O �����C κn(s) Ǳ��(� �. /1 �@ �0 (["� A/&+

������ �h� E� *κn(s) = ‖T′

n(s)‖ 9Z�
&��
 As .$ n ]#���
�aM��' ��.�$ �

κn(s) `&UO � rn(s) + �

κn(s)Nn(s) cM�
 �0 ���#�$
k �0��0 X� ��Y\� .$ C Ǳ&���� �S� ���U# *(�� ����
 &0 /&+�
�

κ `&UO �0 ���#�$ N# �0 ��[O X� ��#&"+� .$ C �&��F ��O&0
�Ǳ��(� e��� �. rn(s) + �

κn(s)Nn(s) !�B$ R�+� �0 *�O&0�

.$ C �0 a�F� �*���� �. .Mn
 ���#�$ � Ǳ��(� f�J@ �. �/κn(s)

���0 *A$O �)� GB���;*� !VO �0C *Z�
&��
 rn(s) ��Y\�
9$+� �$&� �� 5���
 �#E �&	B
�= E� Ǳ&���� .��\
 �� [�&�


κ(t) =
‖r′(t)× r′′(t)‖
‖r′(t)‖�

9��#$ 5&�0 �0



7� 	� � ! J

9E� (�� >.&[, Ǳ&���� cM�


h(t) = r(t) +R(t)N(t)

=
−−−−−−−−−−→
(a cos t, b sin t) +

�

ab

−−−−−−−−−−−−→
(−b cos t,−a sin t)

=
−−−−−−−−−−−−−−−−−−−−−−→((
a− �

a

)
cos t,

(
b− �

b

)
sin t

)

Z�"#�0 � a < b �S�

κ(t) = ab÷
√
�+

(
b� − a�) cos� t

(�� �aM��' Ǳ&���� � 1� &	�� � � 1� 9�M (=�S ��� � 5���

t = ��h� p&\� ]3 *cos t = � ��U# ��O&0 !1��' cos� t �M
�_� �� &0 *(�,±b) 9�� "� Ǳ&���� �aM��' &0 t = �π/� � π/�

*��O&0�
 Ǳ&���� !1��' &0 (± a,�) p&\� ��0&6


� Ǳ&���� cM�
 �Ǳ&���� `&UO �Ǳ&���� �0���� �*����
��O � ��� ��Y\� .$ �. ��O �$�$ ����
 /&+
 ���#�$ �� B$&U


9�#.�F (��0

�) r(t) =
(
et cos t

)
i +

(
et sin t

)
j +
√
�etk, X� = r(�)

�) x = ln y, X� =
(
�, e�

)
�) r(t) =

(
cos� t

)
i +

(
sin� t

)
j, X� = r

(
π/�

)
�) x� + y� = z�, z =

√
�, X� =

(
�,−�,

√
�
)

����
 Ǳ&���� cM�
 ����� 5&V
 E� !T&' ����
 .�$+� A8
*���M Z���� �. y = x�

����
 Ǳ&���� cM�
 ����� 5&V
 E� !T&' ����
 .�$+� AJ
*���M Z���� �. r(t) = sin ti + cos tj + tk

��Y\� .$ C �0 /&+
 ����T �M Z���$�
 �S�� ������
(["� Bn(s) >����v� 5�c�
 *�O&0�
 Bn(s) �&
�� ��.�$ rn(s)

s �0 (["� /&+
 ����T >����v� 5�c�
 R�[
 �M �/1 �@ �0
$O �����C τn(s) = B′

n(s) 9Z�
&��
 ����
 %&� �. ��O&0�

�M $O�
 (0&f *As .$ n ]#��� � &�

τ(t) =
[r′(t), r′′(t), r′′′(t)]
‖r′(t)× r′′(t)‖�

=

∣∣∣∣∣∣
x′ y′ z′

x′′ y′′ z′′

x′′′ y′′′ z′′′

∣∣∣∣∣∣∣∣∣∣ x′ y′

x′′ y′′

∣∣∣∣� +
∣∣∣∣ x′ z′

x′′ z′′

∣∣∣∣� +
∣∣∣∣ y′ z′

y′′ z′′

∣∣∣∣�
�S� � $�.�
 _&0 B(t) $�� 
� .$ ����
 ��O&0 ([a
 τ(t) �l�&�Q
��T �0��0 ��Y"
 ����
 �� %&� *(=. ���� R�g&3 ��O&0 ���


*�O&0�
 (0&f B(t) �� �U-� R��Q .$ ��#E �(��

9(�� R��Q /&+
 ���#�$ �� B$&U
 �

S :
(
x− �)� +

(
y − �)� =

(
�
√
�
)�

: x� − �x+ y� = ��

9(�� ��#�$ N# E� �6L0 �#E ����
 �M ���$ 5&6� A, .�8�

C : r(t) =
−−−−−−−−−−−−−−−−→(
cos t,� sin t,

√
� cos t

)
; −π ≤ t ≤ π/�

B ��U#C (�� ��Y"
 ����
 �M $O (0&f (�� �=&M *!'
�&) R#� .$ &
� *�O&0�
 (0&f c�� 5F Ǳ&���� `&UO � A(�� (0&f

9Z#.�$

T =

−−−−−−−−−−−−−−−−−−−−−→(
−�
�

sin t, cos t,−
√
�

�
sin t

)
B =

−−−−−−−−−−→(
−
√
�

�
,�,

�

�

)

N =

−−−−−−−−−−−−−−−−−−−−−→(
−�
�

cos t, sin t,−
√
�

�
cos t

)
κ =

�(
�
)� =

�

�

����
 Ǳ&���� cM�
 � (�� R = �/κ = � Ǳ&���� `&UO ]3
9E� (�� >.&[, �#E

r(t) +R(t)N(t) =
−−−−−−−−−−−−−−−−→(
cos t,� sin t,

√
� cos t

)
+�

−−−−−−−−−−−−−−−−−−−−→(
− cos t
�

, sin t,
−
√
�

�
cos t

)
= 0

�M �(�� $� �0 /&+
 ����T .$ e1�� ���#�$ E� ���UY1 C ]3
9(�� �#E K�O �0 �� B$&U
 ��.�$

P : −
√
�

�

(
x− cos t

)
+ �

(
y − � sin t

)
+
�

�

(
z −
√
� cos t

)
= � ; z =

√
�x

9��#$ >.&[, �0 *(�� � `&UO � (
�,�,�

) cM�
 �0 ����#�$ C

C : x� + y� + z� = �, z =
√
�x

: �x� + y� = �, z =
√
�x

*(�� x�/a� + y�/b� = � �q�0 C ���M x�= A
 .�8�
*���M oL6
 �. C Ǳ&���� cM��
 ����� 5&V


C : r(t) =
−−−−−−−−−−→(
a cos t, b sin t

)
: � ≤ t ≤ (B&' R#� .$ *!'

9R#��0&�0 *�π

T(t) =

−−−−−−−−−−−−→(− a sin t, b cos t
)√

a� sin� t+ b� cos� t

N(t) =
−−−−−−−−−−−−→
(−b cos t,−a sin t)√
a� sin� t+ b� cos� t

κ(t) =
|(− a cos t

)(
b cos t

)− (− b sin t
)(− a sin t

)|√
a� sin� t+ b� cos� t

=
ab√

a� sin� t+ b� cos� t



J !K� � ���

?z 
&M %&� � Ǳ&���� N+M �0 c�� &q= .$ �&	����
 ������
�M ��U
 R#� �0 *$O�
 oL6


� C� : r�(t) : a ≤ t ≤ b �S� ���� ������
p�O �&��F ���O&0 &q= .$ ����
 �$ C� : r�(s) : c ≤ s ≤ d

�U0&� �M (�� 5F C� �0 C� 5$0 �&[Y�� !0&1 ���0 �=&M � 4E_
�� t ∈ (

a; b
) �� ��E� �0 �M $$�S (=&# 5&�Q h : [a; b]→ [c; d]

�@ .$ (
?, *τ�
(
h(t)

)
= ±τ�(t) � k�

(
h(t)

)
= k�(t)

*(�� (0&f (a; b)
4&V'� �_&0 �� �q1 �$ E� �$�0.&M 5��, �0 �'�() ������

9Z��M�
 K�Y
 �. �#E

���UY1 x���
 ����
 N# �V�#� ���0 �=&M � 4E_ p�O A�
*�O&0 ��T ����
 Ǳ&���� �M (�� 5F ��O&0 (��. y� E�

���UY1 x���
 ����
 N# �V�#� ���0 �=&M � 4E_ p�O A;
5F Ǳ&���� � ��T ����
 %&� �M (�� 5F ��O&0 ��#�$ E�

*�O&0 (0&f

E� ���UY1 ����
 N# �V�#� ���0 �=&M � 4E_ p�O A�
*��O&0 (0&f ����
 %&� � Ǳ&���� �M (�� 5F ��O&0 ��3.&


M�J�� �� ����	N $�$

N# (M�' ��Y0&- ��U
 �0 � 
�.&3 &# Z� �N��&V
 �&S�#$ E�
*�O&0�
 5F (M�' ��"
 ��U
 �0 /1 &# ����
 � (�� w�� 

�%& O �(,�� 5Q ��&,?@� 5���
 (M�' ��Y0&- &# Z� E�
5$0 4�U
 &0 &
� *$.�F (��0 �. Zg&1 %& O � ��&+
 %& O
�?z a
 *�� "�� R��U� !0&1 .Mn
 �#$&\
 �(M�' ��"
 &# ����

G� L
 �&	 ,�� &0 !�[
�� �$ x���
 ��$&) N# �0 (�� RV+


*���M (M�'

r(t) : a ≤ t ≤ b ��Y0&- &0 �+") �S� ������ �����
N#c�= E� >&,?@� �0 &�0 >.T R#� .$ ���M (M�' &q= .$
�)� GB����*� !VO �0C Z��M�
 K�Y
 �. �#E K�O �0 G#.&U�

*A$O
>.T �0 � �$�$ 5&6� v(t) $&+� &0 �. ��)g(H 7T�+
��#$ 5&�0 �0 *Z��M�
 G#�U� rt 5&
E �0 (["� 5&V
 ���v� 5�c�
s

*r′(t) >.T �0
5�c�
s >.T �0 � �$�$ 5&6� a(t) $&+� &0 �. ��)g(H K��@
�0 ��#$ 5&�0 �0 *Z��M�
 G#�U� rt 5&
E �0 (["� (,�� ���v�

*r′′(t) >.T

����
 %&� A& �'�() ������

C : r(t) = � cos ti + � sin tj + �tk

9Z��M�
 �[�&�
 �.

r′(t) =
−−−−−−−−−−−−−−−→(− � sin t,� cos t,�

)
r′′(t) =

−−−−−−−−−−−−−−−−→(− � cos t,−� sin t,�
)

r′(t)× r′′(t) =
−−−−−−−−−−−−−−−−→(
�� sin t,−�� cos t,�

)
r′′′(t) =

−−−−−−−−−−−−−−→(
� sin t,−� cos t,�

)
‖r′(t)× r′′(t)‖ = ��

[
r′(t), r′′(t), r′′′(t)

]
= ��

.$ r %&� ��U# *τ(t) = ��/
(
��

)� = �/�� R#��0&�0
�h� $.
 ����
 5$0 ��3.&
 ��
� R#� !�B$ *(�� (0&f &)�+�

*�O&0�

����
 �M Z��M (0&f Z�����
 A, .�8�

C : r(t) =
−−−−−−−−−−−−−−−−−−−−−−→(
�t− �,�t� + t+ �, t� − �t)

C %&� �M $O (0&f (�� �=&M .h�
 R#� ���0 *(�� ��Y"

9(�� ��T &)�+� .$

τ(t) =
�

‖r′(t)× r′′(t)‖�

∣∣∣∣∣∣
� �t+ � �t− �
� � �

� � �

∣∣∣∣∣∣ = �

*�O&0�
 r �&���B�
 5$0 4�$ �).$ �
� R#� !�B$

��Y\� .$ �. �#E �&	����
 E� N# �� %&� �0���� ������
9���M �[�&�
 ��O �$�$

�) r(t) =
−−−−−−−−−−−→(
�+ �t,�t�, t�

)
, X� = r(−�)

�) r(t)=
−−−−−−−−−−−−−→(
et cos t, et sin t, et

)
, X� = r(�)

�) r(t) =
−−−−−−−−−−−−→(
t sin t, t�, t cos t

)
, X� = r(π)

�) r(t)=
−−−−−−−−−−−−−→(
cosh t,− sinh t, t

)
, X� = r(�)

���U#C .�� 
?, Ǳ&���� N+M �0 ��Y"
 �&	����
 ������
R#� �0 *$O�
 oL6
 ?z 
&M A�8*;*� .$ t�Y
 .�1 5��0

�M ��U


� C� : r�(t) ; a ≤ t ≤ b �S� ���� ������
p�O ���O&0 ���T .$ ����
 �$ C� : r�(s) ; c ≤ s ≤ d

�U0&� �M (�� 5F C� � C� 5$0 �&[Y�� !0&1 ���0 �=&M � 4E_
�� Ǳ�E� �0 �M $$�S (=&# 5&�Q h : [a; b] → [c; d] �#� �$(
a; b

) �@ .$ (
?, *κ�
(
h(t)

)
= ±κ�(t) �� t ∈ (

a; b
)

*(�� (0&f



7� !� � � �� � J

��3.&
 &0 �M�� 
 Z��M x�= A� .�8�

r(t) =
(
a coswt

)
i +

(
a sinwt

)
j + btk

9>.T R#� .$ *$�. _&0

v(t) = −(aw sinwt
)
i +

(
aw coswt

)
j + bk

a(t) = −(aw� coswt
)
i− (

aw� sinwt
)
j

aT (t) = �

aN (t) = a(t)− aT (t) = a(t)

r(t) ��U# *‖a(t)‖ = aw� � ‖v‖ =
√
a�w� + b� ��?U0

*(�� (0&f (,�� � %& O ��E���� &0 � M�'

Zg&1 %& O � ��&+
 %& O �%& O �(,�� �0���� �����
9���M oL6
 �. �#E �&	M�� 
 E� N# ��

�) r(t) =
(
t+ �

)
i + �tj + t�k

�) r(t) =
(
t cos t, t sin t, t�

)
�) r(t) =

(
i− j

)
cos t+

(
sin�t

)
k

�) r(t) =
(
cos� t

)
i +

(
sin� t

)
j

�) r(t) =
−−−−−−−−−→(
t�/�, t�/�

)
�) r(t) = ln

(
t� + �

)
i + �t− � arctan(t)j

	3�*�*' D ��OF �� ��P�� QR	6' (�$

5�c�
 R��U� �&	B
�= R#� E� m�� ����� ��OV=)�� �����
�#$ Z���� �
�$� .$ *�O&0�
 D$� �0 (["� ���= k�M >����v�
k�M 5Q *$�M �E&� E&0 �. ����
 5���
 y0�� . R#� R O�$ &0

9(O� 5���
 R#��0&�0 $O�
 !�V6� !\ "
 .�$�0 �� E� ���=⎧⎨
⎩

T′
n = a��Tn + a��Nn + a��Bn

N′
n = a��Tn + a��Nn + a��Bn

B′
n = a��Tn + a��Nn + a��Bn

*$.�F (��0 �. aij X#��- &� (�� 4E_ 5�M�

Tn •Tn = ‖Tn‖� = � ⇒ Tn •T′
n = � ⇒ a�� = �

Nn •Nn = ‖Nn‖� = � ⇒ Nn •N′
n = � ⇒ a�� = �

Bn •Bn = ‖Bn‖� = � ⇒ Bn •B′
n = � ⇒ a�� = �

Tn •Nn = �⇒ T′
n •Nn + Tn •N′

n = � ⇒ a�� = −a��
Tn •Bn = �⇒ T′

n •Bn + Tn •B′
n = � ⇒ a�� = −a��

Nn •Bn = �⇒ N′
n •Bn + Nn •B′

n = � ⇒ a�� = −a��

}

%& O �&���B�
 AGB� 9��*� !VO
����#�$ (M�' A%

�#j�s >.T �0 � �$�$ 5&6� aT (t) $&+� &0 �. !+�F� K��@
>.T �0 ��#$ 5&�0 �0 *Z��M�
 G#�U� r(M�' $�� 
� .$ %& O

projva =
(a •v
v •v

)
v

�#j�s >.T �0 � �$�$ 5&6� aN (t) $&+� &0 �. `b�: K��@
�0 ��#$ 5&�0 �0 *Z��M�
 G#�U� r(M�' �0 $+, $�� 
� .$ %& O

*a− aT >.T

9��Y0&- &0 �M�� 
 Z��M x�= A& �'�() �����

r(t) =
−−−−−−−−−−−−−−−−−−−−−−→(
�t� − �,�t+ �, t� − t+ �

)
; � ≤ t ≤ �

9Z#.�$ t = � ��h�B .$ >.T R#� .$ *��M (M�'

v(�) = r′(�) =
−−−−−−−−−−→(
�t,�,�t− �)|t=� =

−−−−−→(
�,�,�

)
a(�) = r′′(�) =

−−−−−→(
�,�,�

)
aT (�) =

��+ �+ �

��+ ��+ �
v =

�

	

−−−−−→(
�,�,�

)
aN (�) = a(�) − aT (�) =

�

	

−−−−−−−−−−→(
��,−��,��)

a =
−−−−−→(
�,�,�

) (0&f %& O &0 �N# �&a
 .$ (M�' A, .�8�
��O&0 �aM��' z(t) �M (�� �
&��� 5F !1��' ��Y\� *�O&0�

[�;�] ��&
E ��E&0 �0 e0&� R#� 4+���
 &
� *z(t) = t�− t+���U#
.$ `&��.� !1� �' &0 ��h�B R#��0&�0 *(�� t = �/� ��h�B .$
*�O&0�
 z (�/�) = �/� 5F `&��.� � (�� t = �/� �(M�'

*(�� �$0 v(�) =
−−−−−→(
�,�,�

) (M�' R#� �� �B�� (,��
����#�$ (M�' Zg&1 %& O �M ���$ 5&6� A
 .�8�

*(�� �0��0 −r(t) &0 �.�+� r(t) =
−−−−−−−−→(
cos t, sin t

)
%���*� !VO �0C �M Z��M�
 �)� �
� R#� ����&6
 ���0 *!'

9A$O �)�

a(t) = r′′(t) =
d

dt

−−−−−−−−−−→(− sin t, cos t
)

=
−−−−−−−−−−−→(− cos t,− sin t

)
= −r(t)

aN (t) = a(t)− a •v
v •v

v

= −r(t)− cos t sin t− cos t sin t

sin� t− cos� t
v = −r(t)



J 7� !� � � �� �

Z#.�$ _&0 y"0 �0 �)� &0 �>.T R#� .$

�) x(t) = s+O(�)

�) y(t) =
s�

�
κn(�) +O(�)

�) z(t) =
s�

�
κn(�)τn(�) +O(�)

R#� �#j� ����= k�M �0 (["� ����
 (�U-� Z"�� ���0 5�M�
*Z�0&#�
 �. ���= k�M y�� ��O � �&� >&��T .$ �. ����

�$ �� R�0 �. s /1 �@ � 
�.&3 Z��M�
 �U� �.h�
 R#� ���0

9Z��M mn' z(s) � y(s) �x(s) �� B$&U
 �� E� %&L ��

&0 �Nn(�) + Tn(�) E)�8 � !"# �2 ��=P� �����
�V�#� �0 �)�

x ≈ s , y ≈ κn(�)
�

s�

!VO �0 *(�� �+	� N# �M y ≈ κn(�)
�

x� Z#��S�
 ��� �
*$O �)� ��*�

&0 �Bn(�) + Tn(�) E)�8 � !"# �2 ��=P� $����
�V�#� �0 �)�

x ≈ s , z ≈ κn(�)τn(�)
�

s�

4� ��).$ ����
 N# �M �z ≈ κn(�)τn(�)
�

x� Z#��S�
 ��� �
*$O �)� ��*� !VO �0 *(��

&0 �Bn(�) + Nn(�) E)�8 � !"# �2 ��=P� %����
�V�#� �0 �)�

y ≈ κn(�)
�

s� , z ≈ κn(�)τn(�)
�

s�

�M y� ≈ �κn(�)
�τ�n (�)

z� �&��F �τn(�) �= � �S� �M Z#��S�
 ��� �
*$O �)� ��*� !VO �0 *(�� �[UV
 ����
 N#

9$+� �T?� 5���
 �#E �� �q1 .$ �. _&0 XB&Y


��O�U!U) ��T=) � 	
U5 ����U2 � �� &����
� (�� ��O �� 
�.&3 �U�[@ >.T �0 C ����
 Z��M x�=
Z��M x�= *(�� C E� ��LB$ � Zh�
 ���Y\� X� = r(�)

�0 X� .$ �� ��= k�M �0 (["� � X� ��Y\� �B�' .$ �. ����

>.T

rn(s) = x(s)Tn(�) + y(s)Nn(�) + z(s)Bn(�)

��U# *(�� 5.&\ 
$&3 [aij ] �h� $.
 X#��- ]#��&
 R#��0&�0
�� #$	O 5&�0 �0 *(�� ]#��&
 $� �	�
 �0��0 u������ ��V�#�
�	�
 �0��0 c�� �Y1 �_&0 �T&�, � ����T 5F ��T� �Y1 �T&�,
�� &	�� X���� R#� �0 *�� "� ��T� �Y1 R�g&3 .$ ��h� �T&�,

5Q ��=�@ E� *Z��M oL6
 �#&0 �. a�� � a�� �a�� X#��-

T′
n = (rn)′ = r′′n = �κn = κnNn

Z#.�$ ���?U0 *a�� = � � a�� = κn R#��0&�0

B′
n = a�� ⇒ τn = ‖B′

n‖ = |a��|

� �$.�$ $)� !+, �$�EF N# &��#� .$ *a�� = ±τn R#��0&�0
R#� �+U
 *Z��M %&L �� ��LB$ �0 �. ���
 &# ([a
 Z�����

���[U+) �0 5���
 ̀+�
 .$ ]3 *$O %&L �� ���
 �M (��

9���. �#E

� 
�.&3 �0 (["� ���= k�M >&\ 6
 $.
 .$ ���� �����
Z#.�$ /1 �@⎧⎨

⎩
T′

n = κnNn

N′
n = −κnTn + τnBn

B′
n = −τnNn

.h�
 R#� ���0 ��O�U!U) ��T=) ����� �����
5�M� *�O&0 X� = rn(�) ∈ C &
 �h� $.
 ��Y\� Z��M�
 x�=
9Z�"#��
 s = � ��T ��Y\� �B�' .$ �. rn(s) e0&� .��� y"0

rn(s) = rn(�) + sr′n(�) +
s�

�
r′′n(�) +

s�

�
r′′′n (�) +O(�)

X"' �0 �. rn(�) 4� &� ��� �� [��
 >&\ 6
 �M (�� 4E_ ]3
9Z��M �[�&�
 ���= k�M

rn(�) = X�

r′n(�) = T′
n(�)

r′′n(�) = κn(�)Nn(�)

r′′′n (�) = −κn(�)Nn(�)− κ�n(�)Tn(�)

+κn(�)τn(�)Bn(�)

�M Z#��S�
 ��� � .��� y"0 .$ 5$�$ .��1 &0 �R#��0&�0

rn(s) = X� + sT′
n(�) +

s�

�
(κn(�)Nn(�))

+
s�

�

(
− κ�n(�)Tn(�) + κ′n(�)Nn(�)

+κn(�)τn(�)Bn(�)
)

+O(�)

Z��M x�= �S� ]3

rn(s) = x(s)Tn(�) + y(s)Nn(�) + z(s)Bn(�)
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��O �� 
�.&3 r(t) y�� C ����
 �l�&�Q ���� �����
�&��F �O&0

�) T(t) =
r′(t)
‖r′(t)‖ �) N(t) = B×T

�) B(t) =
r′(t)× r′′(t)
‖r′(t)× r′′(t)‖ �) κ(t) =

‖r′(t)× r′′(t)‖
‖r′(t)‖�

�) τ(t) =
(r′(t)× r′′(t)) •r′′′(t)
‖r′(t)× r′′(t)‖�

Z#.�$ �v(t) = ‖r′(t)‖ �V�#� �0 �)� &0 ������

T(t) = Tn(s) =
d

ds
rn(s) =

dt

ds
× d

dt
rn(s)

= v(t)
�

v(t)
× d

dt
r(t) =

r(t)
‖r(t)‖

E� (�� >.&[, 5F E� i&� ���� � N# *�O >&[f� A�C �
�= �
R#��0&�0 *r′ = vT

r′′ = (vT)′ = v′T + vT′ = v′T + κv�N

r′ × r′′ = (vT)× (v′T + κv�N) = κv�B

A�C �
�= ��� � .$ � �‖r′ × r′′‖ = ‖κv�B‖ = |κ|v� R#��0&�0
A�C �
�= �_&0 >.&[, .$ .��\
 R#� 5$�$ .��1 &0 *�#$�S >&[f�

��?U0 *$$�S�
 ��� � c��

r′′′ = (r′′)′ = (v′T + κv�N)′

= v′′T + v′T′ + κ′v�N + �κvN + κv�N′

= v′′T + v′(vκN) + κ′v�N + �κvN

+κv�(−vκT + vτB)

(r′(t)× r′′(t)) •r′′′(t) = κ�v�τ = ‖r′(t)× r′′(t)‖τ

� *(�� �	#�0 A;C �
�= *�#$�S >&[f� A8C �
�= �

� 
�.&3 &0 C ���Y"
 ����
 $.
 .$ ��M�C� ������
Z#.�$ r(t) =

(
x(t), y(t)

)
�) T(t) =

(
x′(t), y′(t)

)√
x′(t)� + y′(t)�

�) N(t) = sgn(κ(t))

(− y′(t), x′(t))√
x′(t)� + y′(t)�

�) κ(t) =
x′′(t)y′(t)− y′′(t)x′(t)
(
√
x′(t)� + y′(t)�)�

�O&0 ��O �$�$ C x���
 ���Y"
 ����
 N# �� ��= k�M �S�
.$ �O&0 oL6
 5F >&h�B ��+� .$ ����
 R#� Ǳ&���� �S� c�� �
*(=&# �$��0 �j��
 >.T �0 �. C ����
 5���
 >.T R#�

>.T R#� .$ *Z#�� O�

y ≈ κn(�)
�

x� z ≈ κn(�)τn(�)
�

x� y� ≈ �κn(�)
�τ�n (�)

z�

}

&	����
 �U-
 u#&+� 9��*� !VO

k�M >&\ 6
 $.
 .$ ����� � C��� /���� � �� *����
Z#.�$ ��LB$ � 
�.&3 �0 (["� ���=⎧⎪⎪⎨

⎪⎪⎩
T′(t) = v(t)κ(t)N(t)

N′(t) = −v(t)κ(t)T(t) + v(t)τ(t)B(t)

B′(t) = −v(t)τ(t)N(t)

*v(t) = ‖r′(t)‖ =
ds

dt
&��#� .$ �M

�M Z#.�$ �)� ������

T′(t) =
d

dt
T(t) =

d

dt
Tn(s)

=
ds

dt
× d

ds
Tn(s) = v(t)×T′

n(s)

= v(t) (κn(s)Nn(s)) = v(t)κ(t)N(t)

N′(t) =
d

dt
N(t) =

d

dt
Nn(s)

=
ds

dt
× d

ds
Nn(s) = v(t)×N′

n(s)

= v(t) (−κn(s)Tn(s) + τn(s)Bn(s))

= −v(t)κ(t)T(t) + v(t)τ(t)B(t)

B′(t) =
d

dt
B(t) =

d

dt
Bn(s)

=
ds

dt
× d

ds
Bn(s) = v(t)×B′

n(s)

= v(t) (−τn(s)Nn(s)) = −v(t)τ(t)N(t)

� *(�� 4&+� 5&��0 X���� R#� �0 �
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 �$&� �� linalg �.�c=�
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 y��
 .$ 5���
 with(linalg)

�.�$�0 e0&� ������2 a2�� ����� ��$��

r(t) =
−−−−−−−−−−−→(
f(t), g(t), h(t)

)
.$ 5���
 r:=vector([f(f),g(t),h(t)]) . �$ &0 �.

*$+� $.�� !<�
 y��


���&+� (�.$ ������2 a2�=� �2 �V=��) '��6� ��$��
e0�� &0 5���
 ��O �$�$ 5F K�O ![1 !j= �&	 �� .$ �M &�.�$�0

*$�M !+, �.�$�0

������2 a2�� '��BC�� �� + bCc) � .	�!) ��$��
*�O&0 �nO m�U� !<�
 y��
 .$ ?z [1 r �.�$�0 e0&� ���M x�=

>.T R#� .$

map(diff, r, t)
!<�

−−−−→ t �0 (["� r �.�$�0 e0&� t 6


map(int, r, t)
!<�

−−−−→ t �0 (["� r �.�$�0 e0&� R�U
&� ���� ��

map(int, r, t = a..b)
!<�

−−−−→ b &� a E� r �.�$�0 e0&� ���� ��

�.�$�0 e0&� Z���L0 ���M x�= ��U!U) /�	�� ��$��
R#� .$ *Z��M Z���� [a; b] ��E&0 �0 �. r(t) =

(
f(t), g(t), h(t)

)
. �$ E� >.T

plots[spacecurve]([f(t),g(t),h(t)],t=a..b)

� numpoints �color >�. �$ &0 *Z��M�
 �$&� ��
����
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 X��� 0 thickness
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��O�U!U) ��G��� � 	
U5 ����U2 � �� ������
� �$0 I ⊆ R ��E&0 �0 �U0&� f(t) ���M x�= ��!?D)
� ‖u‖ = ‖v‖ = � ���U#C �O&0 R�=F k�M N# 〈X�,u,v

〉
� N# �>.T R#� .$ *(�� ��LB$ �$�, t� ∈ I � Au ⊥ v

�M $.�$ $)� I �� �
�$ &0 r(t) ��Y"
 ����
 N# &	��

�) ∀t ∈ I : κ(t) = f(t) �) r(t�) = X�

�) T(t�) = u �) N(t�) = v

��&� 
 �.@ ��Y"
 ����
 �$ �S� ��M�C� ������
5F >.T R#� .$ ����0��0 Ǳ&���� ��.�$ ��&� 
 p&\� .$ �M ��O&0

*��1&[Y�� !0&1 ����
 �$

k�M �0 ��?, �M (�� 4E_ ^Y"
 ��b �&	����
 $.
 .$
�V�#� RL� �&�M *$O �$�$ c�� %&� �Ǳ&���� � ���=

��O�U!U) ��G��� � 	
U5 ����U2 � �� ������
I ⊆ R ��E&0 �0 �U0�� g(t) � � ≤ f(t) ���M x�= ������
���U#C �O&0 $�� ��. R�=F k�M N# < X�,u,v,w > � �� "�
��O&0 $+, Z� �0 �$ �0 �$ � �$0 N# �0��0 .�$�0 �� R#� �@
R#� .$ *(�� ��LB$ �$�, t� ∈ I � Aw = u × v ��?U0 �

�M $.�$ $)� I �� �
�$ &0 r(t) ����
 N# &	�� � N# �>.T

�) ∀t ∈ I : κ(t) = f(t) �) ∀t ∈ I : τ(t) = g(t)

�) r(t�) = X� �) T(t�) = u

�) N(t�) = v �) B(t�) = w

�M ��O&0 ��&� 
 �.@ ����
 �$ �S� ��M�C� ������
�$ 5F >.T R#� .$ ����0��0 %&� � Ǳ&���� ��.�$ ��&� 
 p&\� .$

*��1&[Y�� !0&1 ����


ij� R#� .$ � 6�0 �� UB&Y
 ���0 �78����� �$����
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 ��$&� !�"����#$ �����s %& M �0 ������
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�#$� ��% �����

*f (�,�/a) = a ��� � .$ *y = �/a Z#.�$ �x = � x�= &0
�)� �*� !VO �0C Rf = R − {�} E� (�� >.&[, f $�0 ��U#

*A$O
�f (�,−�) = −� �M $O�
 �h'?
 e0&� R#� $.
 .$

*f (�/x, x) = f (x,�/x) = � � f (�,�) = �/��
}

z = f(x, y) ����v 
 �$ e0&� 9�*� !VO

.$ *�#���0 �h� .$ �. f(x, y) = logy x ����v 
 �$ e0&� A, .�8�
E� (�� >.&[, f �� �
�$ >.T R#�

Df =
{
(x, y)

∣∣∣ x > � , y > � , y �= �

}
=

{
��� e0.

}
− {y = �y�}

�)� f $�0 R��U� ���0 ���?U0 *A$O �)� ;*� !VO �0C
y = e x�= &0 *x = ya �&��F �f(x, y) = a �S� �M Z��M�

R !M �0��0 f $�0 ���U# *f (ea , e) = a �nB � x = ea Z#.�$
z � y �x �S� �M $$�S�
 �h'?
 �&a
 5��, �0 �&��#� .$ *(��

�&��F ���O&0 N# GB&L
 � ([a
 �\�\' $��,�

f (���,��) = log�� ��� = log�� ��
� = �

f (�, y) = logy � = �

f (x, x) = logx x = �

f (�/x, y) = logy �/x = − logy x = −f(x, y)

f (xy, z) = logz xy = logz x+ logz y = f (x, z) + f (y, z)

5F �' � ���v  
 ��Q e0& � 4	�
 �=�U
 �!j= R#� E� m��
e0�� ��S R#� �� UB&Y
 �0 %& M ��U0 XB&Y
 ���+, *�O&0�

����M �. �-&' !j= �� UB&Y
 �/&�� R�+� �0 � $.�$ i&j ��
Z�+U� e0�� ��S R#� *$+� �\�� 5���
 �j= �#&� Z	= ���0

*�� "� R→ R �B+U
 e0�� �U�[@

/��S�' �*T I�	& U���& ��(

� O& 0 R � 0 Rn E� � M e 0& � � � �� �� � � �����
�U0&� f : Rn → R �S� *��
&��
 �� � � � �−n � �� 	 �.
&	�F ��E� �0 f �M �#&� X ∈ Rn ��+� ��,+�
 ��O&0 ���v 
−n
� �Z��$�
 5&6� Df $&+� &0 � ���
&� f )* ���� �. $$�S�
 G#�U�
Rf $&+� &0 � ���
&� f ��� �. X ∈ Df �M &� f(X) ��+� ��,+�


*Df :=
{
X ∈ Rn

∣∣∣ f(X) ∈ R

}
9Z��$�
 5&6�

K?YT� D�#n3 �.�� �h� �Y\� E� �78����� �����
��S R#� (�� � 	0 e1�� .$ �(�� .�O$ �+M r���v 
 ��Q e0&�s
fs ��U# *(�� .�$�0 N# f : Rn → R e0&� ��v 
 �M $O � �S

*r(�� ����B�
−n .�$�0 ��v 
 &0 �U0&�

�. f(x, y) = �/xy ����v 
 �$ e0&� A& �'�() �����
��T GB&L
 xy �#&0 f(x, y) 5�O G#�U� ���0 *�#���0 �h� .$

E� (�� >.&[, f �� �
�$ R#��0&�0 ��O&0

Df =
{
(x, y)

∣∣∣ xy �= �

}
= R� −

{
(x, y)

∣∣∣xy = �

}
= R� −

{
(x, y)

∣∣∣ x = � &# y = �

}
= R� − {.�
− y} ∪ {.�
− x}

�O&0 .��1 �S� �M Z��M�
 �)� f �0 R��U� ���0
���?U0 *a �= � &z+ ' ]3 *xy = �/a �#&0 �&��F �f(x, y) = a

J�



� U J 	 � U J �

oL6
 �. �#E e0�� E� N# �� $�0 � ��
�$ �0���� �����
9���M

�) f =
√
x� + y �) f = ln

(
x� + y�

)
�) f = arcsin

(
x� − y�

)
�) f = x+

√
y

�) f = ln (�− xy) �) f = ln
(
x� + y� + z�

)
	) f =

√
x+
√
yz 
) f = ln (xyz)

�) f = arccos (x+ �y + �z)

��) f =
√

(�− x) (�− y) (�− z)

X� = (−�,�) �f(x, y) = x/y − x�y �M ��.T .$ A&&
9�� [�&�
 ("0�Y
 �v = (�,�) �

GB�) lim
t→�

f (X� + tv) %) lim
t→�

f (X� + tv)

:) lim
t→−�

f (X� + tv) $) d

dt
f (X� + tv)

∣∣∣∣
t=�

K)
d

dt
f (X� + tv)

∣∣∣
t=�

�) d

dt
f
(
X� − sin(t�)v

)∣∣∣∣
t=−�

�. f (x, y) e0&� *f (x+ y , y/x) = x� − y� ���M x�= A�;
*��0&�0

e0&� *� ≤ r � f (r sin θ , r cos θ) = r tan θ ���M x�= A��
*��0&�0 �. f(x, y)

�f
(
ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ

)
= ρ� �l�&�Q A��

*��0&�0 �. f(x, y, z) e0&�

�#E $��' �f(x, y) = xy/(x� + y�) �M ��.T .$ A�H
9���M �[�&�


GB�) lim
x→�

{
lim
y→�

f(x, y)
}

%) lim
x→�

{
lim
y→x

f(x, y)
}

}

����v 
 �$ e0&� .�$+� AGB� 9�*� !VO
e0&� .�$+� A% D ��,+�
 �0 z = f(x, y)

D : x� + y� ≤ � ��,+�
 �0 f = x� + y�

�. f(x, y, z) =
√
�− x� − y� − z� ����v 
 �� e0&� A
 .�8�
�0��0 f �� �
�$ �>.T R#� .$ *�#���0 �h� .$

Df =
{
(x, y, z)

∣∣∣�− x� − y� − z� ≥ �}
=

{
(x, y, z)

∣∣∣x� + y� + z� ≤ �
}

}

f(x, y) = logy x e0&� �� �
�$ 9;*� !VO

5Q ���?U0 *�O&0�
 N# `&UO � ���[
 cM�
 �0 ����M �M �(��
� ≤ � − x� − y� − z� ≤ � ]3 �� ≤ x� + y� + z� ≤ �

f $�0 �R#��0&�0 *� ≤ f(x, y, z) ≤ � Z#.�$ �R =�S .c) &0 �
.$ *A$O �)� �*� !VO �0C Rf = [�;�] E� (�� >.&[,
Z#.�$ �� (x, y, z) ∈ R� �� ��E� �0 �M $$�S�
 �h'?
 �&��#�

*f(x, y, z) = f (±x,±y,±z) = f (±y,±x,±z)
}

� �&a
 e0&� .�$+� 9�*� !VO

9>.T R#� .$ �f(x, y, z) =
�

z

√
x� + y� Z��M x�= A� .�8�

lim
t→�+

f
(
�t , �t� , t

)
= lim

t→�+

�

t

√
�t� + ��t�

= lim
t→�+

√
�+ ��t� = �

d

dt
f (�− �t , �t+ � , t− �)

∣∣∣∣
t=−�

=

=
d

dt

{
�

t− �
√

(�− �t)� + (�t+ �)�
}

t=−�

=
�

(t− �)�

{
��t+ 


�

√
��t� + 
t+ �

(t− �)

−
√
��t� + 
t+ �

}
t=−�

=
�

�

√
��



� U J � � U J 	

}
���v 
 �$ e0&� N# E��� ����
 98*� !VO

�. D �0 z = f(x, y) .�$+� �$.
 �� .$ �0���� &����
9���M Z����

�) f = �− x� − y�, D : x� + y� ≤ � , � ≤ y

�) f = �−
√
�− x� − y�, D : x� + y� ≤ �

�) f =
√
x� + y�, D : � ≤ x� + y� ≤ �

�) f =
√
�+ x� + y�, D : x� + y� ≤ 


�) f =
√
x� + y� − �, D : � ≤ x� + y� ≤ �

�) f = �, D : � ≤ x ≤ � , � ≤ y ≤ �

	) f =
√
y − x�, D : x� ≤ y ≤ �


) f = x, D : � ≤ x ≤ � , � ≤ y ≤ �

�) f = �− x− y, D : � ≤ x ≤ �,� ≤ y ≤ �− x

��) f = sinx, D : � ≤ x ≤ �π , � ≤ y ≤ �

��) f = cos(x� + y�), D : x� + y� ≤ ��π�

��) f = �− |x| − |y|, D : |x|+ |y| ≤ �

*a ∈ Rf � z = f(x, y) ���M x�= �:��� �U!U) *����
�. (�� a �0��0 f &	�F ��E� �0 �M �#&� (x, y) ��+� ��,+�

.$ *Z��$�
 5&6� Ca $&+� &0 � ���
&� a �0 ��h� f E��� ����

�0C �O&0�
 f e0&� .�$+� &0 z = a ����T $.��0 !�
 Ca �e1��
�&	����
 N+M �0 *Ca : f(x, y) = a 9A$O �)� 8*� !VO

*$�M Z"�� �. e0&� .�$ +� 5�� �
 E���

�h� .$ �. f(x, y) = x� − y� e0&� A& �'�() �����
9��$ �. (�� RV+
 (B&' �� �a ∈ R �S� *�#���0

�BBn� N# Ca : x� − y� = a >.T R#� .$ 9� < a AGB�
*(�� .�
 −x �& ��. .$

y��$ `&+ )� C� : x� = y� >.T R#� .$ 9a = � A%

z = f(x, y) Z��M x�= �9 ��fC) +� a2�� ���=�� $����
�D �0 f .�$+� E� .h�
 *D ⊆ Df � (�� ���v 
 �$ �U0&�
9z = f(x, y) �M (�� &q= E� (x, y, z) 5Q �@&\� ��+� ��,+�


Γf,D :=
{
(x, y, z)

∣∣∣ (x, y) ∈ D , z = f(x, y)
}

�S� *Γf,D : (x, y) ∈ D , z = f(x, y) �j L
 u#&+� .$ &#
*AGB���*� !VOC Z��M�
 �.�$ $� D �M{ E� D = Df

f(x, y) = x� + y� ���M x�= A& �'�() %����
�S� (x, y, z) ∈ Γf,D >.T R#� .$ *D : x� + y� ≤ � �
� +"1 D �0 f .�$+� X���� R#� �0 �z = x� + y� �S� y\= �
���T−xy �0 5F �#j� �M (�� �q�0 5S�+	� N# E�

9���M �)� %��*� !VO �0 *(�� x� + y� ≤ �

Γf,D : x� + y� ≤ � , z = x� + y�

}

�0
√
x� + y� e0&� .�$+� AGB� 9H*� !VO

� ≤ x , � ≤ y , x� + y� ≤ � ��,+�

�0

√
�− x� − y� ����v 
 �$ e0&� .�$+� A%

x� + y� ≤ � ��,+�


� f(x, y) =
√
x� + y� ���M x�= A, .�8�

D : � ≤ x , � ≤ y , x� + y� ≤ �

*z =
√
x� + y� �M �(x, y, z) ∈ Γf,D �@�O �0 �>.T R#� .$

&� z .�
 >�E�
 �0 p��L
 N# �M z� = x�+y� ���#$ 5&�0 �0
(�� �h� $.
 5F �#_&0 ��+�� E� � +"1 ]3 �� ≤ z 5Q *(��
�H*� !VO �0C *$$�S�
 D �0��0 ���T−xy �0 5F �#j� �M

E� (�� >.&[, D �0 f .�$+� ���� � .$ *A$O �)� GB�

Γf,D : � ≤ x , � ≤ y , x� + y� ≤ � , z =
√
x� + y�

R#� .$ *f(x, y) =
√
�− x� − y� ���M x�= A
 .�8�

(x, y, z) ∈ Γf � 1� &	�� � � 1� � Df : x� + y� ≤ � �>.T
�x� + y� + z� = � �M $O �)� *z =

√
�− x� − y� �M

�)� %�H*� !VO �0C �O&0�
 � `&UO � Ǳ��[
 cM�
 �0 ����M
*A$O



� U J 	 � U J �

f(x, y, z) = x� + y� − z� e0&� A& �'�() ������
N# Sa �&��F �a > � �S� �>.T R#� .$ *�#���0 �h� .$ �.
(�� p��L
 Sa �&��F �a = � �S� �(�� �Q.&3 N# 5S �BBn�
�0C �O&0�
 �Q.&3 �$ 5S �BBn� N# Sa �&��F �a < � �S� �

*A$O �)� GB���*� !VO
}

e0&� E��� KY� AGB� 9�*� !VO
e0&� E��� KY� A% f = x� + y� − z�

f = x� + y� + z�

.$ *�#���0 �h� .$ �. f(x, y, z) = x� + y� + z� e0&� A, .�8�
�&��F �a = � �S� *(�� �	� Sa �&��F �a < � �S� �>.T R#�
�&��F �a > � �S� ����_&0 � �(�� {(�,�,�)

} ��Y\� N� Sa

%��*� !VO �0C �O&0�
 √a `&UO � Ǳ��[
 cM�
 �0 ����M Sa

*A$O �)�
>.T R#� .$ *�#���0 �h� .$ �. f = x+�y−�z e0&� A
 .�8�
�0C �O&0�
 x + �y − �z = a �� B$&U
 �0 ����T E� >.&[, Sa

*A$O �)� GB���I*� !VO
}

e0&� E��� KY� AGB� 9�I*� !VO
X��� 0 X� � X� �X� A% f = x+ �y − �z
*�� "� A ��,+�
 �����0 � �E�
 ����.$ ��Y\�

�. ��O �$�$ e0�� E� N# �� E��� KY� �0���� ������
9���M Z����

�) u = x+ y + z �) u = z − x� − y�

�) u = x� − y� − z� �) u = z − x� + y�

�) u = |x+ y|+ |z| �) u = z − xy

	) u = arcsin
(
x� + y� + z�

)

) u = sgn

(
sin

(
x� + y� − z�

))

*(�� y = −x � y = x

.$ �BBn� N# Ca : x� − y� = a >.T R#� .$ 9a < � A:
*A$O �)� J*� !VO �0C (�� .�
 −y �& ��.

}

f = x� − y� e0&� E��� �&	����
 9J*� !VO

�S� *�#���0 �h� .$ �. f(x, y) = min {x , y} e0&� A, .�8�
9�&��F �a ∈ R

Ca : min
{
x , y

}
= a : a = x ≤ y &# a = y ≤ x

7*� !VO �0C ��O&0�
 (a, a) ��Y\� E� �̀ �O &0 y� Z�� �$ �M
*A$O �)�

}

f = min{x, y} E��� �&	����
 97*� !VO
�. �#E e0�� E� N# �� E��� �&	����
 �0���� ������

9���M Z"�� �. &	�F .�$+� ��$�M Z�.

�) f = x+ y� �) f = (x+ y)�

�) f = x� + y� �) f = y/x

�) f = |x|+ |y| − |x+ y| �) f =
√
xy

	) f = max
{
x , y

}

) f = sin

(
π
(
x� + y�

))
�) f = x sin y ��) f = |x� − y�|

&q= 5$0 ��U0�� !�B$ �0 �:��� g=?	 ������
!1��' *$.��� $)� ���v 
 �� e0&� .�$+� Z���� 5&V
� �R�

t0&Y
 *(�� 5F E��� KY� Z���� �$�$ 4&��� 5���
 �M �.&M
��+� ��,+�
 �f(x, y, z) e0&� E� a $�, �0 ��h� E��� ^Y� �G#�U�

9��U# *f(x, y, z) = a �M (�� (x, y, z) X��
 �&��#&���

Sa : f(x, y, z) = a
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�U0&� f : Rn → R ���M x�= ������ �����
�$�, � � f �� �
�$ �0 ���["Q ���Y\� X� ∈ Rn ����v 
 ��Q
� (�� � ����� X� �� f �� Z�gS�
 ��.T .$ *(�� �\�\'
�� δ > � N# �ε > � �� Ǳ�E� �0 �M lim

X→X�

f(X) = � Z�"#��

t�Y
 .�1 �� X ∈ B�

δ (X�) ∩ Df �� ��E� �0 �M $O (=&#
�)� ��*� !VO �0C $O � +M ε E� f (X�) � f(X) !-&��

��#$ 5&�0 �0 *A$O

∀ε > �∃δ > �∀X ∈ Df A�*� C(
� < ‖X −X�‖ < δ ⇒ |f(X)− f (X�) | < ε

)
E� �(�� ��� 1� �+M � < ‖X − X�‖ < δ p�O ��.�0 5Q

9$+� �$&� �� 5���
 �#E �$&U
 p�O

|x− x�| < δ , |y − y�| < δ , |z − z�| < δ · · · A;*� C

��Y\� X� � f = xy� ���M x�= A& �'�() �����
��U# *� = −� ���M (0&f �>.T R#� .$ *(�� (−�,�)

* lim
(x,y)→(−�,�)

xy� = −�
Z��$ 5&6� �#&0 �X�Y
 R#� >&[f� ���0 *!'

∀ε > �∃δ > �∀(x, y) ∈ R�({|x+ �| < δ, |y − �| < δ
}⇒ |xy� + �| < ε

)
9Z��M�
 �̀ �O |xy� + �| t�Y
 .�1 E�

|xy� + �| = | (x+ �) y� + �− y�|
= |y� (x+ �) + (y + �) (y − �) |
≤ y�|x+ �|+ |y + �||y − �|
≤ y�δ + |y + �|δ

!j= .$ �MC ��#&"+� `&UO N��V� E� �δ X#��- mn' ���0
δ ≤ � Z��M x�= *Z��M�
 �$&� �� A(�� ��O �0��� .&�"0 �
�nB � −� < y < � ]3 *|y − �| < � � |x + �| < � R#��0&�0

R#��0&�0 *|y + �| < � � y� < �

|xy� + �| ≤ �δ + �δ = ��δ

*��δ ≤ ε $O x�= (�� �=&M |xy� + �| < ε ���0 ]3
�M Z��M x�= Z�����
 �R#��0&�0 *δ ≤ ε/�� ��#$ 5&�0 �0
� �(=. 5���
 �B&�"
 ��� 0� �0 5�M� *δ = min {�, ε/��}

*$+� >&[f� �. �h� $.
 �@�O ��Y0�.
�X� = (�,�) � f(x, y) =

x+ �y

x� − y� ���M x�= A, .�8�
��#$ >.&[, �0 *� = �/� �M ���M (0&f >.T R#� .$

�R -	6V� ��(

*(�� ���� �� � !�"����#$ %&"' .$ ��T� 4	�
 �� E� �V# �'
uL0 R#� E� m�� *�#���O &�OF R �0 R E� e0�� �' 4	�
 &0 ?z [1
G#�U� �0 R ��$�3 E� ![1 *�O&0�
 R �0 Rn E� e0�� �0 5F Z�+U�

*Z#.�$ E&�� ���["Q ��Y\� K?YT� �0 ��'

E� .h�
 �� < r ∈ R � X� ∈ Rn �S� ������ �����
(�� Rn E� X �@&\� ��+� ��,+�
 �r `&UO � X� cM�
 �0 ��3
*‖X −X�‖ < r ��U# ��O&0�
 r E� � +M X� &� &	�F �� �T&= �M
�0 )* �6+ ��3 *Z��$�
 5&6� Br (X�) $&+� &0 �. �,+�
 R#�
X� ��Y\� �	�
 Br (X�) ��,+�
 E� >.&[, �r `&UO � X� cM�


9(��

B�
r (X�) = Br (X�)− {X�}

(�� A ⊆ Rn ��,+�
 �*��$E� )*"9 X� Z�gS�
 ��.T .$
��,+�
 �r `&UO � X� cM�
 �0 ��  �� �S �r > � �� ��E� �0 �M
���["Q X� � X� p&\� �%��I*� !VO .$ *��M eY1 �. A
$)� X� cM�
 �0 �S N# !1��' ��#E �("�� X� �B� �� "�

*��M�+� eY1 �. A �M $.�$

���#�$ �0 ���["Q p&\� ��,+�
 A& �'�() �����
*(�� �0��0 ��#�$ $� &0 x� + y� = �

x�+(y − �)� < � E&0 �S �0 ���["Q p&\� �,+�
 A, .�8�
*�O&0�
 x� + (y − �)� ≤ � ��  "0 �S �0��0

�&��F A : � ≤ x ≤ � , x ≤ y < � , � ≤ z ≤ � �S� A
 .�8�
E� ("�.&[, A �0 ���["Q p&\� ��,+�


A : � ≤ x ≤ � , x ≤ y ≤ � , � ≤ z ≤ �

p&\� ��,+�
 �&��F �A =
{
�/n

∣∣n ∈ N
} �S� A� .�8�

�)� �#&0 � $.
 .$ *A = A ∪ {�} E� ("�.&[, A �0 ���["Q
!VO �0 $�, (#&	��0 ?z +, (−ε; ε) !VO �0 E&0 ��E&0 �� �M $O

*n ≥ [�/ε] �M $O x�= (�� �=&M *$.�$ $)� �/n
}

�' >&[f� 9��*� !VO



� U J 	 �

R#��0&�0

∀ε > �∃δ > �∀x ∈ [−�;�](
� <

∣∣∣∣∣x+

√
�

�

∣∣∣∣∣ < δ ⇒
∣∣∣ arcsinx+

π

�

∣∣∣ < ε

)

��� � �Z��M (0&f Z�����
 �M �l�F &0 ��.�cS R#� X�M�� &0
$O (0&f �#&0 �M Z#��S�


∀ε > �∃δ > �∀ (x, y, z) ∈ Df

({
� < |x+ �| < δ ,

� <
∣∣∣y − �

�

∣∣∣ < δ , � < |z −
√
�| < δ

}
⇒

∣∣∣xyz +

√
�

�

∣∣∣ < ε
)

9�M Z��M�
 �)� ��
� R#� >&[f� ���0∣∣∣∣∣xyz +

√
�

�

∣∣∣∣∣ =
∣∣∣∣yz (x+ �)− z

(
y − �

�

)
− �

�

(
z −
√
�

)∣∣∣∣
≤ |yz||x+ �|+ |z|

∣∣∣∣y − �

�

∣∣∣∣ +
�

�

∣∣∣z −√�∣∣∣
=

{
|yz|+ |z|+ �

�

}
δ

9Z#.�$ �δ < �/
 x�= &0⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

|x+ �| < �


∣∣∣∣y − �

�

∣∣∣∣ < �


∣∣∣z −√�∣∣∣ < �




⇒

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

	



< x <

�



�



< y <

�




−�



+
√
� < z <

�



+
√
�

⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

−� ≤ ��

���

(


√
�− �

)
< xyz

<
��

���

(


√
�+ �

)
< �

�

��

(


√
�− �

)
< yz <

�

��

(


√
�+ �

)
< �

�




(


√
�− �

)
< z <

�




(


√
�+ �

)
< �

� B∗
δ (X�) ∈ Df R#��0&�0∣∣∣xyz +

√
�/�

∣∣∣ < {�+ �+ �/�} δ < �δ

R#��0&�0 *δ ≤ ε/� &# �δ ≤ ε $O x�= (�� �=&M ]3
*δ = min {�/
, ε/�}

� f(x, y, z) =
sin

(
x� + y� + z�

)
x� + y� + z�

Z��M x�= A� .�8�
��U# *� = � �M ���$ 5&6� >.T R#� .$ �X� = (�,�,�)

lim
(x,y,z)→(�,�,�)

sin
(
x� + y� + z�

)
x� + y� + z�

= �

9�M Z��$ 5&6� �#&0 *!'

∀ε > �∃δ > �∀ (x, y, z) ∈ Df

* lim
(x,y)→(�,�)

x+ �y

x� − y� =
�

�

�M $O (0&f �#&0 *!'

∀ε > �∃δ > �∀(x, y) ∈ Df(
(|x− �| < δ, |y − �| < δ)⇒

∣∣∣∣ x+ �y

x� − y� −
�

�

∣∣∣∣ < ε

)

X� = (�,�) � Df = R� − {y = −x} ∪ {y = x} &��#� .$ �M
>.T R#� .$ *�O&0�
 Df �0 ���["Q ��Y\� N#

∣∣∣∣ x+ �y

x� − y� −
�

�

∣∣∣∣ =

∣∣∣∣∣�x + �y − �x� + �y�

�
(
x� − y�)

∣∣∣∣∣
=

�

�|x� − y�|
∣∣∣ (�x+ �) (x− �) + (�y + ��) (y − �)

∣∣∣
≤ �

�|x� − y�|
{
|�x+ �||x− �|+ �|�y + �||y − �|

}
≤ �

�|x� − y�|
{
|�x+ �|+ �|�y + �|

}
δ

�M �O&0 �.@ δ x�= �#&0 ��#EC δ ≤ �/� Z��M x�= �&'
>.T R#� .$ AB∗

δ (X�) ⊆ Df⎧⎪⎨
⎪⎩

� < |x− �| < �

�

� < |y − �| < �

�

⇒

⎧⎪⎨
⎪⎩

	

�
< x <

�

�
�

�
< y <

�

�

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

��

��
< x� − y� < 	�

��
�� < �x+ � < ��

��

�
< �y + � <

��

�

⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
|x� − y�| > �

�|�x + �| < ��

|�y + �| < ��

�

R#��0&�0∣∣∣∣ x+ �y

x� − y� −
�

�

∣∣∣∣ ≤ �

�× (�/�)

{
��+ �× ��

�

}
δ

=
�


�
δ ≤ 	δ

R#��0&�0 *δ < ε/	 &# �	δ < ε $O x�= (�� �=&M ]3
*δ = min {�/� , ε/	}

R��l+� � f(x, y, z) = arcsin (xyz) ���M x�= A
 .�8�
��#$ >.&[, �0 *� = π/� ���M (0&f *X� =

(
−�,�/�,

√
�

)
* lim
(x,y,z)→(−�,�/�,

√
�)

arcsin(xyz) = −π/�

�M $O (0&f �#&0 *!'

∀ε > �∃δ > �∀(x, y, z) ∈ Df({
|x+ �| < δ , |y − �/�| < δ ,

∣∣∣z −√�∣∣∣ < δ
}

⇒ |arcsin(xyz) + π/�| < ε
)

�0 X� � Df = {(x, y, z) | − � ≤ xyz ≤ �} &��#� .$ �M
� lim
x→−

√
�/�

arcsinx = −π/� 5Q *A���QC (�� ���["Q Df
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�) lim
(x,y,z)→(x�,y�,z�)

k = k

� �O&0 ÷ � × �− �+ �&+,� E� �V# � �S� ���� *����
9�&��F �a ∈ R � ��O&0 ���v 
 ��Q e0�� g � f

�) lim
X→X�

af(X) = a lim
X→X�

f(X)

�) lim
X→X�

(f�g) (x) = lim
X→X�

f(X)� lim
X→X�

g(X)

�&��F � lim
X→X�

f(x) = � � g : R→ R �f : Rn → R �S� A�
lim

X→X�

g (f(X)) = lim
t→	

g(t)

� lim
t→t�

g(t) = X� � g : R → Rn � f : Rn → R �S� A�
lim
t→t�

f (g(t)) = lim
X→X�

f(X) �&��F

��,+�
 E� X �� ��E� �0 �M $O (=&#�� r > � �S� AH
��O&0 .��1�0 f(X) ≤ g(X) ��&"
&� Df ∩Dg∩B∗

r (X�)

lim
X→X�

f(X) ≤ lim
X→X�

g(X) >.T R#� .$

9Z#.�$ 7*;*� �0 �)� &0 �'�() �����

�) lim
(x,y)→(�,�)

x�y� =
(

lim
(x,y)→(�,�)

x�
)(

lim
(x,y)→(�,�)

y�
)

= lim
x→�

x�
(

lim
y→�

y�
)

= 


�) lim
(x,y,z)→(�,�,−�)

arcsin
(
�

(
x� + y�

)�
+ z

)
=

= lim
t→�

arcsin(t) =
π

�

�) lim
(x,y,z)→(�,�,−�)

(
x� + y�

)
z� =

=
(

lim
x→�

x� + lim
y→�

y�
)

lim
z→−�

z� = �

�) lim
(x,y)→(�,−�)

x� − y�
x− y = lim

(x,y)→(�,−�)
(x+ y)

= lim
x→�

x+ lim
y→�

y = �

�) lim
(x,y,z)→(�,�,−�)

sin
(
x� + y� + z

)
x� + y� + z

= lim
t→�

sin t
t

= �

* lim
(x,y,z)→(�,�,−�)

x� + y� + z = �+ �− � = � ��#E

�0&�0 >.T R#� .$ �u = max
{|x|, |y|} Z��M x�= A5 .�8�

9Z#.�$ 7*;*� E� H (+"1

� ≤ lim
(x,y)→(�,�)

x�y�

|x|� + |y|� ≤ lim
u→�

u�u�

�+ u�
= lim

u→�

u = �

R#��0&�0 *|y| = u &# |x| = u �.�+� ��#E

lim
(x,y)→(�,�)

x�y�

|x|� + |y|� = �

⎛
⎝{|x| < δ, |y| < δ , |z| < δ} ⇒

∣∣∣∣∣∣
sin

(
x� + y� + z�

)
x� + y� + z�

∣∣∣∣∣∣ < ε

⎞
⎠

�� ��E� �0 � ≤ sinα ≤ α �M Z���$�
 *Df = R� &��#� .$ �M
9R#��0&�0 �� ≤ α∣∣∣∣∣∣

sin
(
x� + y� + z�

)
x� + y� + z�

∣∣∣∣∣∣ ≤ x� + y� + z�

x� + y� + z�

*u < δ x�= �#&[� ]3 �u = max {|x|, |y|, |z|} Z��M x�= �&'
9��?U0

sin
(
x� + y� + z�

)
x� + y� + z�

≤ u� + u� + u�

�+ �+ u�
= �u� < �δ�

*δ =
√
ε/� &# �δ� = ε $O x�= (�� �=&M ]3

���M (0&f ��' G#�U� N+M �0 �0���� $����
9�M �@�O �0 � lim

X→X�

f(X) = �

�) f = xy� − y/x, X� = (�,−�) , � = ��/�

�) f = sin (x− �y) , X� = (π/�,�π) , � = �

�) f =
x+ �y

x� + y�
, X� = (�,�) , � = 	/��

�) f = �x+ y� + xyz, X� = (�,�,−�) , � = �

�) f =
√
x� + y� + z�, X� = (�,�,�) , � =

√
��

�) f = tan (x+ �y)− tan z, X� =
(π
�
,�,

π

�

)
, � = �

R E� e0�� ��[O (�.$ ����G
J ��.R K+� %����
$��' �� [�&�
 ���0 5�E
 D�. N# c�� (B&' R#� .$ �R �0
�T� *��
&��
 ��[) D�. �. D�. R#� *$+� K�@ 5���

�C $O�
 K�Y
 ��[
 5��, �0 �' �$��U� 9(�� R��Q 5F
N+M �0 �M ��q1 �$��U� ]<� � A$$�S�
 >&[f� ε−δ >.j0
�$+� 5&�0 5���
 ���$&� $��' X"' �0 �. �����l�3 $��' &	�F
(�� �=&M ���LB$ �' N# �� [�&�
 ���0 5�M� *$O�
 K�Y

A��B�� x���
 $��'C ���) �0 &� Z��M �$&� �� &���q1 E� .�\�F

*Z���0

�� � f ����v 
 N# e0&� �� Ǳ�E� �0 ��+
J '+
R &����
9Z#.�$ �� k (0&f $�,

�) lim
(x,y,z)→(x�,y�,z�)

f(x) = lim
x→x�

f(x)

�) lim
(x,y,z)→(x�,y�,z�)

f (y) = lim
y→y�

f (y)

�) lim
(x,y,z)→(x�,y�,z�)

f (z) = lim
z→z�

f (z)
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= lim
r→�

r cos� θ = �

lim
(x,y,z)→(�,�,−�)

⎛
⎝ sin

(
x� + y�

)
x� + y�

⎞
⎠

z

= lim
(r,z)→(�,−�)

(
sin r�

r�

)z

= �
−� = �

lim
(x,y,z)→(�,�,�)

xyz

x� + y� + z�

= lim
ρ→�

(ρ cosφ cos θ) (ρ cosφ sin θ) (ρ sinφ)

(ρ cosφ cos θ)� + (ρ cosφ sin θ)� + (ρ sinφ)�

= lim
ρ→�

ρ
(
cos� φ sinφ cos θ sin θ

)
= �

�[�&�
 ��*;*� N+M �0 �. �#E $��' �0���� ������
9���M

�) lim
(x,y)→(�,�)

xy√
x� + y�

�) lim
(x,y)→(�,�)

x�y�

x� + y�

�) lim
(x,y,z)→(�,�,�)

x sin y − y cos z
|x|+ |y|+ |z|

�) lim
(x,y,z)→(�,�,�)

x�y�z�

|x|� + |y|� + |z|�

�) lim
(x,y,z)→(�,�,�)

arctan
(√

x� + y� + z� + �

)

�) lim
(x,y,z)→(�,�,�)

(
x� + y� + z�

)x+y+z

�R !	,�� $�(

$)� $��' A�&Y0� ���U#C $)� 4�, >&[f� ���0 Z	
 D�. �$
�' 4	�
 Z�+U� ���"
 �' *&��B&[�$ � ���"
 �' *$.�$

*(�� ���v 
 ��Q e0�� $.
 .$ �=�YV#

}
*X� .$ ��"
 N# AGB� 9�;*� !VO
X���Y\� .$ G� L
 �&���"
 A%

�U0&� �X� ∈ Rn ��Y\� .$ ��"
 E� .h�
 ������ �����
� (�� � ��3 t = � .$ �M (�� r : R → Rn �.�$�0
�M ��.T .$ *A$O �)� GB���;*� !VO �0C r (t�) = X�

r : R → Rn � Df �0 ���["Q ���Y\� X� �f : Rn → R

9���M �[�&�
 �. $��' E� N# �� .��\
 �0���� ������

�) lim
(x,y)→(�,−�)

x� sin (πy)

�) lim
(x,y)→(π,�)

tan

(
x� + y

x− y

)

�) lim
(x,y,z)→(�,−�,�)

�x� − �y + �z

x� + y� − z�

�) lim
(x,y,z)→(�,�,−�)

(
x+

�

y

)zxy

�) lim
(x,y)→(�,�)

(
x� + y�

x+ y + �

)xy+�

�) lim
(x,y)→(�,�)

xy − y − �x+ �

x− �
	) lim

(x,y,z)→(π,�,�)
ze−�(x+y) cos� (z)


) lim
(x,y)→(�,�)

x�y

x� + y�

�) lim
(x,y,z)→(�,�,−�)

ln
(
x� + y� + z�

)

��) lim
(x,y)→(�,�)

x− y + �
√
x− �√y√

x−√y
��) lim

(x,y,z)→(�,�,�)
sin

(
arctanx− y�z

)

��) lim
(x,y)→(�,�)

(
x� + y�

)
sin

�

x� + y�

�� + �����=C	� ,�.? @�PC\) �2 E�
.� ������
>&j L
 .$ � Z�\ "
 D�. �0 �' �� [�&�
 �l�&�Q ��+�L
�� *$+� �$&� �� 5���
 >&j L
 �#&� E� ��O&[� �"�
 ��.&M$

9$+� K�Y
 5���
 �#E K�O �0 ��q1

�) lim
(x,y)→(�,�)

f (x , y) = lim
r→�

f (r cos θ , r sin θ)

9�O&0 � O��� �� "0 θ �0 (��. (+� �' ��V�F �0 p��6


�) lim
(x,y,z)→(�,�,z�)

f(x, y, z) = lim
(r,z)→(�,z�)

f (r cos θ , r sin θ , z)

9�O&0 � O��� �� "0 θ �0 (��. (+� �' �M R#� �0 p��6


�) lim
(x,y,z)→(�,�,�)

f (x, y, z) =

= lim
ρ→�

f
(
ρ cosφ cos θ, ρ cosφ sin θ , ρ sinφ

)
*�O&0 � O��� �� "0 φ � θ �0 (��. (+� �' �M R#� �0 p��6


9Z#.�$ ��*;*� �0 �)� &0 �'�() ������

lim
(x,y)→(�,�)

x�

x� + y�
= lim

r→�

r� cos� θ

r� cos� θ + r� sin� θ
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�0��0 rm �0 f ���"
 �' >.T R#� .$

lim
t→�

f (rm(t)) = lim
t→�

f (t,mt) = lim
t→�

tm�t�

t� +m�t�

= lim
t→�

m�t

�+m�t�
= �

%&L �� &0 *$.��� $)� �' &
� �$.��� �� "0 m �0 �M �(��
�$O�
 5&"V# y � x 5�� 5F X)
 �0 �M r(t) =

(
t�, t

)
��"


9Z#.�$

lim
t→�

f (r(t)) = lim
t→�

f
(
t�, t

)
= lim

t→�

t�

t� + t�
=
�

�
�= �

� f(x, y, z) =
x� − �y� + z�

x� + y� − �z� ���M x�= A� .�8�
X� ��Y\� .$ f �' $)� 4�, &# � $)� .$ *X� = (�,�,�)

*���M d�0
� r�(t) =

−−−−−−−−→
(�,�,�+ t) �&���"
 .h�
 R#� ���0 *!'

�' �>.T R#� .$ *Z#��S�
 �h� .$ �. r�(t) =
−−−−−−−−→
(�,�+ t,�)

��#E *$.��� $)� X� .$ f

lim
t→�

f (r�(t)) = lim
t→�

�− �+ (t+ �)�

�+ �− � (t+ �)�

= lim
t→�

t� + �t

−�t� − �t =
−�
�

lim
t→�

f (r�(t)) = lim
t→�

�− � (t+ �)� + �

�+ (t+ �)� − �

= lim
t→�

−�t� − �t
t� + �t

= −�

� f(x, y, z) = (sinx/y)�/z ���M x�= A .�8�
X� ��Y\� .$ f �' $)� 4�, &# � $)� .$ *X� = (�,�,�)

*���M d�0
*Z#��S�
 �h� .$ �. r(t) =

−−−−−→
(�t, t, t) ��"
 .h�
 R#� ���0 *!'

��#E �$.��� $)� X� .$ f �' �>.T R#� .$

lim
t→�+

f (r(t)) = lim
t→�+

(
sin (�t)

t

)�/t
(�)
= lim

t→�+

(
�t− (�t)�/�

t

)�/t

= lim
t→�+

(
�− �t�

�

)�/t

≥ lim
t→�+

(
�

�

)�/t

= +∞

�$&� �� sin t ∼ t − t�/� �E.� Z� E� A�C .$ �V�#� ^�-�
*Z#��$+�

$)� �#E $��' E� N# ��� �M ���$ 5&6� �0���� %����
9��.���

�) lim
(x,y)→(�,�)

x− y
x� − y �) lim

(x,y)→(�,�)

x� − y�
x� + y�

X� .$ f ���"
 �' �&��F ��O&0 ADf .$ &z
&+� �CX� .$ ���"

�� ≤ n �S� *Z��M�
 G#�U� lim

t→�

f (r(t)) >.j0 �. r ��"
 �0
�n = � ���0 �M �B&' .$ �$.�$ $)� X� .$ ���"
 �' (#&	��0
*A(��. �' � |Q �'C �O .j 
 5���
 ���"
 �' �$ &	��

e0&� �' �M R#� ���0 �=&M � 4E_ p�O ���� �����
�� ��M �M (�� 5F ��O&0 � �0��0 � $)
 X� ��Y\� .$ u = f(x)

*��O&0 � �0��0 � $)
 X� .$ f ���"
 $��'

�' �M $O (=&# X� .$ ���"
 �S� ��M�C� �����
$)
 X� .$ f �' �&��F ��O&0 � O��� $)� 5F �0 f ���"


*("��

�' �M ��O (=&# X� .$ ��"
 �$ �S� ��M�C� �����
$)
 c�� X� .$ f �' �&��F ��O&0 >�&� 
 &	�F �0 f ���"


*("��

� f(x, y) = sinx/xy ���M x�= A& �'�() $����
d�0 X� ��Y\� .$ f �' $)� 4�, &# � $)� .$ *X� = (�,�)

*���M
�h� .$ �. X� .$ r(t) =

−−→
(t, t) ��"
 .h�
 R#� ���0 *!'

&0 (�� �0��0 r ��"
 �0 f �' >.T R#� .$ *Z#��S�


lim
t→�

f (r(t)) = lim
t→�

f (t, t) = lim
t→�

sin t
t�

=
(

lim
t→�

sin t
t

)(
lim
t→�

�

t

)
= ±∞

�*�*� �0&�0 lim
(x,y)→(�,�)

sinx/xy ��� � .$ *$.��� $)� �M
*$.��� $)�

.$ *X� = (�,�) � f(x, y) =
xy

x� + y�
���M x�= A, .�8�

*���M d�0 X� ��Y\� .$ f �' $)� 4�, &# � $)�
Z��M�
 %&L �� �. rm(t) =

−−−−→
(t,mt) ��"
 .h�
 R#� ���0 *!'

���"
 �' �>.T R#� .$ *�O&0�
 y = mx y� 5F .�$+� �M
�0��0 rm ��"
�0 f

lim
t→�

f(rm(t)) = lim
t→�

f(t,mt) = lim
t→�

tmt

t� +m�t�

= lim
t→�

m

�+m�t�
= m

�' ��*�*� t0&Y
 �R#��0&�0 *$.�$ �� "0 m �0 �M �(��
*$.��� $)� lim

(x,y)→(�,�)

xy

x� + y�

.$ *X� = (�,�) � f(x, y) =
xy�

x� + y�
���M x�= A
 .�8�

*���M d�0 X� ��Y\� .$ f �' $)� 4�, &# � $)�
*Z��M�
 %&L �� �. rm(t) = (t,mt) ��"
 .h�
 R#� ���0 *!'
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9Z#��S�
 �h� .$ �. X� = (�,�)∣∣∣∣ lim
(x,y)→(�,�)

y sin
(
�

x

)∣∣∣∣ ≤ lim
y→�

|y| = �

E� *(�� ��T �0��0 � $)
 lim
(x,y)→(�,�)

y sin (�/x) R#��0&�0
Z#.�$ J*�*� �0&�0 �nB � lim

n→∞ (�/m,�/n) = (�,�) �=�@
* lim
(m,n)→∞

(sinm)/n = �

$)� �#E $��' E� N# ��� �M ���$ 5&6� �0���� �����
9$.���

�) lim
(x,y)→(�,�)

(cosx)�/x
�) lim

(x,y)→(�,�)
xy

�) lim
(x,y)→(�,�)

(�+ x)�/y
�) lim

(x,y)→(�,�)
xe�/y

�#&0 �Y#��O �Q *��O&0 �\�\' $��,� p � n �m ���M x�= A 
$)
 lim

(x,y)→(�,�)

xnym

|x|p + |y|p �' &� $O �&+,� $��,� R#� �0
*��0&�0 $)� >.T .$ �. �' .��\
 *�O&0

����G�� (�(

.$ u = f(X) e0&� Z�gS�
 ��.T .$ ������ �����

.$ *�O&0 f(X�) �0��0 � $)
 X� .$ f �' �M (�� )�+��I X�

t�U 
C X �� ��E��0 �M (�� )�+��I AD �0C f Z�gS�
 ��.T
*�O&0 � ��3 X .$ f �� AD �0

���"M �����+) ��Q �(0&f e0�� ������ �����
� ��&a�a
 /VU
 ���&a�a
 ��+��.&�B ��#&+� ����� ��B&V#$�.

*Z�
&��
 !	���9� �. t�Y
 .�1
�Z� &0 e0&� �$ e+) �e0&� N# .$ $�, N# %�- �&+,�
.$ e0&� N# Z�"\� �Z� .$ e0&� �$ %�- �Z� E� e0&� �$ t#���
�. �U0&� �e0&� N# E� ���S /VU
 �e0&� �$ X�M�� ���#$ �U0&�

*Z�
&��
 !	���9� .�FT� �. 5���&�. ��#$ e0&� 5�� �0
�$��U� � ��&
�\
 e0&� ��&� 
 �$��U� E� �$&� �� &0 �U0&� �S�

*Z�
&��
 ��&
�\
 c�� ���F �$O � �&� ��&
�\
 !+, ��&� 


�X� ∈ Df � �O&0 ��&
�\
 u = f(X) �S� ���� �����
*(�� � ��3 X� .$ f �&��F

.$ �. f(x, y) = x� sin (x/y) e0&� A& �'�() �����
*���M R��U� �. f �� ��3 �� �
�$ *�#���0 �h�

Df =
{
(x, y)

∣∣y �= �
} 5F �� �
�$ � (�� ��&
�\
 e0&� R#� *!'

*(�� � ��3 Df �0 f ]3 *(��
�h� .$ �. f(x, y, z) = ln

(
z

x� + y� + z�

)
e0&� A, .�8�

*���M R��U� �. f �� ��3 �� �
�$ *�#���0

�) lim
(x,y)→(�,�)

xy�

|x|� + �|y|� �) lim
(x,y)→(�,�)

y�/x

�) lim
(x,y)→(�,�)

sin (x+ y)
x+ y�

�) lim
(x,y,z)→(�,�,�)

�x

x� + y� + z�

	) lim
(x,y)→(�,�)

arctan

(
|x|+ y�

x� + y�

)


) lim
(x,y,z)→(�,�,�)

x� − y� + xz�(
x� + y� + z�

)�
�) lim

(x,y,z)→(�,�,�)

xy + yz + zx

x� + y� + z�

��) lim
(x,y)→(�,�)

x

x� − �xy + �y�

��) lim
(x,y)→(�,�)

x+ y�

x� + y�

*(�� &��B&[�$ �' E� �$&� �� ��' �&Y0� ���0 ��#$ D�.

e0&� �' �M R#� ���0 �=&M � 4E_ p�O ���� &����
�� ��E� �0 �M (�� 5F ��O&0 � �0��0 � $)
 X� .$ u = f(X)

���+� � �0 {f (Xn)}∞n=� �� B&[�$ �X� �0 ���+� {
Xn

}∞
n=�

�� B&[�$
*�O&0

��Y\� � f(x, y) = tan(�/xy) e0&� A& �'�() *����
f �' $)� 4�, &# � $)� .$ *�#���0 �h� .$ �. X� = (�,�)

*���M d�0 X� ��Y\� .$
�h� .$ �. Xn = (�/(nπ + π/� + �/n),�) �� B&[�$ *!'
.$ limXn = (�,�) �M $O�
 �h'?
 �S$&� �0 *Z#��S�


�M �B&'

lim
n→∞ f(Xn) = lim

n→∞ tan
(
nπ + π/�+ �/n

)
= lim

n→∞ tan (π/�+ �/n) =∞

*$.��� $)� X� .$ f �' ]3
�h� .$ �. X� = (�,�) ��Y\� � f(x, y) = y

√
x e0&� A, .�8�

*���M d�0 X� ��Y\� .$ f �' $)� 4�, &# � $)� .$ *�#���0
Z��M�
 x�= a ��LB$ ([a
 $�, ��E� �0 �.h�
 R#� ���0 *!'
�h'?
 �S$&� �0 �>.T R#� .$ *Xn = (�+ a/n,�/n)
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� y = ρ cosϕ sin θ �x = ρ cosϕ cos θ x�= &0 5�M�
9Z#.�$ ��*;*� E� �$&� �� &0 � z = ρ sinϕ

= lim
ρ→�

�

� (ρ sinϕ+ �)

{
�ρ cos� ϕ cos θ sin θ

+�ρ cosϕ sinϕ cos θ − �ρ cosϕ sin θ sinϕ− ρ sin� ϕ
}

= �
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� u = f(x, y, z) Z��M x�= �� 0� ������ ����$
X� ��Y\� .$ x �0 (["� f �gc) t 6
 *X� = (x�, y�, z�)

>.T �0 �.

lim
x→x�

f (x, y�, z�)− f (x�, y�, z�)
x− x�

=
d

dx
f (x, y�, z�)

∣∣∣∣
x=x�

�&�$&+� E� �V# &0 � A�$)� >.T .$ � [B�C Z��M�
 G#�U�

∂f

∂x

∣∣∣∣
X�

=
∂f

∂x
(X�) = fx(X�) = f� (X�)

.$ y �0 (["� f �#c) t 6
 ��0&6
 >.j0 *Z��$�
 5&6�
X��� 0 �. X� ��Y\� .$ z �0 (["� f �#c) t 6
 c�� � X� ��Y\�

9Z��M�
 G#�U� �#E >.T �0

∂f

∂y

∣∣∣
X�

=
∂f

∂y
(X�) = fy(X�)

= f�(X�) =
d

dy
f (x�, y, z�)

∣∣∣∣
y=y�

∂f

∂z

∣∣∣
X�

=
∂f

∂z
(X�) = fz(X�)

= f�(X�) =
d

dz
f (x�, y�, z)

∣∣∣∣
z=z�

*$.�$ $)� ���v 
 . . . � .&	Q ��$ e0�� ���0 �	0&6
 G#.&U�

� f(x, y, z) = xy�z� ���M x�= A& �'�() ����$
.$ f �gc) >&\ 6
 .��\
 �>.T R#� .$ *X� = (�,�,−�)

*���M �[�&�
 �. X�

Z#.�$ G#�U� �0 &�0 *!'

∂f

∂x

∣∣∣
X�

=
d

dx
f (x,�,−�)|x=� =

d

dx
{−�x}x=� = −�

∂f

∂y

∣∣∣
X�

=
d

dy
f (�, y,−�)

∣∣∣
y=�

=
d

dy

{
−�y�

}
y=�

= {−�y}y=� = −��
∂f

∂z

∣∣∣
X�

=
d

dz
f (�,�, z)

∣∣∣
z=−�

=
d

dz

{
��z�

}
z=−�

=
{
��z�

}
z=−�

= ��

c�� � f(x, y) = arcsin(x/y) ���M x�= A, .�8�
X� .$ f �gc) >&\ 6
 .��\
 �>.T R#� .$ *X� = (

√
�,�)

*���M �[�&�
 �.
Z#.�$ �G#�U� �0&�0 *!'

∂f

∂x

∣∣∣∣
X�

=
d

dx
f (x,�)

∣∣∣∣
x=

√
�

=
d

dx

{
arcsin

( x
�

)}
x=

√
�

	) f = �
√
xy, X� = (�,�),


) f = [x� + y�], X� = (�,−�) ,

�) f =
√
�− x− y − z, X� = (�,�,�) ,

��) f =

{
e−�/(x�+y�) (x, y) �= (�,�)
� (x, y) = (�,�)

,

X� = (�,�),

��) f =

{ xyz

x� + y� + z�
(x, y, z) �= (�,�,�)

� (x, y, z) = (�,�,�)
,

X� = (�,�,�)

� �O&0 �#n<\ 6
 X� .$ f �S� A& ���� $���$
��?U0 � (�� �#n<\ 6
 X� .$ af �&��F �a ∈ R

(af)′ (X�) = af ′(X�)

f/g � fg �f − g �f + g �&��F ���O&0 �#n<\ 6
 X� .$ g � f �S�
� ���#n<\ 6
 X� .$ c��

�) (f + g)′ (X�) = f ′ (X�) + g′ (X�)

�) (f − g)′ (X�) = f ′ (X�)− g′ (X�)

�) (fg)′ (X�) = g (X�) f
′ (X�) + f (X�) g

′ (X�)

�)
(
f

g

)′
(X�) =

g (X�) f ′ (X�)− f (X�) g′ (X�)
g� (X�)

X� = r (t�) .$ f : Rn → R � t� .$ r : R → Rn �S� A8
� (�� �#n<\ 6
 t� .$ c�� f (r(t)) �&��F ���O&0 �#n<\ 6


* {f (r)}′ (t�) = f ′ (r (t�)) •r′ (t�) ��?U0

f (X�) .$ g : R → R � X� .$ f : Rn → R �S� AJ
(�� �#n<\ 6
 X� .$ c�� g (f(X)) �&��F ���O&0 �#n<\ 6


*{g (f)}′ (X�) = g′ (f (X�)) f
′ (X�) ��?U0 �

&0 .&�"0 H*�*H �� �q1 E� 8 (+"1 �78����� %���$
uL0 .$ *$O�
 ���
&� t 6
 �������E ���,&1 � (�� (�+��

*(��$�3 Z���� 5F � 6�0 �� UB&Y
 �0 �

>&[f� �. H*�*H ��q1 E� � (+"1 A& �0���� &���$
*���M

*���M (0&f �. H*�*H ��q1 E� ; (+"1 A,
*���M (0&f �. H*�*H �� �q1 E� � (+"1 A
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 �0 ���v 
 ��Q e0�� t 6
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�

t 6
 &0 �ln f = yz lnx �0 �)� &0 * ∂f
∂x

∣∣∣∣
X�

= � R#��0&�0 �
Z#.�$ y �0 (["� �Y0�. R#� R�=�@ E� ���S

∂f
∂y

f
= z . yz−� . lnx =⇒ ∂f

∂y
= f . z . yz−� . lnx

Z���� �Z#���0 ln .&0 �$ f E� �S� * ∂f
∂y

∣∣∣∣
X�

= � ln� R#��0&�0 �
R�=�@ E� ���S t 6
 &0 � ln(ln f) = z . ln y + ln(lnx) (O�$

Z#.�$ z �0 (["�
∂f/∂z

f

ln f
= ln y =⇒ ∂f

∂z
= f . ln f . ln y

* ∂f
∂z

∣∣∣∣
X�

= � R#��0&�0 �

�X� = (�,�) � f(x, y) = arctan
(
x+ y

�− xy
)

�S� A� .�8�
�&��F

∂f

∂x

∣∣∣∣
X�

=

(�) (�− xy)− (x+ y) (−y)
(�− xy)�

�+
(
x+ y

�− xy
)�

∣∣∣∣∣∣∣∣∣
X�

=
�

x� + �

∣∣∣∣
X�

=
�

�

∂f

∂y

∣∣∣∣
X�

=

(�) (�− xy)− (x+ y) (−x)
(�− xy)�

�+
(
x+ y

�− xy
)�

∣∣∣∣∣∣∣∣∣
X�

=
�

y� + �

∣∣∣∣
X�

=
�

��

X� ��Y\� .$ �. f e0&� �#c) >&\ 6
 �0���� $���$
9��0&�0

�) f = xy − x/y, X� = (�,−�)

�) f = x sin(y�), X� = (�,
√
π)

�) f =
√
x� + y�, X� = (

√
�,�)

�) f = xy, X� = (�,�)

�) f = arctan(x/y), X� = (�,�)

�) f = logy x, X� = (�,�)

	) f = xy − xz, X� = (�,�,�)


) f = xy ln z, X� = (�,�, e�)

�) f = ln(x+ y)−
√
x� + z�, X� = (�,�,�)

��) f = arctan(x+ �y + z�), X� = (�,�,−�)

��) f = exyz, X� = (−�,�,�)

=
�/�√

�− (x/�)�

∣∣∣∣∣∣
x=

√
�

=

√
�

�

∂f

∂y

∣∣∣∣
X�

=
d

dy
f
(√

�, y
)∣∣∣∣

y=�

=
d

dy

{
arcsin

(√
�

y

)}
y=�

=
−
√
�/y�√

�− (
√
�/y)�

∣∣∣∣∣∣
y=�

= −�
�

R#� .$ *X� = (�,�) � f(x, y) = y �
√
x ���M x�= A
 .�8�

*("�� $)

(
∂f/∂x

)∣∣∣
X�

���M (0&f �>.T
�M (�� 5F �
� R#� !�B$ *!'

∂f

∂x

∣∣∣∣
X�

= lim
x→�

f (x,�)− f (�,�)
x− �

= lim
x→�

�
√
x

x
= lim

x→�

�

�
√
x�

= +∞

5���
 ���$&� �. �#c) >&\ 6
 �78����� ����$
$)� ��'�
 ��

(
∂f/∂x

)∣∣∣
X�

�� [�&�
 .$ �e1�� .$ *$�M %&"'
9$.�$

�z� �y� �.�nS&) A�
� x �0 (["� ���S t 6
 A;

*x� �.�nS&) A�

9$�$ u�&M 5���
 ��'�
 �$ �0 �. ��'�
 �� R#�
*Z#��S�
 t 6
 x �0 (["� �z � y 5$0 (0&f x�= &0 AGB�

*Z��M �[�&�
 X� .$ �. !T&' e0&� A%

� f(x, y, z) = xz − y/x �S� A& �'�() ����$
�&��F �X� = (�,�,−�)

∂f

∂x

∣∣∣∣
X�

=
{
z +

y

x�

}
X�

= �

∂f

∂y

∣∣∣∣
X�

=
{−�

x

}
X�

= −�

∂f

∂z

∣∣∣∣
X�

= {x}X�
= �.

�&��F �X� = (π,�/�) � f(x, y) = y sin(xy) �S� A, .�8�

∂f

∂x

∣∣∣∣
X�

=
{
y� cos (xy)

}
X�

= �

∂f

∂y

∣∣∣∣
X�

=
{

sin (xy) + xy cos (xy)
}

X�

= �

�&��F �X� = (�,�,�) � f(x, y, z) = xyz �S� A
 .�8�

∂f

∂x
=
∂x(yz)

∂x
= yz . x(yz−�)



�

∂f

∂x
(�� RV+
 �A�2 h���) ��4R @�1Cc) ����$

5���
 �#c) t 6
 �z$��
 5F E� �nB ��O&0 �#n<\ 6
 �U0&�
9��
��
 �#E �&	#.�nS $&+� *(=�S

∂�f

∂x�
= fxx = f�� =

∂

∂x

(
∂f

∂x

)
∂�f

∂x∂y
= fyx = f�� =

∂

∂x

(
∂f

∂y

)
∂�f

∂x∂z�
= fz�x = f��� =

∂

∂x

(
∂�f

∂z�

)

***

?z a
 ��U# �(�� Z	
 �#c) >&\ 6
 X���� ��M (B&' .$

���0 �=&M p�O N# *A$O �)� H R#�+� �0C ∂�f

∂x∂y
�= ∂�f

∂y∂x

*(�� �#E K�O �0 �#c) >&\ 6
 X���� 5$�M (�+�� �0

E� ��#&"+� N# .$ ∂�f

∂y∂x
� ∂�f

∂x∂y
�S� ���� �����$

*(�� �0��0 X� .$ �$ 5F .��\
 �&��F ���O&0 � ��3 X�

��#&"+� N# .$ ∂�f/∂x∂y � ∂�f/∂y∂x Z��M x�= ������
(x + h, y + k) � (x, y + k) �(x + h, y) �(x, y) p&\� !
&O
� ϕ(x, y) = f(x + h, y) − f(x, y) Z��M x�= *�O&0 � ��3

*ω = ϕ(x, y + k)− ϕ(x, y)

�M $.�$ $)� �� θ� ∈ (�;�) ����S_ �� �q1 �0&�0

ω = k .
∂ϕ

∂y
(x, y + θ�k)

= k .
(∂f
∂y

(x+ h, y + θ�k)−
∂f

∂y
(x, y + θ�k)

)
.

�M $.�$ $)� �� θ� ∈ (�;�) �����S_ �� �q1 E� �$&� �� &0 Z� E&0

∂f

∂y
(x+ h, y + θ�k)−

∂f

∂y
(x, y + θ�k) =

= h .
∂�f

∂x∂y
(x + θ�h, y + θ�k).

Z#.�$ ̀+�
 .$ �R#��0&�0

ω = kh .
∂�f

∂x∂y
(x+ θ�h, y + θ�k). A�*H C

E&0 �&��F �ψ(x, y) = f(x, y + k) − f(x, y) Z��M x�= �&'
$��,� �0&6
 >.T �0 � ω = ψ(x + h, y) − ψ(x, y) Z�

�M ��.�$ $)� �� θ�, θ� ∈ (�;�)

ω = h .
∂ψ

∂x
(x + θ�h, y)

= h .
(∂f
∂x

(x+ θ�h, y + k)− ∂f

∂x
(x+ θ�h, y)

)
= kh .

∂�f

∂y∂x
(x+ θ�h, y + θ�k). A;*H C

��) f = x sin(y + cos z), X� = (�, π/�, π/�)

��) f =
∫ y

x

t dt, X� = (�,�)

��) f =
∫ xy

�

dt

z + t
, X� = (�,�,�)

e0&� �#c) t 6
 �S� ���4R @�1Cc) a2�=� %���$
$)
 D ⊆ Df .$ X� p&\� �� ��M .$ x �0 (["� u = f(x, y, z)

9Z��M G#�U� �#E K�O �0 ��#�) e0&� Z�����
 ��O&0

∂f

∂x
: R� → R , D � X� �→

∂f

∂x

∣∣∣∣
X�

∈ R

��0&6
 >.j0 *��
&��
 x �0 (["� f �#c) t 6
 �. e0&� R#�
(�� �=&M ∂f

∂x
�� [�&�
 ���0 *�� "� G#�U� !0&1 ∂f

∂z
� ∂f

∂y

�$��� 4&��� �. ∂f
∂x

∣∣∣
X�

�� [�&�
 .$ 4�$ �� �'�


�f(x, y, z) = arcsin
(
xy�z�

)
�S� A& �'�() &���$

�&��F

∂f

∂x
=

y�z�√
�− x�y�z�

,
∂f

∂y
=

�xyz�√
�− x�y�z�

,

∂f

∂z
=

�xy�z�√
�− x�y�z�

�B&' .$ (�� −� ≤ xy�z� ≤ � �0��0 f �� �
�$ �M $O �)�
−� < xy�z� < � �0��0 !T&' �#c) t 6
 e0&� �� �� �
�$ �M

*�O&0�


�&��F �f(x, y) =
√
x� + y� �S� A, .�8�

∂f

∂x
=

x√
x� + y�

,
∂f

∂y
=

�y�

�
√
x� + y�

�� �
�$ �M �B&' .$ �(�� � ≤ x� + y� �0��0 f �� �
�$ (B&' R#� .$
*(�� � < x� + y� �0��0 !T&' e0&� �$

�. �#E e0�� E� N# �� �#c) >&\ 6
 �0���� *���$
9���M �[�&�


�) f = x sin(x+ y) �) f = x� + y� − �x�y

�) f = y cosx� �) f = xy + y/x

�) f = arctan (y/x) �) f = arcsin
(√

x� + y�
)

	) f =
√
x� + y� + z� 
) f = xy� + yz� + zx�

�) f = x
√
yz ��) f = zex + xe�y + ye�z

��) f = ln
(
x+ �y + z�

)
��) f = x� cos y + z ln(x+ y)
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�) f = x ln (y + z) ,
∂�f

∂x∂y∂z�
=?

�) f = xy,
∂�f

∂x∂y

∣∣∣∣∣
(�,−�)

=?

�) f = exy�z� ,
∂�f

∂x�∂y�∂z�
=?

�) f = (x− a)p (y − b)q
,

∂p+qf

∂xp∂yq
=?

�) f = xyz + ex+y+z,
∂m+n+kf

∂xm∂yn∂zk
=?

>.T �0 �. f : R� → R e0&� A5

f(x, y) =

⎧⎨
⎩ xy

x� − y�
x� + y�

(x, y) �= (�,�) �S�
� (x, y) = (�,�) �S�

�M ���$ 5&6� >.T R#� .$ *Z��M�
 G#�U�
*∂f
∂y

∣∣∣
(x,�)

= x �� x �� ��E� �0 AGB�

*∂f
∂x

∣∣∣
(�,y)

= −y �� y �� ��E� �0 A%

* ∂
�f

∂y∂x

∣∣∣
(�,�)

�= ∂�f

∂x∂y

∣∣∣
(�,�)

A:

5F N+M �0 �M Z#.�$ �. ����q1 5&�0 5&V
� 5�M�
*$+� t�\�� 5���
 � '�. �0 �. ���v 
 ��Q e0�� ��#n<\ 6
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>&\ 6
 4&+� � u = f(x, y, z) e0&� �S� ���� �$���$
.$ e0�� R#� �&��F ���O&0 � ��3 X� ��Y\� .$ 5F ��� �� [��
 �#c)

��?U0 � (�� �#n<\ 6
 X�

f ′(X�) =

−−−−−−−−−−−−−−−−−−−−→(
∂f

∂x

∣∣∣∣
X�

,
∂f

∂y

∣∣∣∣
X�

,
∂f

∂z

∣∣∣∣
X�

)

h(x) = f(x, y, z) e0&� ���0 ����S_ �� �q1 E� �$&� �� &0 ������
$)� 5&�Q �� t� ∈ (x�;x) �M Z#��S�
 ��� � [x�;x] ��E&0 �0

�&��F �X� = (t�, y, z) �S� �M $.�$

f(x, y, z)− f(x�, y, z) = h(x) − h(x�)

= h′(t�) . (x− x�) =
∂f

∂x

∣∣∣
X�

. (x− x�) A�*H C

$)� 5&�Q t� ∈ (z�; z) � t� ∈ (y�; y) $��,� �0&6
 >.T �0
�M ��.�$

f(x�, y, z)− f(x�, y�, z) =
∂f

∂y

∣∣∣
X�

. (y − y�) A�*H C

f(x�, y�, z)− f(x�, y�, z�) =
∂f

∂z

∣∣∣
X�

. (z − z�) AH*H C

�M Z#��S�
 ��� � A;*H C � A�*H C ��"#&\
 &0

∂�f

∂x∂y
(x+ θ�h, y + θ�k) =

∂�f

∂y∂x
(x + θ�h, y + θ�k).

�(x, y) ��Y\� .$ �gc) >&\ 6
 �� ��3 p�O �0 �)� &0 5�M�
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∣∣∣
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∣∣∣
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∣∣
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∣∣
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∣∣∣
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∂f
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∣∣∣
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∂z
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∂x
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∣∣∣∂f
∂y
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− ∂f

∂y

∣∣∣
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+
∣∣∣∂f
∂y
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�
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∣∣∣� < y , −y ≤ x ≤ y
}

∪
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⎧⎨
⎩

xy�

x� + y�
(x, y) �= (�,�)
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 X� ��Y\� .$

�) f = x− y� sin(πx), X� = (�,−�)

�) f = ln(xy), X� = (−�,−�)
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⎧⎨
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xn �

x�
f ′

( y

x�

))
= nxnf

( y

x�

)
= nz

�� B$&U
 .$ z = yf
(
x� − y�

)
e0&� ���$ 5&6� A, .�8�

�#n<\ 6
 �U0&� f 5F .$ �M ���M�
 ��T y�
∂z

∂x
+xy

∂z

∂y
= xz

4E_ p�O N# X� .$ f 5$0 � ��3 �V�#� &0 ]3 *A���QC ("��
��?U0 *("�� �=&M p�O &
� �(�� X� .$ f ��#n<\ 6
 ���0
∂f

∂x

∣∣∣
(�,�)

= lim
x→�

f (x,�)− f(�,�)
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∂f

∂y

∣∣∣
(�,�)

= lim
y→�

f (�, y)− f(�,�)
y − � = lim

y→�

�− �
y

= �

(�,�) .$ f �B� ���$)
 (�,�) .$ f �gc) >&\ 6
 ��U#
*("�� �#n<\ 6


}
e0&� ��#n<\ 6
 �� �
�$ 9�*H !VO

f(x, y) = x ln(x� − y)

R#� .$ *f(x, y) = |x + y| ���M x�= A� .�8�
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�&��F �z =
y�

x
+ f (xy) �S� �M ���$ 5&6� A�

x�
∂z

∂x
− xy ∂z

∂y
= −�y�

�&��F �z = eyf
(
yex�/�y�

)
�S� �M ���$ 5&6� A;(

x� − y�
) ∂z
∂x

+ xy
∂z

∂y
= xyz

�&��F �u = f (y − x) + g (y − �x) �S� �M ���$ 5&6� A�
∂�u

∂x�
+ �

∂�u

∂x∂y
+ �

∂�u

∂y�
= �

� ∂
�f

∂x∂y
= � � z = f(x, y)eax+by �S� �M ���$ 5&6� A�

∂�z

∂x∂y
+ abz = b

∂z

∂x
+ a

∂z

∂y
�&��F

�&��F �z = xg(x+ y) + yf(x+ y) �S� �M ���$ 5&6� AH
∂�z

∂x�
+
∂�z

∂y�
= �

∂�z

∂x∂y

�&��F �z = yf
(y
x

)
+ xg

(y
x

)
�S� �M ���$ 5&6� A8

x�
∂�z

∂x�
+ �xy

∂�z

∂x∂y
+ y�

∂�z

∂y�
= �

�&��F �z = f (x+ g(y)) �S� �M ���$ 5&6� AJ
∂z

∂x

∂�z

∂x∂y
=
∂z

∂y

∂�z

∂x�

�&��F �z = xnf
( y
x

)
+ x�−ng

(y
x

)
�S� �M ���$ 5&6� A7

x�
∂�z

∂x�
+ �xy

∂�z

∂x∂y
+ y�

∂�z

∂y�
= n (n− �) z

.$ �z =
�

y
(f (ax+ y) + g (ax− y)) �S� �M ���$ 5&6� A�

∂�z

∂x�
=
a�

y�
∂

∂y

(
y�
∂z

∂y

)
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��) z = f(x) + g(y) ��) z = f(x+ y) + f(x− y)

��) z = f

(√
x� + y�

)
��) z = f (xy) + g

(
x

y

)

*(��
9Z��M �[�&�
 �. _&0 ��&"� |Q (+� (�� �=&M *!'

y�
(
y × �xf ′

(
x� − y�

))
+ xy

(
f
(
x� − y�

)
+y × (−�y) f ′

(
x� − y�

))
=

= xyf
(
x� − y�

)
= xz

��+- !V60 z = z(x, y) e0&� ���M x�= A
 .�8�
��Y\� .$ �. ∂z

∂x
.��\
 *�O&0 ��O G#�U� x� + y� + z� = �xyz
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 X� = (−�,�,−�)
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�x+ �+ �z
∂z

∂x
= �yz + �xy

∂z

∂x

��� � �X� ��Y\� .$ �� [�&�
 &0 � ∂z

∂x
=

�x− �yz
�xy − �z R#��0&�0

* ∂z
∂x

∣∣∣∣
X�

= −� �M Z#��S�
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*∂
�u

∂t�
= a�

∂�u

∂x�
�&��F �u = f (x− at) + g (x+ at)

9Z#.�$ �x�= �0 �)� &0 *!'

a�
∂�u

∂x�
= a�

∂

∂x

{
∂u

∂x

}

= a�
∂

∂x
{�f ′ (x− at) + �g (x+ at)}

= a� {f ′′ (x− at) + g′′ (x+ at)}
∂�u

∂t�
=

∂

∂t

{
∂u

∂t

}

=
∂

∂t
{−af ′ (x− at) + ag′ (x+ at)}

= a�f ′′ (x− at) + a�g′′ (x+ at)

�z = x + f (xy) x�= &0 � �3&�3 ���S t 6
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∂z

∂x
= �+ yf ′ (xy) , � ∂z

∂y
= �+ xf ′ (xy)
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 (��0 � �$�M mn' �Y0�. �$ R#� R�0 �. f ′ (xy) �&'
*x∂z
∂x

= x+ y
∂z

∂y
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z = xf

(
x

y
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+ yg

(
x

y

)

*��0&�0 z � y �x R�0 g � f .q' 5��0 ���Y0�.
� x �0 (["� ��O �$�$ ��&"� m�@ �$ E� ���S t 6
 &0 *!'



}

t 6
 �������E ��,&1 9�*H !VO

�x = sin t �f = zy�x� ���M x�= A& �'�() ����$
Z�\ "
 !VO �0 >.T R#� .$ *z = ln t � y = cos t

df

dt
=

d

dt

{
(ln t) (cos t)� (sin t)�

}
=

�

t
cos� t sin� t− � ln t cos t sin� t

+� ln t cos� t sin� t = A

�A$O �)� %��*H !VO �0C A�I*H C �
�= N+M �0 �
9Z#.�$

df

dt
=

∂f

∂x

dx

dt
+
∂f

∂y

dy

dt
+
∂f

∂z

dz

dt

=
(
�zy�x�

)
(cos t) +

(
�zyx�

)
(− sin t)

+
(
y�x�

)
(�/t)

= � ln t sin� t cos� t− � ln t cos t sin� t

+ cos� t sin� t(�/t) = A

*y = �/t � x = ln t �f = arcsin (x/y) ���M x�= A, .�8�
>.T R#� .$

df

dt
=

d

dt
{arcsin (t ln t)} =

ln t+ �√
�− (t ln t)�

= A

9Z#.�$ �t 6
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df

dt
=

∂f

∂x

dx

dt
+
∂f

∂y

dy

dt

=

(
�/y√

�− (x/y)�

)(
�

t

)

+

(
−x/y�√
�− (x/y)�

)(−�
t�

)
= A

y = s/t �x = st �f =
√
x� + y� + z� ���M x�= A
 .�8�

>.T R#� .$ *z = s ln t �
∂f

∂t
=

∂f

∂x

∂x

∂t
+
∂f

∂y

∂y

∂t
+
∂f

∂z

∂z

∂t

(�,−�,−�) ��Y\� .$ �. ∂z
∂x

.��\
 �xyz = x� + y� �S� A��
*��0&�0

>.&[, .��\
 �x�+y�+z� = xy+yz+�� �M ��.T .$ A�H
(�,�,−�) ��Y\� .$ �. �xyz ∂z

∂x
+

(
x� + y� + z�

) ∂z
∂y

*���M �[�&�
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 �. ∂�z

∂x∂y
>.&[, �xyz = x� + z� �M ��.T .$ A�8

*���M

�x� + y� + z� =
(
x� + y� + z�

)�
�M ���M x�= A�J∗

*∂
�z

∂x�
� ∂z
∂x

("0�Y


f �M �ax + by + cz = f
(
x� + y� + z�

)
���M x�= A�7

9���M (0&f *�� 0&f $��,� c � b �a � (�� �#n<\ 6
 �U0&�
(cy − bz) ∂z

∂x
+ (az − cx) ∂z

∂y
= bx− ay
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f
(
g(x)

))′ = f ′(g(x)) g′(x) >.T R#�
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 K�Y
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 ��Q e0�� ���0 �. �
�= R#� ��M
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 �#E >.T �0 �. H*�*H �� �q1 E� A8C

�x� �x� �&���v 
 E� �#n<\ 6
 �U0&� f �S� ���� ����$
�t� �&���v 
 E� �#n<\ 6
 �U0&� &� xi E� N# �� � �$0 xn � · · ·
�t� �t� �&���v 
 E� N# �� �0 (["� f �&��F ���O&0 tm � · · · �t�

��?U0 �(�� �#n<\ 6
 tm � · · ·

∂f

∂ti
=

∂f

∂x�

∂x�
∂ti

+
∂f

∂x�

∂x�
∂ti

+ · · ·+ ∂f

∂xn

∂xn

∂ti
A�I*H C

(B	� ���0 *Z�
&��
 ���� �����CB �*�T�: �. �
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�0 �Z��M �$&� �� Z�����
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*$O �)� GB���*H !VO

y = ψ(t) �x = ϕ(t) �u = f(x, y, z) �S� ��M�C� ����$
�#n<\ 6
 c�� t �0 (["� f �&��F ���O&0 �#n<\ 6
 z = θ(t) �

��?U0 � �(��

df

dt
=
∂f

∂x

dx

dt
+
∂f

∂y

dy

dt
+
∂f

∂z

dz

dt
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∂u

∂x
=

∂f

∂t

∂t

∂x
+
∂f

∂s

∂s

∂x
=
�

y

∂f

∂t
+ �

∂f

∂s
=
�

y

∂f

∂t

∂u

∂y
=

∂f

∂t

∂t

∂y
+
∂f

∂s

∂s

∂y
= − x

y�
∂f

∂t
+
�

z

∂f

∂s

∂u

∂z
=

∂f

∂t

∂t

∂z
+
∂f

∂s

∂s

∂z
= �

∂f

∂t
− y

z�
∂f

∂s
= y

∂f

∂s

Z#.�$ 4� ��Y0�. E� � ∂f

∂t
= y

∂u

∂x
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∂u

∂y
= − x

y�

(
y
∂u

∂x

)
+
�

z

(
−z

�

y

∂u

∂z

)
= −x

y

∂u

∂x
− z

y

∂u

∂z

�V�#� ��� �

x
∂u

∂x
+
∂u

∂y
+ z

∂u

∂z
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�) f = x sin (yz) , x = t , y = t�, z = t� ,
df

dt
=?

�) f = y
√
x+ arctan

( z
x

)
, x = sin t, y = cos t ,

z = x� ,
df

dt
=?

�) f =
x+ y

x+ z
, x = st , y =

s

t
, z = s ln t ,

∂f

∂s
=?

�) f =
√
x+ y� + z� , x = uvw , y =

u

v
,

z =
w

u
,
∂f

∂u
=?

�) f = arctan
√
x� + y� , x = sin t , y = cos t ,

df

dt
=?

�) f = x�/� + y�/� , x = ln t , y = et,
df

dt
=?

	) f = x sin y , x = st , y =
s

t
,
∂f

∂t
=?


) f = x �
√
y + y �

√
x , x = s cos t , y = t cos s ,

∂f

∂s
=?

���M (0&f �u =
�

z
(xy lnx) + xf

(y
x
,
z

x

)
x�= &0 A�

x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= u+

xy

z

���M (0&f �u = xnf
( y

xα
,
z

xβ

)
x�= &0 A�I

x
∂u

∂x
+ αy

∂u

∂y
+ βz

∂u

∂z
= nu

=
�x√

x� + y� + z�
(s) +

�y�√
x� + y� + z�

(−s
t�

)

+
�z�√

x� + y� + z�

(s
t

)
∂f

∂s
=

∂f

∂x

∂x

∂s
+
∂f

∂y

∂y

∂s
+
∂f

∂z

∂z

∂s

=
�x√

x� + y� + z�
(t) +

�y�√
x� + y� + z�

(
�

t

)

+
�z�√

x� + y� + z�
(ln t)

*y = r sin θ � x = r cos θ �z = f(x, y) ���M x�= A� .�8�
>.T R#� .$(

∂z

∂r

)�

+
�

r�

(
∂z

∂θ

)�

=
(
∂z

∂x

∂x

∂r
+
∂z

∂y

∂y

∂r

)�

+
�

r�

(
∂z

∂x

∂x

∂θ
+
∂z

∂y

∂y

∂θ

)�

=
(
∂z

∂x
cos θ +

∂z

∂y
sin θ

)�

+
�

r�

(
− ∂z
∂x
r sin θ +

∂z

∂y
r cos θ

)�

=
(
∂z

∂x

)�

+
(
∂z

∂y

)�

�x = st � ��O&0 z � y �x E� �U0&� f �M ��.T .$ A .�8�
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∂f

∂s
=

∂f

∂x
.
∂x

∂s
+
∂f

∂y
.
∂y

∂s
+
∂f

∂z
.
∂z

∂s

=
∂f

∂x
. (t) +

∂f

∂y
.
(
�

t

)
+
∂f

∂z
.
(−t�
s�

)
���$ 5&6� �u = f (y − z, z − x, x− y) ���M x�= A4 .�8�

*∂u
∂x

+
∂u

∂y
+
∂u

∂z
= �

R#� .$ *c = x − y � b = z − x �a = y − z Z��M x�= *!'
9>.T

∂u

∂x
+
∂u

∂y
+
∂u

∂z
=

(
∂u

∂a

∂a

∂x
+
∂u

∂b

∂b

∂x
+
∂u

∂c

∂c

∂x

)

+
(
∂u

∂a

∂a

∂y
+
∂u

∂b

∂b

∂y
+
∂u

∂c

∂c

∂y

)

+
(
∂u

∂a

∂a

∂z
+
∂u

∂b

∂b

∂z
+
∂u

∂c

∂c

∂z

)

=
(
�
∂u

∂a
− ∂u

∂b
+
∂u

∂c

)
+

(
∂u

∂a
+ �

∂u

∂b
− ∂u

∂c

)

+
(
−∂u
∂a

+
∂u

∂b
+ �

∂u

∂c

)
= �

���Y0�. �u = f (x/y, y/z) E� �3&�3 ���S t 6
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 5&6� Δ (f�, f�, · · · , fm)
Δ (x�, x�, · · · , xn)

$&+� &0 � �$+� G#�U�

�0 Rn E� � O&�� F = (f�, · · · , fm) �S� ���� ����$
� · · · �f� �f� ���U#C 5F ����B
 e0�� E� N# �� � �O&0 Rm

.$ F �0M�W �0��0 F′(X�) �>.T R#� .$ *��O&0 �#n<\ 6
 Afm

*(�� X�

F : Rn → Rm R�0M�W �M $O �)� �78����� ����$
L�����	� �&��F �n = m �S� *�O&0�
 m × n ]#��&
 N#

*Z��$�
 5&6� ∂ (f�, f�, · · · , fm)
∂ (x�, x�, · · · , xn)

$&+� &0 �. F j�����k

�z = t� � y = s� �x = st Z��M x�= A& �'�() ����$
>.T R#� .$

Δ (x, y, z)
Δ (s, t)

=

⎡
⎣ ∂x/∂s ∂x/∂t
∂y/∂s ∂y/∂t
∂z/∂s ∂z/∂t

⎤
⎦ =

⎡
⎣ t s
�s �

� �t

⎤
⎦

.$ *z = uvw � y = u� − w� �x = uv Z��M x�= A, .�8�
>.T R#�

∂ (x, y, z)
∂ (u, v, w)

=

∣∣∣∣∣∣
∂x/∂u ∂x/∂v ∂x/∂w
∂y/∂u ∂y/∂v ∂y/∂w
∂z/∂u ∂z/∂v ∂z/∂w

∣∣∣∣∣∣
=

∣∣∣∣∣∣
v u �

�u � −�w
vw uw uv

∣∣∣∣∣∣ = −�u�v

c�� � x = uvw �S ���M x�= A& �0���� $���$
v �u �0 (["� y � x R�0M�W ("0�Y
 �y = u� − v� + w�

*w �
*c = wu�v� � b = vw�u� �a = uv�w� ���M x�= A,
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)
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Δ (z�, · · · , zl)
Δ (x�, · · · , xn)

=
Δ (z�, · · · , zl)
Δ (y�, · · · , ym)

•
Δ (y�, · · · , ym)
Δ (x�, · · · , xn)

�)
Δ (x�, · · · , xn)
Δ (y�, · · · , yn)

=
{

Δ (y�, · · · , yn)
Δ (x�, · · · , xn)

}−�
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)
x�= &0 A��

∂�w

∂x�
+

∂�w

∂x∂y
+
∂�w

∂y�
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(0&f y = er sin θ � x = er cos θ �u = f(x, y) x�= &0 A�;
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∂x�
+
∂�u

∂y�
= e−�r

{
∂�u

∂r�
+
∂�u
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}
9���M
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∂�u
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∂�u

∂r�
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∂�u
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− �∂

�u

∂s�

)

�v = x− y � u = x+ y �w = f (x+ y, x− y) x�= &0 A��
∂w

∂x
× ∂w

∂y
=

(
∂f

∂u

)�

−
(
∂f

∂v
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9���M (0&f
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 �U0&� f �V�#� x�= &0 A�H
�u = f (y + �z − �x, z + �x− �y, x+ �y − �z)

∂u

∂x
+
∂u

∂y
+
∂u

∂z
= � 9���M (0&f
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9��0&�0 u � z �y �x

��) u = f
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z

y�

)
�	) u = x�f(x+ y�, z)

�
) u = f
(
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y

z
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x

z

)
��) u = f(x+ y) + g(x− y)

��) u = f
(
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�

y

)
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(
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�

z

)
��) u = f(x− y, y − z, z − x)
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 E� �+�+U� �0M�W
!VO �0 �. F (O&�� *Z�
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 (O&�� �. �U0�� R��Q

F (x�, · · · , xn) =
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f� (x�, · · · , xn) , · · · , fm (x�, · · · , xn)

)
� �� "� ���v 
−n �U0�� fm � · · · �f� �f� �M �(O� 5���


*��O�
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� O&�� F =
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f�, · · · , fm

)
Z��M x�= ������ ����$
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 F Z�gS�
 ��.T .$ *�O&0 Rm �0 Rn E�
�M $$�S (=&# A ���&
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lim
X→X�

‖F(X)− F(X�)−A(X −X�)‖
‖X −X�‖
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5&6� F′(X�) $&+� &0 � ���
&� X� .$ F ���� �. A ]#��&

9>.T �0 �. F !����k *Z��$�
⎡

⎢⎢⎢⎣
f ′
�

f ′
�***
f ′

m

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
∂f�/∂x� ∂f�/∂x� · · · ∂f�/∂xn

∂f�/∂x� ∂f�/∂x� · · · ∂f�/∂xn

*** *** ***
∂fm/∂x� ∂fm/∂x� · · · ∂fm/∂xn

⎤
⎥⎥⎥⎦
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=
�

−�xy (x− y)�
×

[
�xy − �y� −�t
−�s� �xy − �x�

] [
�s −�t
�s� �t�

]

=
�

−�xy (x− y)�
×

[
�sxy − �sy� − �ts� �ty� − �txy − �t�
�s�xy − �s� − �s�x� �ts� + �t�xy + �t�x�

]
��U# �(�� _&0 ]#��&
 E� (�,�) �� #F.$ ∂y/∂t ��� � .$

∂y

∂t
=
−�ts� + �t�xy + �t�x�

−�xy (x− y)�

= −
t
(
�s� + �xyt+ �tx�

)
�xy (x− y)�

� y = ρ cosϕ sin θ �x = ρ cosϕ cos θ ���M x�= A� .�8�
>.T R#� .$ A���M >&j L
 ���v�C z = ρ sinϕ

∂ (x, y, z)
∂ (ρ, ϕ, θ)

=

=

∣∣∣∣∣∣
cosϕ cos θ −ρ sinϕ cos θ −ρ cosϕ sin θ
cosϕ sin θ −ρ sinϕ sin θ ρ cosϕ cos θ

sinϕ ρ cosϕ �

∣∣∣∣∣∣
= sinϕ

(
−ρ� cosϕ sinϕ cos� θ − ρ� cosϕ sinϕ sin� θ

)
−ρ cosϕ

(
ρ cos� ϕ cos� θ + ρ cos� ϕ sin� θ

)
= −ρ� cosϕ sin� ϕ− ρ� cos� ϕ = −ρ� cosϕ

�0���� ����$
� v = x� + y� + z� �u = x� + y� + z� ���M x�= A�

*∂y/∂v � ∂x/∂v ("0�Y
 *w = x� + y� + z�

�z = u/vw �y = u� − w� �x = uvw� �M ��.T .$ A;
∂x/∂t �� [�&�
 ("0�Y
 �w = t/s � v = s/t �u = st

*∂y/∂s �

�x = arcsin(u/v) �f = x� − y�z �M ��.T .$ A�
�w = −t� � v = t �u = t� �z = uvw �y = tan(u/w)
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*v = cos (x+ y) + y/x � u = x� + y� ���M x�= A�
*u �0 (["� y � x �gc) >&\ 6
 ("0�Y


�v = sin (xy) �u = x� − y� �f = x� + y� ���M x�= AH
*���M �[�&�
 �. df/dt >.T R#� .$ *v = sin t � u = t

*A�[Y1 >&j L
C y = r sin θ � x = r cos θ ���M x�= A8
*���M �[�&�
 �. θ � r �0 (["� y � x R�0M�W 5&��
��$

��.T .$ ��� "� v � u E� �U0�� y � x (�S 5���
 &#F AJ
*v = x�/y� − �/y + x� � u = arcsin (x/y − x) �M

���Q

*Z#.�$ �. A;C ��&"� � ���#n<\ 6
 &� xi �0 (["� c�� &� zi

���q1 R#� t0&Y
 *��
&��
 5�.�� (O&�� �� �q1 �. A�C ��&"�
�O&0 ��T GB&L
 &� xi �0 (["� &� yi R�0M�W 5&��
��$ �S�
5���
 &� yi X"' �0 �. &� xi A�U-
 !VO �0 !1��'C �&��F
(O&�� ���#$ 5&�0 �0 *Z#.�$ �. A�C ��&"� ��?U0 � $+� 5&�0

*(�� �#n<�VU
 (x�, · · · , xn) �→ (y�, · · · , yn)

Z#.�$ &	\ 6
 $)� x�= �0 ��M�C� &���$

�)
∂ (x�, x�, · · · , xn)
∂ (x�, x�, · · · , xn)

= �

�)
∂ (x�, x�, · · · , xn)
∂ (y�, y�, · · · , yn)

= �÷ ∂ (y�, y�, · · · , yn)
∂ (x�, x�, · · · , xn)

�x = uv�w� �M ���M x�= A& �'�() *���$
>.T R#� .$ w = t� � v = t� �u = t �y = (u+ v)/w

Δ (x, y)
Δ (u, v, w)

Δ (u, v, w)
Δ (t)

=

=
[
v�w� �uvw� �uv�w�

�/w �/w −(u+ v)/w�

]⎡
⎣ �

�t

�t�

⎤
⎦

=

⎡
⎣ v�w� + �tuvw� + �uv�w�

w + �tw − �t�u− �t�v
w�

⎤
⎦ =

Δ (x, y)
Δ (t)

("0�Y
 *v = xy−x/y � u = x�+y� ���M x�= A, .�8�
*∂x/∂u

Z#.�$ 8*�*H �� �q1 E� � (+"1 �0 �)� &0 *!'

Δ (x, y)
Δ (u, v)

=
{

Δ (u, v)
Δ (x, y)

}−�
=

[
�x �y�

y − �/y x+ x/y�

]−�

=
�

�x� − �y� + �y + �x�/y�

[
x+ x/y� −�y�
−y + �/y �x

]

��U# �(�� _&0 ]#��&
 (�,�) ���B
 E� >.&[, ∂x/∂u ��� � .$

∂x

∂u
=

x+ x/y�

�x� − �y� + �y + �x�/y�

=
xy� + x

�x�y� − �y� + �y� + �x�

�v = yx� − x� �u = xy� − y� ���M x�= A
 .�8�
*∂y/∂t ("0�Y
 *v = s� + t� � u = s� − t�

&0 *("��$ 5���
 v � u E� �U0�� �. y � x ��� �� B$&U
 �$ E� *!'
*("��$ 5���
 t � s E� �U0�� �. v � u c�� ��F �� B$&U
 �$ �0 �)�

��?U0 *��O&0�
 t � s E� �U0�� y � x ]3

Δ (x, y)
Δ (s, t)

=
Δ (x, y)
Δ (u, v)

Δ (u, v)
Δ (s, t)

=
{

Δ (u, v)
Δ (x, y)

}−� Δ (u, v)
Δ (s, t)

=
[
�xy − �x� x�

y� �xy − �y�
]−� [

�s −�t
�s� �t�
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� J X! ��� � Y 	

= �z
(
x� − y�

) ∣∣∣
Z�

= −�� �= �

5���
 z X"' �0 z� = � E� ��#&"+� N# .$ �. y � x R#��0&�0
��?U0 *$+� 5&�0

∂x

∂z
=
−∂ (f, g)
∂ (z, y)
∂ (f, g)
∂ (x, y)

=
−

∣∣∣∣ �z �y
xy xz

∣∣∣∣
�z

(
x� − y�) =

x
(
y� − z�

)
x
(
x� − y�)

∂y

∂z
=
−∂ (f, g)
∂ (x, z)
∂ (f, g)
∂ (x, y)

=
−

∣∣∣∣ �x �z
yz xy

∣∣∣∣
�z

(
x� − y�) =

y
(
z� − x�

)
z
(
x� − y�)

*Z� = (�,−�,�) � x� + y� + z� = �� ���M x�= A, .�8�
�&��F �f = x� + y� − z� − �� �M $O x�= �S�

∂f

∂x

∣∣∣
Z�

= �x
∣∣∣
Z�

= �

9��?U0 *("��$ 5���
 z � y E� �U0&� �. x �nB �

∂x

∂y
= −∂f/∂y

∂f/∂x
= −�y

�

�x

∂x

∂z
= − ∂f/∂z

∂f/∂x
= −�z

�

�x
= −�z

�

x

�M ���$ 5&6� *f (x, y, z) = c ���M x�= A
 .�8�
*∂x
∂y

∂y

∂z

∂z

∂x
= −�

Z#.�$ �*H*H �� �q1 �0 �)� &0 *!'

∂x

∂y
.
∂y

∂z
.
∂z

∂x
=

(
−∂f/∂y
∂f/∂x

)
.

(
−∂f/∂z
∂f/∂y

)
.

(
−∂f/∂x
∂f/∂z

)
= (−�)� = −�

*xy+y� = uv+v� � x�+y� = u�+v� ���M x�= A� .�8�
*∂x/∂u ("0�Y


Z��M x�= *!'

f = x� + y� − u� − v� , g = xy + y� − uv − v�

>.T R#� .$

∂x

∂u
= −

∂ (f, g)
∂ (u, y)
∂ (f, g)
∂ (x, y)

= −

∣∣∣∣ −�u �y

−v x+ �y�

∣∣∣∣∣∣∣∣ �x �y

y x+ �y�

∣∣∣∣
=

�ux+ �uy� − �vy
�x� + �xy� − �y�

�[�&�
 �. ∂
�z

∂x�
�xy�z� = x + y + z �M ��.T .$ A .�8�

*���M
�&��F �f = xy�z� − x− y − z �S� �M (�� RO�. �_z �� *!'

∂z

∂x
= −∂f/∂x

∂f/∂z
= − y�z� − �

�xy�z� − �
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e0&� 5&�
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 x E� �U0&� 5��, �0 �. y �����
 x� + y� = �x

�$O�
 �h'?
 H*H !VO .$ �M �.@ 5&+� ���� &) �+� .$
�U0&� �x E� ��#&"+� N# .$ �. y 5���+� �&��F x = ±� �S�
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 E�

*$+� G#�U� �. ��+- e0�� 5� 0 &	�F �@ �M (��

m+n &0 �� B$&U
 m ���M x�= ��U�T a2�� � �� ��$�$
�	�
⎧⎪⎪⎪⎨

⎪⎪⎪⎩
f� (y�, y�, · · · , ym, x�, x�, · · · , xn) = c�
f� (y�, y�, · · · , ym, x�, x�, · · · , xn) = c�

***
fm (y�, y�, · · · , ym, x�, x�, · · · , xn) = cm

}
��+- e0&� 9H*H !VO

���M x�= *��O&0�
 $�, &� ci � e0&� &� fi �M ���O&0 ��O �$�$
�Y� = (y��, y��, · · · , y�m) �X� = (x��, x��, · · · , x�n)

��Y\� .$ fm � * * * �f� �f� e0�� �� ��M � Z� = (Y�, X�)

�V�#� ���0 �=&M � 4E_ p�O �>.T R#� .$ *���#n<\ 6
 Z�
�0 �. ym � * * * �y� �y� 5� 0 X� ��Y\� E� ��#&"+� N# .$
�M (�� 5F �$+� G#�U� xn � * * * �x� �x� E� �U0�� !VO
e0�� ym � * * * �y� �y� ���?U0 * ∂ (f�, f�, · · · , fm)

∂ (y�, y�, · · · , ym)

∣∣∣∣
Z�

�= �

� �� "� xn � * * * �x� �x� E� �.�+�

∂yi

∂xj
= −

∂ (f�, f�, · · · , fm)
∂ (y�, · · · , yi−�, xj , yi+�, · · · , ym)

∂ (f�, f�, · · · , fm)
∂ (y�, y�, · · · , ym)

�x� + y� + z� = �	 ���M x�= A& �'�() ��$�$
y � x 5���
 >.T R#� .$ *Z� = (−�,−�,�) � xyz = ��

g = xyz � f = x�+y�+z� x�= &0 ��#E �("��$ z E� �U0&� �.
Z#.�$

∂ (f, g)
∂ (x, y)

∣∣∣
Z�

=
∣∣∣∣ �x �y
yz xz

∣∣∣∣
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�X� = (−�,�,−�) � xy�z� = � �M ��.T .$ A��
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∂x∂y

∣∣∣
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� y e0&� �x ��v 
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x, y, yx, yxx, · · ·
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= �

�S� *A· · · � yxx = y′′ �yx = y′C (�� x �0 (["� y >&\ 6
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 X"' �0 y � x 5&�0 X��� 0 �y = ψ (t, u) � x = ϕ (t, u)

�������E ���,&1 N+M �0 ��O&0 u = u (t) �#�) e0&� � t �#�)
9�&a
 5��, �0 ���#E �(O� 5���
 u � t X"' �0 �. E t 6


yx = yttx =
yt

xt
=
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ttϕt + utϕu
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ψt + utψu
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xt
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ψt + utψu
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�

(ϕt + utϕu)�
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(ψtt + uttψu + utψut) (ϕt + utϕu)

− (ϕtt + uttϕu + utϕut) (ψt + utψu)
}

x�y′′+xy′+y = � !�"����#$ �� B$&U
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�nB �

yxx = (yx)x =
(yx)t

xt
=
�

et

(
�

x
yt

)
t

=
�
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∂
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∂x

)

=
−�(

�xy�z� − �)�
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)

−
(
�y�z� + �xy�z

∂z
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 *u�v� = sin

(
x� + y�

)
*u�+v� = x/y � u�+v� = xy �z = x�+y� ���M x�= AJ
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*∂�z/∂x�
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= �
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*��"#�0 E&0 t � u X"' �0 �.
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 � e0&� ���v� �0
x =

a�u+ b�t+ c�
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∂x∂y
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+
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x� + y�

zy = zuuy + zvvy

=
y

x� + y�
zu − y

x� + y�
zv =

y (zu − zv)
x� + y�

Z��$�
 .��1 �B$&U
 .$ ]3

(x+ y)
x (zu + zv)
x� + y�

− (x− y) y (zu − zv)
x� + y�

= �

��O&0�
 z = f (u− v) 5F �
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+ �
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� v = �/y − �/x �u = x �M �x�zx + y�zy = z� A�
*w = �/z − �/x
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 � w �#�)
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)
wv

]3 �(�� yz + x �0��0 _&0 ��&"� |Q (+� �x�= t0&Y
 &
�
5&�0 �0 *w = f (u) �M $.�$ $)� f e0&� ��U# *wv = � � "#&0
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−�√
��

*$O�
 (M�O 5&#E X)
 � ��$0 �&[ O� �h� $.
 Z�+j� ���U#

.$ � X� ��Y\� .$ �. f e0&� �$�� 
� t 6
 �0���� ��&�$
9���M �[�&�
 v .�$�0 $�� 
�

�) f = x� arctan (y/z) , X� = (�,�,�),
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−−−−−→
(�,−�)

�����'� W�P' 2�+

E� *X� ∈ Df � (�� ���v 
 ��Q �U0&� u = f (x) ���M x�=
�̀ �O &0 y� Z�� ���U#C $O�
 :.&� `&UO (#&	��0 X� ��Y\�

oL6
 5���
 v �V# �$&� .�$�0 N# &0 �. `&UO �� *AX� E�
�0 y� Z�� R#� �� 
�.&3 �� B$&U
 *AN# �@ &0 ��U# �V#C $+�

*$O �)� 8*H !VO �0 *� ≤ t �M (�� t �→ X� + tv !VO

�
&��� u = f (X) e0&� >����v� 5�c�
 ������ ��&�$
(M�' �0 �̀ �O v �= o .�$�0 $�� 
� .$ X� ��Y\� E�X w�� 
 �M
$&+� &0 � ���
&� v �& ��. .$ � X� .$ f �$�� 
� t 6
 �. ��M�


_&0 d�0 �0 �h� *Z��$�
 5&6� Dvf (X�)

Dvf (X�) := lim
t→�

�

t

{
f

(
X� + t

v
‖v‖

)
− f(X�)

}

=
d

dt
f

(
X� + t

v
‖v‖

)∣∣∣∣
t=�

Z� � u = f (X) e0&� ���0 t 6
 �������E ���,&1 E� �$&� �� &0 �
Z#.�$ �r (t) = X� + tv

Dvf (X�) = f ′ (X�) •
v
‖v‖ A�;*H C

�M �O&0 �� t > � ���U#C ��O&0 (	�+� w � v �S� R#��0&�0
*���0��0 w $�� 
� .$ � v $�� 
� � X� .$ f t 6
 �&��F Aw = tv

.$ �. f = x� sin (yz) >����v� 5�c�
 A& �'�() ��&�$
*���M �[�&�
 v =

−−−−−→
(�,�,�) �& ��. .$ � X� = (�,�, π) ��Y\�

9Z#.�$ �*J*H G#�U� �0 �)� &0 *!'

Dvf (X�) = f ′ (X�) •
v
‖v‖

=
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�x sin (yz) , x�z cos (yz) , x�y cos (yz)

)∣∣∣∣∣
X�

•
v
‖v‖

=
−−−−−→
(�, π,�) •

−−−−−→
(�,�,�)

�
=



�

��Y\� .$ �. f = arctan (y/x) e0&� �$�� 
� t 6
 A, .�8�
*���M �[�&�
 v =

−−−−−→
(−�,�) .�$�0 $�� 
� � X� = (�,�)

9Z#.�$ �G#�U� �0 �)� &0 *!'

Dvf (X�) = f ′ (X�) •
v
‖v‖

=
−−−−−−−−−−−−−−−→( −y
x� + y�

,
x

x� + y�

)∣∣∣∣∣∣
X�

•

−−−−−→
(−�,�)√

��
=

��

�
√
��

�$&� �� y � x �&���v 
 E� .�c=� R�O&
 N# ��UB&Y
 .$ A
 .�8�
>&UY1 $��U� �M (�� �$0 R#� >&\�\�� ���� � � �(�� ��O
R�O&
 ���M (�U-� �S� *(�� f = x�y − y� �0��0 %���



&0 ���U# *$0 ���� Dmax = ‖f ′ (X�) ‖ = � .&M �̀ �O .$
�(=&# ���� u#�c=� � (,�� &0 (M�O $� �Z�+j� R#� {&L��

$.
 �� .$ �. Dmin � vmin �Dmax �vmax �0���� %�&�$
9��0&�0

�) f = x� + xy + y�, X� = (−�,�)

�) f = ln
(
x� + y� − �

)
+ y sin z, X� = (�,�, π)

�) f = x�
√
y + y�

√
x, X� = (�,�)

�) f = ln(xy) + ln (y/z)− x, X� = (�,�,�)

�) f = x�/�− y�/�+ �xy, X� = (�,−�)

�) f = z arctan (x/y) + xyz, X� = (−�,�,−�)

���M x�= ����
C)� bCc) �	
U5 ��.�� &�&�$
� (�� f �� �
�$ E� ���Y\� X� = (x�, y�) �z = f (x, y)

xy ����T �0 $+, �����T X� ��Y\� E� *v =
−−→
(a, b) �= 0

.$C ���.nS 5���
 ��O&0 !
&O c�� �. v =
−−−−→
(a, b,�) .�$�0 �M

Z��M x�= *$O �)� 8*H !VO �0 A(�� v×k 5F �&
�� �e1��
R#� .$ *Z�
&�0 C A����
C �. ���T R#� � f .�$+� $.��0 !�


!VO �0 �. C ����
 >.T

C : r (t) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
(x� + at, y� + bt, f (x� + at, y� + bt))

E� $0 ���� >.&[, Dvf (X�) 5�M� *$�M �� 
�.&3 5���

���#��E (����&� &0 ���U# r(�) ��Y\� .$ C �0 /&+
 y� X�O
*(�� �0��0 �$E&��
 xy ����T &0 r (�) ��Y\� .$ C �0 /&+
 �M

*$O �)� J*H !VO �0
���0 ��[U� R#� �$0 .��\
 ��_&0 �U0 &0 �&�&q= .j� �l�&�Q
��U0 . . . � k�3 �.&	Q �&�&q= .$ ���v 
 . . . � .&	Q ��� e0��

�$0 (�.$
}

�$�� 
� t 6
 ����� ��[U� 9J*H !VO

��Y\� .$ �M f ����v 
 �$ e0&� �� ��E� �0 �M ���$ 5&6� AJ
� Dif (X�) =

∂f

∂x

∣∣∣
X�

Z#.�$ �(�� �#n3 t 6
 X�

*Djf (X�) =
∂f

∂y

∣∣∣
X�

]<� � �5&�0 ���v 
 �� e0�� ���0 J R#�+� �0&6
 ZV' A7
*���M �. 5F (0&f

R#� �Z��M�
 �h'?
 �. A�C ;*J*H �&a
 ��&3 �M �
&���
�(�� �&[ O� ��O %&L �� (�&�� �S� 9�M $O�
 K�Y
 ����
�(�� 4��M (�&�� R#� 	0 �(�� 4��M ^��T (�&�� ]3

*(�� �#E �� �q1 .$ u��3 �$ R#� %�)

X� .$ u = f (X) e0&� ���M x�= ���� ��&�$
��Y\� .$ f e0&� >����v� �aM��' �>.T R#� .$ *(�� �#n<\ 6

���� � � �$�#n3�
 >.T vmax = f ′ (X�) .�$�0 $�� 
� .$ X�

��0&6
 >.T �0 *�O&0�
 Dmax = ‖f ′ (X�)‖ &0 �0��0 .&M
$�� 
� .$ X� ��Y\� .$ f e0&� >����v� !1��' �M $$�S�
 ��� �
&0 �0��0 .&M ���� � � �$�#n3�
 >.T vmin = −f ′ (X�) .�$�0

*�O&0�
 Dmin = −‖f ′ (X�)‖

��=�@ E� *$O �)� A�;*H C �
�= �0 (�� �=&M ������

v R�0 �� #��E α �M �(�� ‖f ′(X�)‖ cosα �0��0 5F (��. (+�
(0&f c�� ‖f ′(X�)‖ �(�� (0&f f 5Q *�O&0�
 f ′(X�) �
�M (�� �aM� �' ��.T .$ %�q�T&' ��� � .$ � �(��
(	) Z� ‖f ′(X�)‖ � v �#&0 R#��0&�0 *α = � &# �cosα = �

Z�����
 �("�� Z	
 �$�� 
� t 6
 .$ .�$�0 �@ 5Q *��O&0
�$�� 
� t 6
 .��\
 �(B&' R#� .$ *Z#���0 f ′(X�) �0��0 �. v

>.T �0 !1� �' (B&' *$O�
 ‖f ′(X�)‖ × � = ‖f ′(X�)‖
� *$$�S�
 d�0 �0&6


Z�+j� R#� 	0 *A�C ;*J*H �&a
 �� 
�$� A& �'�() $�&�$
E� (�� >.&[, �$$�S�
 %��� >&UY1 !1��' X)
 �M

vmin = −f ′ (X�) =
−−−−−−→
(−�,−�)

.&M �̀ �O .$ (�&�� R#� �&+,� ���� �

Dmin = −‖f ′ (X�) ‖ = −�
√
�

&0 %��� >&UY1 $��U� �Z�+j� R#� {&L�� &0 ���U# *$0 ����
��0&#�
 u�&M −�

√
� ≈ −��� (,��

X)
 �M Z�+j� R#� 	0 *A�C ;*J*H �&a
 �� 
�$� A, .�8�
E� (�� >.&[, �$O�
 �h� $.
 (M�O ���0 $� �aM��'
(�&�� R#� �&+,� ���� � *(�� vmax = f ′ (X�) =

−−−−−−−→
(�,�,−�)



d�f
∣∣∣
X�

= {�}X�
dx� + �

{
�y�

}
X�

dx�dy

+� {��xy}X�
dxdy� +

{
�x�

}
X�

dy�

= �
dx�dy − ��dxdy� + �dy�

d�f
∣∣∣
X�

= {�}X�
dx� + � {�}X�

dx�dy

+� {��y}X�
dx�dy� + � {��x}X�

dxdy�

+ {�}X�
dy�

= 	�dx�dy� − �
dxdy�

d�f
∣∣∣
X�

= {�}X�
dx� + � {�}X�

dx�dy

+�� {�}X�
dx�dy� + �� {��}X�

dx�dy�

+� {�}X�
dxdy� + {�}X�

dy�

= ���dx�dy�

d�f
∣∣∣
X�

= d�f
∣∣∣
X�

= · · · = �

*dy = y − � � dx = x+ � &��#� .$ �M
>.T R#� .$ *X� = (�,�) � f = x/y ���M x�= A, .�8�

df
∣∣∣
X�

=
{
�

y

}
X�

dx+
{−x
y�

}
X�

dy = dx − dy

d�f
∣∣∣
X�

= {�}X�
dx� + �

{−�
y�

}
X�

dxdy

+
{
�x

y�

}
X�

dy�

= −�dxdy + �dy�

d�f
∣∣∣
X�

= {�}X�
dx� + � {�}X�

dx�dy

+�
{
�

y�

}
X�

dxdy� +
{−�x

y�

}
X�

dy�

= �dxdy� − �dy�

*dy = y − � � dx = x− � &��#� .$ �M

z = f (x, y) e0&� 4� k �� [��
 &� !�"����#$ �0���� ��*�$
9��0&�0 X� ��Y\� .$ �.

�) f = x arctan y, X� = (�,−�) , k = �

�) f =
√
x� + y�, X� = (�,�) , k = �

�) f = x�y� − x/y, X� = (�,−�) , k = �

�) f = ln |x� − y�|, X� = (�,�) , k = �

�) f = ex�+y� , X� = (�,�) , k = ��

�) f = tan (x/y) , X� = (�,�), k = �

e0�� ���0 �. 4� k �� [��
 .��� y"0 � 4� k �� [��
 !�"����#$ A5∗

��M (B&' .$ *���M �M{ �B&a
 N# �� E� � �$�M G#�U� ���v 
 ��
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 5F �&���v 
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��Y\� .$ z = f (x, y) ���M x�= ������ ��*�$
4� k �� [��
 &� �#c) >&\ 6
 ��.�$ � � ��3 X� = (x�, y�)

dx = �x = x− x� �S� �>.T R#� .$ *�O&0�
 X� .$ � ��3
>.T �0 �. X� .$ f >�E��6�� dy = �y = y − y� �

df
∣∣∣
X�

:=
∂f

∂x

∣∣∣
X�

dx+
∂f

∂y

∣∣∣
X�

dy

�0 �. X� .$ f 4�$ �� [��
 !�"����#$ ��
�$� .$ *Z��M�
 G#�U�
>.T

d�f
∣∣∣
X�

:=
∂�f

∂x�

∣∣∣
X�

dx� + �
∂�f

∂x∂y

∣∣∣
X�

dxdy +
∂�f

∂y�

∣∣∣
X�

dy�

X� .$ f 4� k �� [��
 !�"����#$ �����M (B&' .$ *Z��M�
 G#�U�
!VO �0 �.

dkf
∣∣∣
X�

:=
k∑

i=�

(
k

i

)
∂kf

∂ix∂k−iy

∣∣∣
X�

dxidyk−i

E� Ǳ�O m %&L ��
(
n

m

)
=

n!
m! (n−m)!

�M �Z��M�
 G#�U�
*�O&0�
 Ǳ�O n R�0

��v 
 �$ �M ��U
 R#� �0 �(�� ���v 
 .&	Q dkf �M $O �)�
� dx �&	��"����#$ ���0 (x, y) ��v 
 �$ � X#��- ���0 (x�, y�)

df : R� → R ��Y0&- �&��F �k = � ?z a
 �S� ���#$ 5&�0 �0 *dy
9(�� R��Q

(x�, y�;x, y) �→
∂f

∂x

∣∣∣
(x�,y�)

(x− x�) +
∂f

∂y

∣∣∣
(x�,y�)

(y − y�)

��v 
 �0 (["� dkf ���?U0

ΔX := X −X� = (x, y)− (x�, y�) = (dx, dy)

*�O&0�
 4� k �� [��
 R�+� ����+) ��Q

� f = x�y� �M ���M x�= A& �'�() ��*�$
9>.T R#� .$ *X� = (−�,�)

df
∣∣∣
X�

=
{
�xy�

}
X�

dx+
{
�x�y�

}
X�

dy

= −�dx+ �dy

d�f
∣∣∣
X�

=
{
�y�

}
X�

dx� + �

{
�xy�

}
X�

dxdy

+
{
�x�y

}
X�

dy�

= �dx� − ��dxdy + �dy�



f = x�y� e0&� 4� �� [��
 .��� y"0 A& �'�() $�*�$
*��0&�0 X� = (−�,�) ��Y\� .$ �.

9Z��M�
 �$&� �� A�C ;*7*H �&a
 .$ >&[�&�
 E� *!'

x�y� = {�} + {−�dx+ �dy}
+
�

�

{
�dx� − ��dxdy + �dy�

}
+
�

�

{
�
dx�dy − ��dxdy� + �dy�

}
+O

(
(X −X�)

�

)
= �− �dx+ �dy + dx� − �dxdy + �dy�

+�dx�dy − �dxdy� + dy�

+O
(
(X −X�)

�

)
��Y\� .$ �. f = x/y e0&� 4� �� [��
 .��� y"0 A, .�8�

*��0&�0 X� = (�,�)

9Z��M�
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 .$ >&[�&�
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x

y
= {�}+ {dx− dy}+

�

�

{
−�dxdy + �dy�

}
+
�

�

{
�dxdy� − �dy�

}
+O

(
(X −X�)

�

)
= �+ dx − dy − dxdy + dy� + dxdy�

−dy� +O
(
(X −X�)

�

)
9�&a
 5��, �0

����
���� ≈ �+ dx− dy

= �+ (����)− (−����) = ����
����
���� ≈ �+ dx− dy − dxdy + dy�

= ����− (����) (−����) + (−����)�

= ������
����
���� ≈ �+ dx− dy − dxdy + dy� + dxdy� − dy�

= ������ + (����) (−����)� − (−����)�

= ��������

�� [��
 (1$ &0 �. ((���)�+(���)�
)�/� �[#�\� .��\
 A
 .�8�

*���M �[�&�
 4�$
*k = � � X� = (�,�) �f (x, y) =

√
x� + y� &��#� .$ *!'

&0 (�� �0��0 &z[#�\�
√
x� + y� ��� � .$

{√
x� + y�

}
X�

+

({ x√
x� + y�

}
X�

dx+
{ y√

x� + y�

}
X�

dy

)

+
�

�

({ y�

(
√
x� + y�)�

}
X�

dx�

+�
{ −xy

(
√
x� + y�)�

}
X�

dxdy +
{ x�

(
√
x� + y�)�

}
X�

dy�

)
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� ��3 � $)
 X� ��Y\� .$ z = f (x, y) e0&� 4� (k + �)

9�M $.�$ $)� z = h (x, y) �U0&� �&��F ���O&0

GB�C f (X) = f (X�) + df
∣∣∣
X�

+
�

�
d�f

∣∣∣
X�

+ · · ·

· · ·+ �

k!
dkf

∣∣∣
X�

+ h (X)

%C lim
X→X�

h (X)
‖X −X�‖k

= �

.$ *��
&��
 X� �� f Y�k )* $	�� ��"# ���	 �. z = h(x, y) e0&�
9Z�"#��
 >.T R#�

f (X) = f (X�) + df
∣∣∣
X�

+
�

�
d�f

∣∣∣
X�

+ · · ·

· · ·+ �

k!
dkf

∣∣∣
X�

+O
(
(X −X�)

k
)

*Z�
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 X� .$ 4� k �� [��
 .��� y"0 �. !T&' >.&[, �

R#� .$ *ϕ(t) = f(x� + tΔx, y� + tΔy) Z��M x�= ������
Z#.�$ t 6
 �������E ���,&1 E� �$&� �� &0 �>.T

ϕ′(t) = fx(x� + tΔx, y� + tΔy) .Δx

+fy(x� + tΔx, y� + tΔy) .Δy

ϕ′′(t) = fxx(x� + tΔx, y� + tΔy) .Δx�

+� . fxy(x� + tΔx, y� + tΔy) .ΔxΔy

+fyy(x� + tΔx, y� + tΔy) .Δy�

***

Z#.�F�
 (��0 �Z��M �[�&�
 t = � �. &	�F �S� �M

ϕ(�) = f(x�, y�)

ϕ′(�) = fx(x�, y�) .Δx + fy(x�, y�) .Δy

ϕ′′(�) = fxx(x�, y�) .Δx
� + � . fxy(x�, y�) .ΔxΔy

+fyy(x�, y�) .Δy
�

***

��� � .$
f(x� + tΔx, y� + tΔy) = ϕ(t)

= ϕ(�) + ϕ′(�) . t+ ϕ′′(�) .
t�

�
+ · · ·

= f(x�, y�) +
(
fx(x�, y�) .Δx+ fy(x�, y�) .Δy

)
. t

+
(
fxx(x�, y�) .Δx

� + � . fxy(x�, y�) .ΔxΔy

+fyy(x�, y�) .Δy
�

)
.
t�

�
+ · · ·

� *t = � Z��$ .��1 ��&"� R#� .$ (�� �=&M 5�M�



X ��� � Y 	 � E

�) f = ex�+y� , X� = (�,�) ,

k = �� X = (�,�����)

�) f = ln (x+ y + �) , X� = (�,−�) ,

k = � X = (����,−�����)

�) f = x/(x+ �y), X� = (−�,�) ,

k = � X = (−���,���)
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e0&� �U-
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=
∂f

∂x

∣∣∣
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 �0&6
 >.T �0 �y ��v 
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���
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dx− �

�
dx� +

�

�
dx� − · · ·

)

= dx− �
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R�V� p&\� ]3 *(�� �#n3t 6
 R� !M �0 f >.T R#� .$
p�O �R#��0&�0 *Af ′ = 0 ���U#C ��O&0 ������
 4�$ ̀� E�

9Z��M�
 t�\�� �. f ′(x, y) = 0

{
�x� + �y = �

�y� + �x = �
⇒

{
x� = −y
y� = −x

⇒
{

x	 = x

y� = −x ⇒
{
x = ±�,�
y = −x

�X� = (�,�) R�V� ��Y\� �� ��.�$ e0&� R#� ]3
t 6
 5
EF �&' *�O&0�
 X� = (−�,�) � X� = (�,−�)

�V�#� �0 �)� &0 *Z#��S�
 .&M �0 �. 4�$

A =
∂�f

∂x�
= ��x� , B =

∂�f

∂y�
= ��y� , C =

∂�f

∂x∂y
= �
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� �� �� � ��
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√
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p&\� .$ f A]3 �(�� ��&
�\
 f 5QC �M (=�S ��� � 5���

f R�V� p&\� �C p&\� ��+� � ("�� �#n3t 6
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R#� �0 Int(D) : x� + y� < � �0 f ′ = 0 p�O ���?U0 *�� "�
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√
�− x� − y� − x�y√

�− x� − y�
= �

x

√
�− x� − y� − xy�√

�− x� − y�
= �

⇒
{
y(�− �x� − y�) = �

x(�− x� − �y�) = �

*�O&0 y = ±
√
�/� &# �−�y� = � �#&0 �&��F �y �= x = � �S�

x = ±
√
�/� &# � − �x� = � �#&0 �&��F �x �= y = � �S�
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 5Q
$)� X�Y
 R#� t�\�� ���0 Z�\ "
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� $)
 X� R�V� ��Y\� .$ u = f(x, y) e0&� 4�$ �� [��
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, C =
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∣∣∣∣∣
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Adx� + �C dxdy +B dy�

)
*C = fxy(X�) � B = fyy(X�) �A = fxx(X�) 5F .$ �M

>.T �0 �. 5F �A �= � �l�&�Q

f(X)− f(X�) ≈
�

�A
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(Adx+ C dy)� +Ddy�
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 *(O� 5���
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 X� E� ��#&"+� N# .$ (��. (+� >.&[, �&��F
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�M $.�$ $)� �.@ X� � X� p&\� �5F E� ��LB$
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 (�� �=&M 5�M�
9Z��M�
 oL6
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y�(S − x� − �xy)/(x + y)� = �

x�(S − y� − �xy)/(x + y)� = �

⇒
{
x� + �xy = S

y� + �xy = S
⇒

{
x = y

�x� = S

p�O &0C V R�V� ��Y\� &	�� ��U# *x = y =
√
S/� ��� � .$
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� *�O&0�
 X� =
(√
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√
S/�

)
��Y\� A� < y � � < x
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= −
√
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B =
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√
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√
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√
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√
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√
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√
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f(X) = f(X�) � max
X∈D
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9A$O �)� GB���I*H !VO �0C ��M eY1 �. AD Z+ 
 ���U#C
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 �&	

� "M�

��) f = �xy − �x� − �y� + �x− �
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x
+
x�

y
+
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+
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�
) f = xyz
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4
� "M� �� B&"
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���*H !VO �0 �Z��M�
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 G#�U� D !M �0 � (��
R =&# ���0 *�O&0�
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9Z��M�
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�y − � = �
=⇒

{
x = �
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9Z��M�
 �UB&Y
 ��&S��) .@ �0 �.

OA : (x,�) ; � ≤ x ≤ π
f(π,�) = f(�,�) = � ≤ f(x,�) = sinx

≤ � = f (π/�,�)

AB : (π, y) ; � ≤ y ≤ �π , f(π, y) = �

BC : (x,�π) ; � ≤ x ≤ π
f(π,�π) = f(�,�π) = � ≤ f(x,�π) = sinx

≤ � = f (π/�,�π)

CO : (�, y) ; � ≤ y ≤ �π , f(�, y) = �

p&\� .$ �M (�� � �0��0 D �0 f 4+#cM&
 � ̀+�
 .$ ]3
−� �0��0 D �0 f 4+���
 � $O�
 .&� �� (π/�,�π) � (π/�,�)
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 .&� �� (π/�, π) ��Y\� .$ �M (��
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 .�8�
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 �0 �.
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��U
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�− �x = �

�− �y = �
⇒

{
x = �

y = �
⇒ X� = (�,�)

E� (�� >.&[, D E�
 *f(X�) = � ��?U0 �(��

∂D : x� + y� = �

>.T �0 �M

∂D : r(t) =
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� cos t,� sin t
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; � ≤ t ≤ �π

Z��M�
 G#�U� �X���� R#� �0 *$O�
 �� 
�.&3

g(t) := f
(
r(t)

)
= −�+ � cos t+ � sin t

(�;�π) �0 g′(t) = � p�O *$O �UB&Y
 [�;�π] �0 � "#&0 �M
&# � t = ∂π/� �nB � �(�� − cos t + sin t = � ��U
 �0
g(π/�) = −�+�

√
� �g(�) = g(�π) = � 5Q *t = �π/�
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√
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−
√
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√
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−
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√
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�
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� g(�) = � 5Q � �x = � ��U# g′ = � p�O *Z�0&�0 [�;�]
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 � $O�
 .&� ��

*$$�S�
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� g(�) = −� 5Q � �x = � ��U# g′ = � p�O *Z�0&�0 [�;�]
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 � $O�

*$$�S�


��,+�
 �0 �. f = sinx cos y e0&� ��S��= �&	
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�R#��0&�0 �C ��&a�a
 �U0&� f � (�� .�����M � � "0 D 5Q
f � �$�6= Ds ]3 �$$�S�
 G#�U� D !M �0 � (�� A��&
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cosx cos y = �

− sinx sin y = �
⇒
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cosx &# cos y = �

sinx &# sin y = �

⇒
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cosx = sin y = �

cos y = sinx = �

&	�� �∂D : � < x < π,� < y < �π �V�#� �0 �)� &0 ]3
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 �0 u = f(X)
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*f ′(X�) = λg′(X�) �M

�0 �. f = xy e0&� �&	

� "M� A& �'�() �����$
*��0&�0 x+ y = � p�O

E� (�� >.&[, ����S_ p�O � g = x + y − � &��#� .$ *!'
�R#��0&�0 *−−−→(y, x) = λ

−−−→
(�,�)⎧⎨

⎩
y = λ
x = λ
x+ y = �

⇒
⎧⎨
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x = λ
y = λ
�λ = �
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�

�
,
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�

)

�(�� �U-
 4+#cM&
 N# �Y\� R#� *f(X�) = �/� �M
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 ���M�
 .&� �� c�� �. �� +M .��\
 f 5F m��@� .$ ��#E
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p�O �0 �. f = x − �y + �z e0&� �&	

� "M� A, .�8�
*��0&�0 x� + y� + z� = �
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Z#.�$ �λ �= � �#&0⎧⎪⎪⎨
⎪⎪⎩

�λx = �

�λy = −�
�λz = �

x� + y� + z� = �

⇒

⎧⎪⎪⎨
⎪⎪⎩

x = �/�λ
y = −�/λ
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⇒
⎧⎨
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√
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�) f = x� + y� + �xy − x− y + �,

D : � ≤ x ≤ �,� ≤ y ≤ �

�) f = �x� + xy − y, D : x� + y� ≤ �y

�) f = sinx+ sin(x+ y), D : � ≤ x ≤ π,� ≤ y ≤ �π

�) f = sinx sin y sin(x+ y), D : � ≤ x ≤ π,� ≤ y ≤ π

�) f = sinx cos y, D : � ≤ x ≤ π,� ≤ y ≤ π − x

�) f = x� − �xy + y� + x− �,

D : � ≤ x ≤ �, x ≤ y ≤ �

	) f = x� + y� − ��x+ ��y, D : x� + y� ≤ ��


) f = x� + �y� + �z�, D : x� + y� + z� ≤ ���

�) f = x+ y + z, D : x� + y� ≤ z ≤ �

��) f = x� + y� + z� + �x+ �y − �z,
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 .$ �Z#�#$ �I*H uL0 .$ ?z [1 �M .Y�&+�
� $+� oL6
 5���
 �. f �� �
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 ��� � A�C � A;C �A�C >_$&U
 E� �&��F �λ = � �S�
�#&0 ]3 *$.�$ $&q� A�C �� B$&U
 &0 �M x = y = z = �

&# �M $O�
 ��� � A�C �� B$&U
 E� >.T R#� .$ &
� *λ �= �

λ = � p�O E� &
� *λ = � >.T R#� ��b .$ &# � x = �

�R#��0&�0 *y = z = � $O�
 ��� � A�C � A;C >_$&U
 �
p&\� ���U# *x = ±��&# x� = ��� Z#.�$ A�C �� B$&U
 E�
�0 *$O�
 !T&' X� = (−��,�,�) � X� = (��,�,�)

�X� = (�,−��,�) �X� = (�,��,�) p&\� ��0&6
 >.T
E� *$$�S�
 !T&' X� = (�,�,−��) � X� = (�,�,��)

� f(X�) = f(X�) = ��� �f(X�) = f(X�) = ��� �=�@
D �0 f 4+#cM&
 � ̀+�
 .$ ]3 *f(X�) = f(X�) = ���

� �0��0 5F 4+���
 � ��$�
 �. X� � X� p&\� .$ � ��� �0��0
*��$�
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 XUV
 AGB� 9��*H !VO
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�) f = xy, x�/
+ y�/� = �

�) f = �x+ �y, x� + y� = �

�) f = x� + y�, x/a+ y/b = �

�) f = Ax� + �Bxy + Cy�, x� + y� = �

�) f = cos� x+ cos� y, x− y = π/�

�) f = x+ �y + �z, x� + y� + z� = �

	) f = sinx sin y sin z, x+ y + z = π/�


) f = x� + y� + z�, x�/a� + y�/b� + z�/c� = �,

� < a < b < c

�) f = xmynz	, x+ y + z = a, � < m,n, �, a

��) f = x+ y + z − � �
√
xyz, �

√
x+ �
√
y + �
√
z = �

>&j L
 ���[
 &� ax+by+c = � y� E� �Y\� R#� V#$c� A��
*��0&�0 �.

5S�q�0 .$ p&�
 � �aM��' Z�' &0 !�Y "
 XUV
 A
 .�8�
*��0&�0 �. x�/a� + y�/b� + z�/c� = � �� B$&U
 �0

&	�� &q= E� Z 6� N# �� .$ �M Z��M x�= Z�����
 *!'
�=&M �5.&\� !�B$ �0 � 9$.�$ .��1 !�Y "
 XUV
 E� /��. N#
Z��M x�= *Z#���0 �h� .$ ��� Z 6� N# .$ �. !VO (��
.��1 ��� Z 6� N# .$ �M !�Y "
 XUV
 E� /��. 5F >&j L

!�Y "
 XUV
 Z�' �>.T R#� .$ *(�� (x�, y�, z)) �$.�$
4+#cM&
 �M (�� �=&M ]3 *(�� f = 
x�y�z� �0��0 !T&'
p�O *Z�0&�0 g = x�/a� + y�/b� + z�/c� = � p�O �0 �. f

�M $.�$ $)� �� λ $�, �M (�� ��U
 R#� �0 ����S_

−−−−−−−→
(yz, xz, xy) = λ

−−−−−−−−−−−−−−−−−→(
�x/a�,�y/b�,�z/c�

)
�&��F �λ �= � �S� �R#��0&�0⎧⎨

⎩
yz = �xλ/a�

xz = �yλ/b�

xy = �zλ/c�
⇒

⎧⎨
⎩

xyz = �λx�/a�

xyz = �λy�/b�

xyz = �λz�/c�
⇒

⇒
⎧⎨
⎩

�λ/� = �λx�/a�

�λ/� = λy�/b�

�λ/� = �λz�/c�
⇒

⎧⎨
⎩

x� = a�/�

y� = b�/�

z� = c�/�

�(�� e1�� ��� Z 6� N# .$ (x, y, z) Z#$0 �$�M x�= 5Q �M

��#$ 5&�0 �0 *z = c

√
�

�
� y = b

√
�

�
�x = a

√
�

�
R#��0&�0

XUV
 ���U# *f(X�) =

√
�

�
abc �M �X� =

√
�

�
(a, b, c)√

�

�
a ×

√
�

�
b ×
√
�

�
c $&U0� �0 �#&0 Z�' �aM��' &0 !�Y "


���*H !VO �0C $0 ���� 


�

√
�abc �0��0 5F Z�' � �O&0

*A$O �)� GB�
D : �S �0 f = x� + �y� + �z� e0&� 4
� "M� A� .�8�

*��0&�0 �. x� + y� + z� ≤ ���
9Z�0&#�
 �. Int(D) .$ f R�V� p&\� �� 0� *!'

f ′ = �⇔ �x = �y = �z = �⇔ X� = (�,�,�)

N# �M Z�0&#�
 �. D �� [B �0 f 4
� "M� �&' *f(X�) = � �M
��U
 �0 �B&�"
 R#� *∂D : x� + y� + z� = ��� 9(�� ��M

p�O �0 f 4
� "M� R =&#

g = x� + y� + z� − ��� = �

�(B&' R#� .$ *�O&0�
 p��6
 4
� "M� �� B&�"
 N# �M �(��
Z#.�$

{
f ′ = λg′

g = �
⇔

⎧⎪⎪⎨
⎪⎪⎩

�x = �λx (�)
�y = �λy (�)
�z = �λz (�)
x� + y� + z� = ��� (�)
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�0 �. f = xyz e0&� �&	

� "M� A� � '�() *����$
*��0&�0 x� + y� + z� = � c�� � x+ y + z = � �V�#� p�O

p�O *g� = x� + y�+ z�−� � g� = x+ y+ z &��#� .$ *!'
��U
 �0 ����S_

−−−−−−−−→(
yz, xz, xy

)
= λ
−−−−−→(
�,�,�

)
+ μ
−−−−−−−−→(
�x,�y,�z

)
��#$ 5&�0 �0 �(��

⎧⎨
⎩

yz = λ+ �μx
xz = λ+ �μy
xy = λ+ �μz

⇒
⎧⎨
⎩

xyz = λx + �μx�

xyz = λy + �μy�

xyz = λz + �μz�
A��*H C

5$�M e+) E� �x� + y� + z� = � � x + y + z = � 5Q �M
y �x R#��0&�0 *�xyz = �μ �M Z#.�F�
 (��0 ���&"� �� R#�
*���M�
 ��T �μx� + λx = �/�μ 4�$ ��).$ �� B$&U
 .$ z �

9Z#��S�
 �h� .$ �. �#E �&	 B&'

!1�_ �nB � xy = xz = yz = � �&��F �λ = μ = � �S� AGB�
�x+y+z = � �#&0 5Q � �����T z � y �x $��,� E� &� �$
�(�� �&�
 R#� �M �B&' .$ �(�� ��T c�� ��U0 $�,
RV+
 (B&' R#� ]3 *x� + y� + z� = � � "#&0 ��#E

*("��

�0��0 x X"' �0 �� B$&U
 %�) �&��F �λ �= μ = � �S� A%
RV+
 �M x = y = z = � Z� E&0 ]3 �(�� x = �

*("��

RV+
 �M x = y = z = �
√
�/� �&��F �μ �= λ = � �S� A:

*x+ y + z = �
√
� >.T R#� .$ ��#E �("��

��� � A��*H C >_$&U
 E� �&��F �λ �= � �= μ �S� A$
Z#��S�


λ(x − y) = −�μ(x� − y�) ,
λ(x− z) = −�μ(x� − z�) ,
λ(y − z) = −�μ(y� − z�)

Z#��S�
 �h� .$ �. �#E �&	 B&' 5�M�

�&��F ���O&0 >�&� 
 z � y �x �S� (a

x+ z = x+ y = y + z = − λ

�μ

�M $O�
 ��� � !-&�� &0 ]3

x− y = y − z = z − x = �

*(�� �1&�� �M

� �I �0��0 5&60�q�T&' �M ��0&�0 �.@ ([a
 $�, �$ A�;
*�O&0 !1��' 5&6,+�


x� + y� = 
x + �	 ���#�$ &� x + �y = �� y� �� �T&= A��
*��0&�0 �.

x�/a�+y�/b� = � �q�0 .$ ('&"
 �aM��' &0 !�Y "
 A��
*���M p&�


�0 ����M .$ �M ��0&�0 �. �E&0 � . �� �� �� `&��.� � `&UO A�H
*$+� 5���
 p&�
 R `&UO

x�+y�+z� = �� ���M E� (x, y, z) >&j L
 �0 ��Y\� �S� A�8
R#��$�� � R#� 
�S ��O&0 T = x−�y+�z �&
$ ��.�$

*��0&�0 �. ��M ^Y� ��Y\�

>&��T �0 5F �)� �� �M ��0&�0 �. ���Y "
 XUV
 A�J
5F /��. N# � $.�$ .��1 ��� Z 6� N# .$ �(�� ��&j L

*� < a, b, c �M �$.�$ .��1 x/a+y/b+z/c = � ����T �0

� (0&f &	�F ̀+�
 �M ��0&�0 �.@ ([a
 $�, �� A�7
*(�� �aM��' 5&60�q�T&'

�M ���M �'��@ �.@ �. !�Y "
 XUV
 !VO �0 �L �� A��
RV+
 .��\
 !1��' 5F ^Y� ('&"
 � �$0 V� 5F Z�'

*�O&0

9��0&�0 �. ��O �$�$ ����T &� (x�, y�, z�) ��Y\� �� �T&= A;I
Ax+By + Cz +D = �

*Z��M�
 5&�0 �. p��6
 4
� "M� �� B&�"
 ��  =&# Z�+U� !VO 5�M�

� * * * �g� �f � � ≤ k < n ���M x�= ��V� D) %����$
�&	

� "M� ("0�Y
 *�� "� R �0 Rn E� �#n<\ 6
 �U0�� gk

��,+�
 �0 f e0&�

S : g�(X) = · · · = gk(X) = �

mg�(X) = � l�@ )� f ���	 l���� Y����E�� �. �B&�"
 %�)
*Z�
&��
 gk(X) = � � ___

%�) N0 X� �S� �N���GA � C��� /���� � �� &����$
gk(X) = � � *** �g�(X) = � y#��O �0 f e0&� 4
� "M� �� B&�"

g′k(X) � *** �g′

�
(X) �&�.�$�0 �� X ∈ S �� ��E� �0 � �O&0

(=&# �.@ λk � *** �λ� $��,� �&��F ���O&0 �Y� !\ "

�M ��O�


f ′(X�) = λ�g
′
�
(X�) + · · ·+ λkg

′(X�)
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(�)⇒

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α = (�+ λ)x
β = y − λ/�
α = x+ λ/�

y = x�

α = β + �

A��*H C

.$ (B&' �$ *(�� ��O �$&� �� 4.&	Q � 4�$ ��&"� E� (�) .$
9Z#��S�
 �h�

� x = y + � �β = y �α = x >.T R#� .$ 9λ = � GB�
*$.��� �\�\' ��6#. �M x� + x = �

�,+�
 .$ 4� � ��� ��&"� E� >.T R#� .$ 9λ �= � %
�y = �/� R#��0&�0 *x = �/� Z#.�$ A��*H C �&	B
�=
*α = β + � � β = �/� + λ/� �α = �/�(λ + �)

.$ *β = −�/
 � α = ��/
 �λ = 	/� ]3
!1��' ��V�#� ��� � f(x, y, α, β) = ��/�� (B&' R#�
�M (��

√
��/�� = 	

√
�/
 �0��0 y� &� �+	� �� �T&=

y = x� �+	� E� (�/�,�/�) ��Y\� �� �T&= E� (�� >.&[,
!VO �0C x = y + � y� E� (��/
,−�/
) ��Y\� &�

*A$O �)� %���*H

y#��O &0 �. f e0&� 4
� "M� �$.
 �� .$ �0���� �����$
9��0&�0 ��O �$�$

�) f = xy + yz , y + z = � , x� + y� = � ,

x > � , y > � , z > �

�) f = x� + y� + z� , x+ �y + �z = � ,

x+ �y + �z = �

�) f = x�yz + � , �x− y = y + z = �

�) f = xyz , x+ y + z = �� , x+ y = z

�) f = xy + z� , y = x , x� + y� + z� = �

�) f = x� + y� + z� + w� , x+ y − z + w = � ,

�x − y + z − w − � = �

*�#.�F (��0 �. x = y� + � � y = x� �+	� �$ �� �T&= AJ

� O�$ �M ��0&�0 �@�O �0 �. f = αx + βy e0&� 4+#cM&
 A7
α� + β� = x� + y� = � Z�O&0

�M ��0&�0 �@�O �0 �. f = αx + βy + γz e0&� 4+#cM&
 A�
*α� + β� + γ� = x� + y� + z� = �

x + z = y + z = −λ/�μ �&��F �z �= y = x �S� (b

x+ y + z = � p�O E� 5�M� *z = −x− λ/�μ &#
p�O E� � x = λ/�μ �M $$�S�
 ��� �

x� + y� + z� = �

R#��0&�0 *(�/�)(λ�/μ�) = � �M $O�
 ��� �

− z
�

= x = y =

√
�

�
��� � .$ *λ/μ = ±

√
�/�

uO 5.&\� !�B$ �0 �M − z
�

= x = y = −
√
�

�
&# �

9$O�
 !T&' �Y\�

X� =

√
�

�

(
�,�,−�) X� =

√
�

�

(
�,−�,�)

X� =

√
�

�

(− �,�,�)X� = −
√
�

�

(
�,�,−�)

X� = −
√
�

�

(
�,−�,�)X� = −

√
�

�

(− �,�,�)
� f(X�) = f(X�) = f(X�) = −�

√
�/� �M

*f(X�) = f(X�) = f(X�) = �
√
�/� R��l+�

x�+y�+z� = � p�O �&��F �x = y = z = � �S� (c

*(�� y�b �M � = � ��$�
 ��� �

�
√
�/� �0��0 g� = g� = � p�O �0 f Z+#cM&
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 .$ ]3

�0��0 5F 4+���
 � ���$�
 �. X� � X� �X� p&\� .$ �M (��
*��$�
 �. X� � X� �X� p&\� .$ �M (�� −�

√
�/�

x = y+� y� � y = x� �+	� R�0 ��T&= R#� �&�M A, .�8�
*���M ���3 �.

� y = x� �+	� �0 ���LB$ ��Y\� (x, y) Z��M x�= *!'
e0�
 e0&� 5�M� *�O&0 x = y+� y� �0 ��LB$ ���Y\� (α, β)

Z#��S�
 �h� .$ �. (α, β) &� (x, y) �� �T&=

f = d� = (x− α)� + (y − β)�

X��� 0 �. �B&�"
 y#��O �

g� = y − x� = � , g� = α− β − � = �

��U
 �0 ����S_ p�O 5�M� *Z#��S�

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�(x − α),�(y − β),−�(x− α),−�(y − β)

)
=

λ
−−−−−−−−−−−→(− �x,�,�,�) + μ

−−−−−−−−−→(
�,�,�,−�)

R#��0&�0 *(��⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

�(x− α) = −�λx
�(x− β) = λ
−�(x− α) = μ
−�(y − β) = −μx
y = x�

α = β + �

⇒

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α = (�+ λ)x
β = y − λ/�
α = x+ μ/�
β = y − μ/�
y = x�

α = β + �
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=
(x�
y
− xy sin y

)
dx ∧ dy

�)
(
a dx+ b dy

) ∧ (
a sin y dx− b dy) =

= −ab(�+ sin y) dx ∧ dy

� 4�=�� α � η �θ ���M x�= ���� &����$
�&��F ���O&0 �#n3t 6
 �U0&� z = f(x, y)

�) (fθ) ∧ η = θ ∧ (fη) = f
(
θ ∧ η)

�) θ ∧ η = −η ∧ θ �) θ ∧ θ = �

�) θ ∧ (η + α) = θ ∧ η + θ ∧ α

�0���� *����$

�M ���$ 5&6� A�(
P dx+Qdy

)∧ (
Rdx+S dy

)
=

∣∣∣∣ P Q
R S

∣∣∣∣ dx∧ dy
�θ = sin(xy) dx +

√
x� + � dy �M ���M x�= A;

� α = x� dx − y dy �η = y/xdx + x/y dy

�. J*�;*H E� � � � �; �� y0�� . *f = arcsin (x/y)

*���M t�\��

� � 1� η = Rdx+ S dy � θ = P dx+Qdy ���M (0&f A�
.$ θ ∧ η �M �� "� �Y� !\ "
 X� ��Y\� .$ � 1� y\=

*�O&0 ��T GB&L
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dx+
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∧ dx
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∂Q
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∂Q

∂x
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∂y
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dx ∧ dy
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�) d
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xdx− x
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dy
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y
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�) d
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x
dx− �
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dy
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= �

�) d
(
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− �
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D = R� �0 θ = y� dx + (�xy + �y) dy 4�=�� A, .�8�
z = ]3 *�O&0�
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��U
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y�
)
dx = xy� +A(y)

f(x, y) =
∫ (

�xy + �y
)
dy = xy� + y� +B(x)

���0 _&0 ��&"
 >.&[, �$ ��"#&\
 &0 *����LB$ e0�� B � A �M
C� �M �B(x) = C� � A(y) = y� + C� �M Z#��S�
 ��� � �f
E� (�� >.&[, θ >�E��I R#��0&�0 *����LB$ (0&f $��,� C� �

*(�� (0&f �$�, C �M f = xy� + y� + C

��#E �(�� !
&M D = R�−(�,�) �0 θ =
xdx+ y dy√
x� + y�

A
 .�8�

!VO �.& � D &
� *�O&0�
 f =
√
x� + y� e0&� !�"����#$ �0��0

*$��S�+� .��1 D .$ &z
&+� (−�,�)(�,�) y� �.&3 ��#E �("��
N# &	�� � ("�� 4E_ �.&V��3 �� �q1 .$ D 5$0 �.& � p�O ]3

*(�� �=&M p�O
θ =

(
x�+�xy−y�) dx+

(
x�−�xy−y�) dy 4�=�� A� .�8�

E� �θ !�"�& 3 R =&# ���0 *(�� !
&M R#��0&�0 � t�1$ D = R� �0
�gc) ���� �� y �0 (["� dy X#�- E� � x �0 (["� dx X#�-

9Z#��S�


f(x, y) =
∫ (

x� + �xy − y�) dx
=

x�

�
+ x�y − xy� +A(y)

f(x, y) =
∫ (

x� − �xy − y�) dy
= x�y − xy� − y�

�
+B(x)

���0 _&0 ��&"
 >.&[, �$ ��"#&\
 &0 *����LB$ e0�� B � A �M
�M $.�$ $)� C ���&
 (0&f �$�, Z#��S�
 ��� � �f

f(x, y) =
x�

�
− y�

�
+ x�y − xy� + C

�&	
�=�� 4��M �M ���M oL6
 �0���� �&����$
�. ��O �$�$ 4�=�� !�"�& 3 �5$0 !
&M >.T .$ � ���
&M �#E

9��0&�0

�)
(
x� − �xy) dx+

(
y� − �xy) dy

�)
y dx− xdy

�x� − �xy + �y� + �

�)
(
x� sin(xy)

)
dx+

(
x+ y + x� + y� + xy

)
dy

�U0&� f � ��O&0 4�=�� η � θ �S� ���� ������$
�&��F ��#n3t 6


�) d(θ + η) = dθ + dη �) d(fθ) = df ∧ θ + f dθ

�) d(df) = � �) d(dθ) = �

�0���� ������$
� θ = x/y dx + xy dy �f = tan(x + y) ���M x�= A�
.$ � � � �; �� y0�� . *η = xey dx +

√
x� + y� dy

*���$ 5&6� �. ��*�;*H

� η = dx + arcsin (x/y) dy �f = xey ���M x�= A;
��*�;*H .$ � � ; �� y0�� . �θ = cosxdx−x sin y dy

*���$ 5&6� �.

x���
 4�=�� Z�gS�
 ��.T .$ ������ ������$
$)� z = f(x, y) �U0&� �M (�� >��� θ = P dx + Qdy

*Z�
&��
 θ !�"�& 3 �. f >.T R#� .$ *θ = df �M �O&0 � O�$
*dθ = � �M Z�gS t�1$ �. θ 4�=�� ��.T .$

��.T .$ �. D ⊆ Rn ��,+�
 �#E ������ ������$
5� 0 �. �#E (�T&� &0 X� ∈ D ���Y\� �M Z�gS >?@ ����+

9(=&#
D .$ &z
&+� X�X y��.&3 �X ∈ D ��LB$ ��Y\� �� ��E� �0s

r*$.�$ .��1
��LB$ X �B� �(�� �$)� X� _&0 G#�U� .$ �M $O �)�
�� �q1 E� � (+"1 �0 �)� &0 *A$O �)� ��*H !VO �0C (��
R#� ]V, �&
� *(�� t�1$ �&��F ��O&0 !
&M θ �S� ���*�;*H
���0 �=&M p�O N# �#E �� �q1 *(�� y�b ��M (B&' .$ X�Y


*��$�
 �g�.� �. ZV' R#� ]V, �.��1�0

}
!VO �.& � ��,+�
 9��*H !VO

��,+�
 �0 θ 4�=�� �S� �9��3��=_ � �� �$����$
*(�� !
&M D �0 θ �&��F ��O&0 t�1$ D !VO �.& �

!
&M θ = y dx + dy 4�= A& �'�() �%����$
��#E ��O&0�
 !VO �.& � D = R� 5F �� �
�$ �V�#� &0 �("��

*("�� t�1$ θ �nB � dθ = −dx ∧ dy



X ��� � Y 	 � E

(
dx+ dy − dz) ∧ (

dx− dy + dz
) ∧ (− dx+ dy + dz

)
= −� dx ∧ dy ∧ dz

���M x�= �0���� ������$
θ = xdx− y dy + z� dz α = dx+ dy + dz

η = x� dx+ y� dy + z� dz

ω = y dx ∧ dy + xdy ∧ dz + y� dz ∧ dx

�η ∧ ω �θ ∧ α �θ ∧ ω �θ ∧ η �&	�.&[, E� N# �� >.T R#� .$
*���M �[�&�
 �. α ∧ ω � θ ∧ η ∧ α

� θ = P dx + Qdy + Rdz �S� ������ ������$
�. ω � θ !�"����#$ �ω = P dx ∧ dy +Qdy ∧ dz +Rdz ∧ dx

Z��M�
 G#�U� �#E >.T �0 X��� 0

dθ = dP ∧ dx+ dQ ∧ dy + dR ∧ dz
=

(
Qx − Py

)
dx ∧ dy +

(
Ry −Qz

)
dy ∧ dz

+
(
Rx − Pz

)
dz ∧ dx

dω = dP ∧ dx ∧ dy + dQ ∧ dy ∧ dz + dR ∧ dz ∧ dx
=

(
Pz +Qx +Ry

)
dx ∧ dy ∧ dz

*$O�
 G#�U� ��*�;*H .$ ���&+� !
&M � t�1$ �
�=��
(=&# 5&�Q θ 4�=�� �M Z�gS >��� ��.T .$ �. ω 4�=�;
�M Z�gS ��:� ��.T .$ �. ω 4�=�; *ω = dθ �M $$�S

*�O&0 ��T 5F !�"����#$
4�=�� N# �S� �;;*�;*H �� �q1 E� H � � �&	 +"1 �0 �h�
.$ ZV' R#� ]V, *(�� t�1$ �&��F ��O&0 !
&M 4�=�; &# �
�.��1�0 ���0 �=&M p�O N# �#E �� �q1 *(�� y�b ��M (B&'

*��$�
 �g�.� �. ZV' R#� ]V,

�; N# ω � 4�=�� �$ θ� � θ� �S� ���� ������$
�&��F ���O&0 �#n3t 6
 �U0&� f � 4�=

�) d(fθ�) = df ∧ θ� + f dθ� �) d(df) = �

�) d(fω) = df ∧ ω + fdw �) d(dθ�) = �

�) d(θ� ∧ θ�) = dθ� ∧ θ� − θ� ∧ dθ� �) d(dω) = �

��,+�
 �0 θ 4�=�� �S� �9��3��=_ � �� ������$
��,+�
 �0 ω 4�=�; �S� *(�� !
&M ��O&0 t�1$ D !VO �.& �

*(�� !
&M ��O&0 t�1$ D !VO �.& �

�)

(
x� + �xy + �y�

)
dx+

(
x� − �xy + y�

)
dy

(x+ y)�

�) ex
(
ey(x− y + �) + y

)
dx+ ex

(
ey(x − y) + �

)
dy

Z�+U� R� �0 �. _&0 d'&[
 � �$+� E&bF �. 4�$ �� �'�
 5�M�
*Z��$�


(�� ��.&[, �R� .$ 4�=�� E� .h�
 ������ �*����$
����v 
 �� e0�� R � Q �P �M θ = P dx+Qdy+Rdz !VO �0

*Z�
&��
 θ �� �
�$ �. e0�� R#� w� 6
 �� �
�$ *���#n<\ 6

!VO �0 (�� ��.&[, �R� .$ 4�=�; E� .h�


ω = P dx ∧ dy +Qdy ∧ dz +Rdz ∧ dx

w� 6
 �� �
�$ *���#n3 t 6
 � ���v 
 �� �U0�� R � Q �P �M
*Z�
&��
 ω �� �
�$ �. e0�� R#�

!VO �0 (�� ��.&[, �R� .$ 4�=�� E� .h�


Ω = f dx ∧ dy ∧ dz

Ω �� �
�$ �. f �� �
�$ *�O&0�
 �0n3t 6
 � ���v 
 �� �U0&� f �M
*Z�
&��


�. R� .$ �&	
�=�� � &	
�=�; �&	
�=�� ��+� ��,+�

%�- *Z��$�
 5&6� ∧�

R� � ∧�
R� �∧�

R� $&+� &0 X��� 0
�. dz � dy �dx ��&�� �&	
�=�� R�0 A%�-�∧ �&#C ���S

Z��M�
 G#�U� �#E >.j0

dx ∧ dx = dy ∧ dy = dz ∧ dz = � dx ∧ dy = −dy ∧ dx

dx ∧ dz = −dz ∧ dx dy ∧ dz = −dz ∧ dy

dx ∧ dy ∧ dz = dz ∧ dx ∧ dy = dy ∧ dz ∧ dx

= −dy ∧ dx ∧ dz = −dx ∧ dz ∧ dy = −dz ∧ dy ∧ dx

dx ∧ dx ∧ dy = dx ∧ dx ∧ dz = dy ∧ dy ∧ dz

= dz ∧ dz ∧ dx = dz ∧ dz ∧ dy = �

dx ∧ dx ∧ dx = dy ∧ dy ∧ dy = dz ∧ dz ∧ dz∧ = �

Z#.�$ �_&0 G#�U� �0 �)� &0 �'�() ������$(
y dx+ z dy + x� dz

) ∧ (
z dx + y dy + z dz

)
=

=
(
y� − z�) dx ∧ dy +

(
z� − x�y) dy ∧ dz

+
(
x�z − yz)dz ∧ dx(

y dx+ z dy + x� dz
) ∧ (

xdx ∧ dy − y dy ∧ dz

+z dz ∧ dx)
=

(
x� − y� + z�

)
dx ∧ dy ∧ dz



� E X ��� � Y 	

�$�$ 4�=�� 5$0 !
&M t�\�� R+- �0���� �$����$
9��0&�0 �. !
&M �&	
�=�� !�"�& 3 ���O

�) θ = yz dx+ (xz + �) dy + (xy + �z) dz

�) θ = xyz dx− xdy + dz �) θ =
xdx+ y dy + z dz√

x� + y� + z�

�) θ = (x�−�yz)dx+ (y�−�xz)dx+ (z�−�xy)dz

�) θ =
(
�− �

y
+
y

z

)
dx+

(
x

z
+

x

y�

)
dy − xy

z�
dz

9(�� !
&M ��O �$�$ 4�=�; 4��M �M ���M t�\��

�) ω = x� dx ∧ dy + xdy ∧ dz + z dz ∧ dx

	) ω = sin(xy) dx ∧ dy + x� dy ∧ dz − �xy dz ∧ dx


) ω = z dx ∧ dy + arcsin(x+ y) dy ∧ dz +
z

x
dz ∧ dx

�) ω =
�

x
dx ∧ dy −

( x

z�
+ x

)
dy ∧ dz + y dz ∧ dx

��) ω = sin(xz) dx ∧ dy + sin(zy) dy ∧ dz

+ sin(xy) dz ∧ dx

�.& � ��,+�
 �0 �M θ = P dx+Qdy 4�=�� ���$ 5&6� A��
�M (�� !
&M ��.T .$ �$$�S�
 G#�U� D ⊆ R� !VO

*Py = Qx

�0 �M θ = P dx + Qdy + Rdz 4�=�� ���$ 5&6� A�;
��.T .$ �$$�S�
 G#�U� D ⊆ R� !VO �.& � ��,+�

�0 &# *Qz = Ry � Pz = Rx �Py = Qx �M (�� !
&M

�$&U
 5&�0

Curl
−−−−−−→
(P,Q,R) :=

∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z
P Q R

∣∣∣∣∣∣ = 0

ω = P dx∧dy+Qdy∧dz+R dz∧dx 4�=�; ���$ 5&6� A��
.$ �$O�
 G#�U� D ⊆ R� !VO �.& � ��,+�
 �0 �M
5&�0 �0 &# *Pz + Qx + Ry = � �M (�� !
&M ��.T

�$&U


div
−−−−−−→
(P,Q,R) :=

−−−−−−−−−−→(
∂

∂x
,
∂

∂y
,
∂

∂z

)
•
−−−−−−→
(P,Q,R) = �

���fC) ���f� � �� �%����$
�&��F �y = g(u, v) � x = f(u, v) �S� AnH�

�) dx = fu du+ fv dv �) dy = gu du+ gv dv

�) dx ∧ dy =
∂(x, y)
∂(u, v)

du ∧ dv

�z = h(u, v, w) � y = g(u, v, w) �x = f(u, v, w) �S� AK
�&��F

θ = z dx+�y dy+xdz 4�=�� A& �'�() ������$
�M �� f ��U#C θ !�"�& 3 R =&# ���0 *(�� !
&M �nB � t�1$

9Z��M�
 !+, �#E D�. �0 Adf = θ

f =
∫
P dx =

∫
z dx = xz +A(y, z)

f =
∫
Qdy =

∫
�y dy = y� +B(x, z)

f =
∫
Rdz =

∫
xdz = xz + C(x, y)

��LB$ ����v 
 �$ e0�� C � B �A �M �f = xz+y�+D ��� � .$
*�O&0�
 ��LB$ �$�, D �

t�1$ ��#E �("�� !
&M θ = y dx+y dy+z dz 4�=�� A, .�8�
*dθ = −dx ∧ dy ("��

4�=�� A
 .�8�

θ =
(
y sin z

)
dx+

(
x sin z

)
dy +

(
xy cos z

)
dz

E� (�� >.&[, θ !�"�& 3 ���?U0 *(�� !
&M �nB � t�1$

f =
∫
P dx =

∫
y sin z dx = xy sin z +A(y, z)

f =
∫
Qdy =

∫
x sin z dy = xy sin z +B(x, z)

f =
∫
Rdz =

∫
xy cos z dz = xy sin z + C(x, y)

A� .�8� *(�� (0&f �$�, D �M �f = xy sin z+D ��� � .$
�nB � (�� t�1$ ω = y� dx∧dy+xdy∧dz−y dz∧dx 4�=�;
�� θ = P dx+Qdy+Rdz �
�=�� �R#��0&�0 *�O&0�
 !
&M

��U# p�O R#� &
� *dθ = ω �M $.�$ $)�

Qx − Py = y�, Ry −Qz = x, Pz −Rx = −y.

.$ &	�F !' � (�� �gc) >&\ 6
 &0 >_$&U
 �&� �$ N# �M
���
 �����
 �.&V 0� �&	O�. _z +U
 *("�� %& M R#� �'
� "#&0 ]3 *��M�+� $&�#� ��V6
 Q ∼= � x�= �?z a
 *�O&0
� Ry = x �#&0 �R#��0&�0 *P = −y�/� �#&O � Py = −y�

�R#��0&�0 *�O&0 R = xy �����
 ���U# �Rx = y

θ = −y
�

�
dx+ xy dz

E� (�� >.&[, ��M %�) *(�� �B&�"
 %�) N#

θ =

(
−y

�

�
+A(x)

)
dx+B(y) dy + (xy + C(z)) dz

*����LB$ e0�� C � B �A �M
!
&M ω = y� dx∧dy+xdy∧dz+y dz∧dx 4�=�; A .�8�
*("�� t�1$ R#��0&�0 � *dω = �dx∧dy ∧dz �= � 9��#E �("��



X ��� � Y 	 � E

= � (u− v) du ∧ dv + � (v − w) dv ∧ dw
+� (w − u) dw ∧ du

9Z#.�$ &	
�=�� $.
 .$

dx ∧ dy ∧ dz =

∣∣∣∣∣∣
� � �

v u+ w v
�u �v �w

∣∣∣∣∣∣ du ∧ dv ∧ dw
= � (u− v + w) (w − u) du ∧ dv ∧ dw

�v = x� + y�− xy � u = lnx− ln y �M ��.T .$ A
 .�8�
*�#.�F (��0 du ∧ dv X"' �0 �. dx ∧ dy

Z#.�$ �J*�*H � ;8*�;*H �&#&q1 �0 �)� &0 *!'

dx ∧ dy =
du ∧ dv
∂(u, v)
∂(x, y)

=
du ∧ dv∣∣∣∣ �/x �/y

�x− y �y − x
∣∣∣∣

=
xy

� (x+ y)
du ∧ dv

� v = x� + y� + z� �u = x+ y + z �M ��.T .$ A� .�8�
du ∧ dv ∧ dw X"' �0 �. dx ∧ dy ∧ dz �w = x� + y� + z�

*���M �[�&�

Z#.�$ A�C (+"1 ��[O �_� �� &0 *!'

dx ∧ dy ∧ dz = du ∧ dv ∧ dw ÷ ∂ (u, v, w)
∂ (x, y, z)

= du ∧ dv ∧ dw ÷
∣∣∣∣∣∣

� � �

�u �v �w

�u� �v� �w�

∣∣∣∣∣∣
=

du ∧ dv ∧ dw
(v − u) (w − u) (w − v)

�0���� �*����$
�� [�&�
 ("0�Y
 �y = u�v� � x = u�− v� ���M x�= A�

*dx ∧ dy � dy �dx

�� [�&�
 ("0�Y
 �y = r sin θ � x = r cos θ ���M x�= A;
*dx ∧ dy � dy �dx

�z = u� − v� � y = u� + v� �x = uv ���M x�= A�
� dz ∧ dx �dy ∧ dz �dx ∧ dy �dz �dy �dx ("0�Y


*dx ∧ dy ∧ dz

("0�Y
 �z = uv � y = veu �x = uev ���M x�= A�
� dz ∧ dx �dy ∧ dz �dx ∧ dy �dz �dy �dx �� [�&�


*dx ∧ dy ∧ dz

�0 �. dx∧ dy �v = sinx/y � u = x�− y� �M ��.T .$ AH
*���M �[�&�
 du ∧ dv X"'

�) dx = fu du + fv dv + fw dw

�) dy = gu du+ gv dv + gw dw

�) dz = hu du + hv dv + hw dw

�) dx ∧ dy =
∂(x, y)
∂(u, v)

du ∧ dv +
∂(x, y)
∂(v, w)

dv ∧ dw

+
∂(x, y)
∂(w, u)

dw ∧ du

�) dy ∧ dz =
∂(y, z)
∂(u, v)

du ∧ dv +
∂(y, z)
∂(v, w)

dv ∧ dw

+
∂(y, z)
∂(w, u)

dw ∧ du

�) dz ∧ dx =
∂(z, x)
∂(u, v)

du ∧ dv +
∂(z, x)
∂(v, w)

dv ∧ dw

+
∂(z, x)
∂(w, u)

dw ∧ du

	) dx ∧ dy ∧ dz =
∂(x, y, z)
∂(u, v, w)

du ∧ dv ∧ dw

� x = uv �M ���M x�= A& �'�() �&����$
�dx = vdu + udv Z#.�$ �>.T R#� .$ �y = u� + v�

��� � .$ � dy = �udu+ �v�dv

dx ∧ dy =
∣∣∣∣ v u

�u �v�

∣∣∣∣ du ∧ dv =
(
�v� − �u�

)
du ∧ dv

� y = uv + vw �x = u + v + w ���M x�= A, .�8�
9Z#.�$ &	
�=�� $.
 .$ �>.T R#� .$ �z = u� + v� + w�

dx = du + dv + dw

dy = vdu + (u+ w) dv + vdw

dz = �udu+ �vdv + �wdw

9Z#.�$ &	
�=�; $.
 .$

dx ∧ dy =
∣∣∣∣ � �

v u+ w

∣∣∣∣ du ∧ dv
+

∣∣∣∣ � �

u+ w v

∣∣∣∣ dv ∧ dw +
∣∣∣∣ � �

v v

∣∣∣∣ dw ∧ du
= (u− v + w) du ∧ dv + (−u+ v − w) dv ∧ dw

dy ∧ dz =
∣∣∣∣ v u+ w
�u �v

∣∣∣∣ du ∧ dv
+

∣∣∣∣ u+ w v
�v �w

∣∣∣∣ dv ∧ dw+
∣∣∣∣ v v
�w �u

∣∣∣∣ dw ∧ du
= �

(
−u� + v� − uw

)
du ∧ dv

+�(uw − v� + w�)dv ∧ dw+�(uv − w�)dw ∧ du
dz ∧ dx =

∣∣∣∣ �u �v
� �

∣∣∣∣ du ∧ dv +
∣∣∣∣ �v �w
� �

∣∣∣∣ dv ∧ dw
+

∣∣∣∣ �w �u
� �

∣∣∣∣ dw ∧ du



�0 f� = cosx � f� = tanx e0�� A& �'�() �����$
��#E ��� "� �U0&� ��  "0�� D = (�, π/�)

df� ∧ df� =
dx

cos� x
∧ (− sinxdx) = �

�0 f� = x� + y� � f� = x� − y� e0�� A, .�8�
��#E ��� "� �U0&� !\ "
 D = R� − {(x, y)|xy = �}

df� ∧ df� = (�xdx− �y dy) ∧ (�xdx+ �y dy)

= 
xy dx ∧ dy �= �

f� = xyz � f� = xy+xz+yz �f� = x+y+z e0�� A
 .�8�
�U0&� !\ "
 D = R�−{(x, y, z)|x = y &# x = z &# y = z} �0

��#E ��� "�

df� ∧ df� ∧ df� = (dx + dy + dz)

∧ ((y + z) dx+ (x+ z) dy + (x+ y) dz)

∧ (yz dx+ xz dy + xy dz)

=

∣∣∣∣∣∣
� � �

y + z x+ z x+ y
yz xz xy

∣∣∣∣∣∣ dx ∧ dy ∧ dz
= (x− y)(y − z)(z − x) dx ∧ dy ∧ dz �= �

�$�$ e0�� �M ���M t�\�� $.
 �� .$ �0���� $����$
9�� "� �U0&� !\ "
 �,+�
 4��M �0 ��O

�) f� = x+ y, f� = x− y

�) f� = xy, f� = x/y, f� = x� − y�

�) f� = x+ y + z, f� = x� + y� + z�

�) f� = xy�z�, f� = yz�x�, f� = zx�y�

�) f� = x+ y + z + u, f� = x� + y� + z� + u�,

f� = x� + y� + z� + u�

�) f� = x+ y� + z� + u�, f� = y + z� + u� + x�,

f� = z + u� + x� + y�

��*H �� ����	N �(�+

�$+� G#�U� 5���
 ��[) >_$&U
 N+M �0 �. ����� Ǳ&�O�
�+	� � x�+y� = � �� B$&U
 �0 ���T .$ (�� ��VO ��#�$ ?z a

*(�� &q= .$ z = x� − y� �� B$&U
 �0 ��VO ��BBn� 5S

*�O&0�
 Ǳ&�O� ��S R#� �� UB&Y
 uL0 R#� ̀-


�z = v� � y = v sinh u �x = v cosh u ���M x�= A8
*dz ∧ dx � dy ∧ dz �dx ∧ dy �� [�&�
 ("0�Y


�dx ∧ dy �&	�.&[, �z = x� + y� � y = vu� �x = uv� AJ
*�#.�F (��0 �. dz ∧ dx � dy ∧ dz

�M ��0&�0 �B&' .$ dx∧ dy ∧ dz X"' �0 �. dρ∧ dϕ∧ dθ A7
*z = ρ sinϕ � y = ρ cosϕ sin θ �x = ρ cosϕ cos θ

�B&' .$ dx ∧ dy ∧ dz X"' �0 �. da ∧ db ∧ dc A�
�v = a� + b� + c� �u = a + b + c �M ��0&�0
v = �u = x + y + z ��?U0 � �w = a� + b� + c�

*w = x� + y� + z� � x� + y� + z�

	H��S�' !"#��� �$�+

R#� *r�� "� !\ "
 �&���v 
 y � xs �M �#�����O .&�"0 ?� [1
�0 u��3 R#� �0 ��&3 ���0 �(�� ��U
 �Q �0 &�\�1$ ��+)

*(�� E&�� �#E G#�U�

�0 �U0�� fk � *** �f� �f� ���M x�= ������ �����$
!J��	 )* �E��� e0�� R#� Z�gS�
 ��.T .$ *��O&0 D ��,+�

�� ��E� �0 �M $$�S (=&# G 5Q �����v 
 k e0&� �M �� "�
�M �U0�� *G(f�(X), f�(X), · · · , fk(X)) = � �� X ∈ D

*��O�
 ���
&� !J��	 >9�E� ���O&[� �U0&� ��  "0��

� f� = sinx �D = R ���M x�= A& �'�() �����$
*�� "� �U0&� ��  "0�� D �0 f� � f� �>.T R#� .$ *f� = cosx

>.T R#� .$ �G(u, v) = u� + v� − � $O x�= �S� ���#E
*(�� ��T D �0 G(f�, f�)

�f� = x − y �f� = x + y �M ���M x�= A, .�8�
� f� = (x� + y�)/(x� − y�)

D =
{
(x, y)

∣∣ x �= y , x �= −y}
*�� "� �U0&� ��  "0�� D �0 f� � f� �f� e0�� �>.T R#� .$
.$ �G(u, v, w) = (u� + v�)/(�uv) − w $O x�= �S� ���#E

*(�� ��T D �0 G(f�, f�, f�) �>.T R#�

�U0�� fk � *** �f� �f� ���M x�= ���� �����$
4E_ p�O ���.T R#� .$ *��O&0 D ��,+�
 �0 �#n<��"����#$
(�� R#� ��O&0 �U0&� ��  "0�� D �0 e0�� R#� �V�#� ���0 �=&M �
*df�

∣∣∣
X
∧ df�

∣∣∣
X
∧ · · · ∧ dfk

∣∣∣
X

= � �� X ∈ D �� ��E� �0 �M



.$ >.&[, R#� 5$�$ .��1 &0 *y = r sin θ � x = r cos θ (=�S
9R#��0&�0 *� ≤ sin θ � r = sin θ cos� θ �M $O�
 ��� � �C

C : r (t) =
−−−−−−−−−−−−−−−−−−−→(
sin θ cos� θ, sin� θ cos� θ

)
; � ≤ θ ≤ π

*(�� .�����M ���V� ����
 C *$O �)� %��H*H !VO �0
�(�� 5��M�0 ���V� ����
 N# C : x� = y� A� .�8�
.$ &	�� f ′ � f ′(x, y) =

−−−−−−−→
(�x,−�y) �f(x, y) = x� − y� ��#E

� y = x y� �$ `&+ )� C ���?U0 *$O�
 ��T (�,�) ∈ C

*AGB���8*H !VOC �O&0�
 y = −x
}

��[) ����
 N# AGB� 9�8*H !VO
���V� ��[) ����
 N# A%

���V� ����
 N# C : x�/� + y�/� = � ��g�� �F A .�8�
f(x, y) = x�/� + y�/� (B&' R#� .$ ���#E *(�� .�����M �

�V�F �0 p��6
 �f ′(x, y) =
−−−−−−−−−−−−−−−−−−−−→(
(�/�)x−�/�, (�/�)y−�/�

)
�

C E� (�,±�) � (±�,�) ��Y\� .&	Q ]3 *y �= � � x �= �

R#� *A%��8*H !VOC ���M�+� ��T f ′ (X) �= 0 p�O .$
!VO �0 ��[Y1 >&j L
 �0 5$�0 &0 �. ����


C : r (t) =
−−−−−−−−−−→(
cos� t, sin� t

)
; � ≤ t ≤ �π

*$+� �� 
�.&3 5���

}

��[) ����
 N# �0 $+, AGB� 9�J*H !VO
��[) ����
 �$ R�0 �� #��E A%

N# C : f(x, y) = a ���M x�= ���� �����$
�M �� X ∈ C �� ��E� �0 �>.T R#� .$ *(�� ���V� ����


t 6
 �U0&� z = f(x, y) ���M x�= ������ �����$
��$% !�(�� �. C ��.T .$ *C : f(x, y) = c � (�� �#n3
�. S ��.T .$ *f ′ (X) �= 0 �� X ∈ C �� ��E� �0 �M Z�gS
��&� 
 �$��U� E� �h� m�T C �M Z�gS ��)?	 ��$% !�(��
��.T .$ �. C A���V�C ����
 *�O&0 ��[) ����
 ��Y\�

*�O&0 .�����M R� E� ���,+�
 �#E 5��, �0 �M Z�gS ������

N# C : x� + y� = �x ���#�$ A& �'�() �����$
�nB � f(x, y) = x� + y� − �x (B&' R#� .$ ��#E �(�� ����

��U
 �0 f ′(x, y) =

−−−→
(�,�) p�O *f ′(x, y) =

−−−−−−−−−→
(�x− �,�y)

N# C *$.��� t�U� C �0 (�,�) ��?U0 � (�� x = � � y = �

*$O �)� GB���H*H !VO �0 *(�� .�����M ��[) ����

}

x� + y� = �x AGB� 9�H*H !VO
(x� + y�)� = xy� A%

�(�� ��[) ����
 N# C : �x + �y = � y� A, .�8�
5F t 6
 ��� � .$ � f(x, y) = �x + �y (B&' R#� .$ ��#E

*("�� .�����M C � �(�� ��T GB&L
 f ′ (x, y) =
−−−→
(�,�)

*�#���0 �h� .$ �. C :
(
x� + y�

)�
= xy� ��,+�
 A
 .�8�

� f(x, y) =
(
x� + y�

)�
− xy� (B&' R#� .$

f ′(x, y) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�x� + �xy� − y�,�y

(
x� + y� − xy

))
�(x� + y�)� = xy� ��U
 �0 f ′(X) = 0 � X ∈ C p�O ]3
*(�� �x� + �xy� − y� = � � �y(x� + y� − xy) = �

� x = � �M $$�S�
 ��� � ��� �� B$&U
 E� �&��F �y = � �S�
�M $$�S�
 ��� � 4�$ �� B$&U
 E� �y �= � �S� �&
� *(�,�) ∈ C

�Z��$ .��1 x� + y� �&�0 ��� �� B$&U
 .$ �S� *x� + y� = xy

x = � &# ]3 *x = xy �nB � xy = xy� Z#.�F�
 (��0
R#� .$ *y = � R#��0&�0 � x �= � �V�#� &# �y = � R#��0&�0 �
&# � x� = x Z#��S�
 ��� � ��� �� B$&U
 .$ y = � x�= &0 (B&'

*��M�+� ��T 4� �� B$&U
 .$ x = y = � &
� *x = �

.��1�0 O = (�,�) ∈ C .$ &	�� f ′ (X) �= 0 p�O ]3
Z���� ���0 *(�� ���V� ��[) ����
 N# C R#��0&�0 *("��
N+M 5���
 A$O �U)��
 J*�*8 �0C �[Y1 >&j L
 E� C



� C� :
x�

a�
+
y�

b�
= � �q�0 �$ $.��0 �� #��E A� .�8�

!VO �0 *���M �[�&�
 �a < b �M �. C� :
x�

b�
+
y�

a�
= �

*$O �)� %��J*H
*f� (x, y) =

x�

b�
+
y�

a�
� f�(x, y) =

x�

a�
+
y�

b�
���M x�= *!'
9>.T R#� .$

C� ∩ C� : f�(x, y) = f�(x, y) = �

:
(
�

a�
− �

b�

)(
x� − y�

)
= �

�f�(x, y) = � �� B$&U
 .$ �#$&\
 R#� 5$�$ .��1 &0 *y = ±x ]3
��.�$ �M y = ±x =

√
�/a� + �/b� = α Z#��S�
 ��� �

�0 *�O&0�
 (−α,−α) � (α,−α) �(−α, α) �(α, α) %�) .&	Q
5&+� *Z��M ��.�0 �. X� = (α, α) ��Y\� (�� �=&M �5.&\� !�B$
� C� R�0 θ �� #��E �(�� RO�. c�� %��J*H !VO E� �M �.@
9��U# ��O&0�
 �0��0 f ′

�
(X�) � f ′

�
(X�) R�0 �� #��E &0 X� .$ C�

θ = ∠
(
f ′
�
(X�), f

′
�
(X�)

)

= ∠

⎛
⎝−−−−−−−→(

�x

a�
,
�y

b�

)∣∣∣
X�

,

−−−−−−−→(
�x

b�
,
�y

a�

)∣∣∣
X�

⎞
⎠

= ∠

⎛
⎝�α−−−−−−→(

�

a�
,
�

b�

)
,�α

−−−−−−→(
�

b�
,
�

a�

)⎞
⎠

= cos−�
(

�/a�b�

�/a� + �/b�

)
= cos−�

(
�a�b�

a� + b�

)

�0���� $����$
*��0&�0 (−�,�) ��Y\� .$ �. C : x�+xy+y� = � Ǳ&���� A�

N# C �M ���$ 5&6� *C : y� = x� + � ���M x�= A;
��Y\� .$ C �0 /&+
 ]<� *(�� �V� �$ � 5��M�0 ����


*��0&�0 �. X� = (−�,�)

C �M ���$ 5&6� *C : x� + y� + �x = 
 ���M x�= A�
&� (−�,−�) E� C /1 �@ *(�� .�����M ����
 N#

*���M �[�&�
 �. (−�,�)

�� B$&U
 �0 y� � C� : x� + y� = � ���#�$ $.��0 �#��E A�
*���M �[�&�
 �. C� : �y = x�

t 6
 �U0&� u = f (x, y, z) ���M x�= ������ %����$
�. S ��.T .$ *S : f (x, y, z) = a R��l+� � (�� �#n3
*f ′ (X) �= 0 �� X ∈ S �� ��E� �0 �M Z�gS ��$% )* �� �
E� �h� m�T S �M Z�gS ��)?	 ��$% )* �� � �. S ��.T .$
$)� p�O ���U# *�O&0 �#� . �����
 &# � �Y\� ��&� 
 �$��U�
.��1�0 S p&\� ��+� .$ 5F 5$0 ��T GB&L
 � u = f (X) t 6


!VOC (�� $+, C �0 X ��Y\� .$ f ′ (X) .�$�0 �f ′ (X) �= 0

�0��0 X = (x, y) ��Y\� .$ C Ǳ&���� ���?U0 *AGB���J*H

κ =
fxxf

�
y + fyyf

�
x − �fxfyfxy(

f�x + f�y
)�/�

f ′ (X) �= 0 p�O �Ǳ&���� G#�U� ���0 �M $O �)� *(��
�0��0 (x�, y�) &� (x�, y�) ��Y\� E� C /1 �@ �(�� �
�cB�∫ y�

y�

√
(fx)� + (fy)

� dy

|fx| &#
∫ x�

x�

√
(fx)� + (fy)

� dx

|fy|

*x X"' �0 �. y &# �Z��M !' y X"' �0 �. x �V�#� �0 � "0 �(��

����
 �0 /&+
 y� A& �'�() �����$

x� + y� + xy = ��x

*���M oL6
 �. X� = (�,�) ��Y\� .$
� f(x, y) = x� + y� + xy − ��x &��#� .$ *!'

.$ f ′ (�,�) =
−−−−−−→
(−	,��) ]3 *f ′ =

−−−−−−−−−−−−−−−→(
�x+ y − ��,�y�

)
�R#��0&�0 *(�� $+, ��O �$�$ ����
 �0 X� = (�,�) ��Y\�
��O � ��� /&+
 �� B$&U
 � (�� /&+
 v =

−−−−→
(��,	) .�$�0

&# �� (x− �) + 	 (y − �) = � E� (�� >.&[,

� : ��x+ 	y = ��

��Y\� .$ �. �*��*H E� AHC (+"1 ��g�� �F Ǳ&���� A, .�8�
*���M �[�&�
 X� =

(√
�/�,

√
�/�

)
&0 (�� �0��0 κ(X�) ��*��*H �0 �)� &0 *!'((−�

�
x−�/�

)(
�

�
y−�/�

)�

+
(−�
�
y−�/�

)(
�

�
x−�/�

)�

−�
(
�

�
x−�/�

)(
�

�
y−�/�

)
× �

)

÷
((

�

�
x−�/�

)�

+
(
�

�
y−�/�

)�
)�/� ∣∣∣

X�

*(�� −�/� �0��0 ���U#
(�,�) &� (�,�) ��Y\� E� A�C �*��*H ���#�$ /1 �@ A
 .�8�

*���M �[�&�
 �. � VQM 5&+M �0 �
9Z#.�$ �y� = �x − x� 5Q *!'

� =
∫ �

�

√
(�x− �)� + (�y)�

dx

|�y|

=
∫ �

�

√
(x− �)� + (�x− x) dx√

�x− x�

=
∫ �

�

�dx√
�x− x�

= � arcsin
(
x− �
�

)∣∣∣∣�
�

= π



�#� . S �+	� �� �� �� �R#��0&�0 *(�� ��T GB&L
 �6�+� �M
�� B$&U
 R =&# ���0 *A$O �)� %���*H !VO �0C *(��
�&
�� .�$�0 �X� = (−�,�,�) ��Y\� .$ S �0 /&+
 ����T
�h� .$ �. n = f ′(X�) =

−−−−−−−−→
(−�x,�,�)

∣∣∣
X�

=
−−−−−→
(�,�,�)

E� (�� >.&[, �h� $.
 ����T �� B$&U
 >.T R#� .$ *Z#��S�

>.&[, c�� X� ��Y\� .$ S �0 $+, y� �� B$&U
 *�x+y+� = �

*z = � � x+ �
 = �y &# x+ �

�
=
y − �
�

=
z

�
E� (��

>.T R#� .$ *S : x� + y� + z� = � ���M x�= A
 .�8�
]3 *f ′ (x, y, z) =

−−−−−−−−→
(�x,�y,�z) � f (x, y, z) = x�+y�+z�

��U
 �0 rf ′ (X) = 0 � X ∈ Ss y#��O

x = y = z = � � x� + y� + z� = �

�#� . N# S ���M �R#��0&�0 *�O&0�
 �1&�� �M �(��
�;I*H !VO �0C *(�� .�����M �#� . R#� *(��

(B&' R#� .$ �M (�� �)� !0&1 A$O �)� GB�
X ��&V
 .�$�0 �� X ∈ S �� ��E� �0 ��U# �f ′ (X) = �X

*�O&0�
 $+, X ��Y\� .$ S �� #� . �0
}

x� + y� + z� = � AGB� 9;I*H !VO
z� = x� + y� A%

>.T R#� .$ *S : z� = x� + y� ���M x�= A� .�8�
R#��0&�0 � f (x, y, z) = z� − x� − y�

f ′ (x, y, z) =
−−−−−−−−−−−−→
(−�x,−�y,−�z)

���V� �� #� . N# S ]3 *$O�
 ��T 0 ��Y\� .$ &	�� S �0 �M
A$O �)� %�;I*H !VO �0C *�O&0�


� � < a < b ���M x�= A .�8�

S :
(√

x� + y� − b)� + z� = a�

p�O � f (x, y, z) =
(√

x� + y� − b)� + z� >.T R#� .$
��U
 �0 f ′ (X) = 0

�x

√
x� + y� − b√
x� + y�

= �y

√
x� + y� − b√
x� + y�

= �z = �

*S �0 e1�� ����
 &# � �Y\� ��&� 
 �$��U� _z &+ '� c�0 ��O&0
�#E 5��, �0 �M Z�gS ������ ��.T .$ �. S A���V�C �� #� .

*�O&0 .�����M R� E� ���,+�


}
��[) �� #� . N# �0 �&
�� 9�7*H !VO

�&��F �f ′(X�) �= 0 � X� ∈ S �S� ���� &����$
*A�7*H !VOC (�� $+, S �0 X� ��Y\� .$ f ′(X�)

>&[f� 5&V
� &��#� .$ *(�� ��#$�S >&[f� �;*�*� .$ ��q1 R#�
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√
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=
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f(x, y) dA ���� �� >.T R#� .$ �f(x, y) = [x]y

�M $$�S�
 �h'?
 ���#E *(��

f(x, y) =

⎧⎨
⎩

� � ≤ x < � �S�
y � ≤ x < � �S�
�y x = � �S�

� rx = �;� ≤ y ≤ �s y� �.&3 �$ �0 K-� �0 �M
*�O&0�
 � ��3&� rx = �,� ≤ y ≤ �s

D�� = [−�;�]× [−�;�] , D�� = [�;�]× [−�;�]

D�� = [−�;�]× [�;�] , D�� = [�;�]× [�;�]

X = {(−�,−�) , (�/�,−�/�) , (�,�) , (�/�,�/�)} �
%�;*8 !VO �0 *�O&0�
 E��=� R#� E� %&L �� N# E� ����+�

*$O �)�
}

�*�*8 �&a
 E� � (+"1 9;*8 !VO

P E��=� �D ��,+�
 Z��M x�= ������ ����%
z = f(x, y) � ��O&0 �*�*8 .$ ���&+� X %&L �� �
R#� .$ *$$�S�
 G#�U� D ����� �0 �M (�� �U0&�
��+� e+��T&' ∑

P f(xij , yij)ΔxiΔyj E� .h�
 �>.T
*Dij �= � �M (�� �#&� f(xij , yij)ΔxiΔyj

D ��,+�
 �0 z = f(x, y) e0&� Z�gS�
 ��.T .$
ε �� ��E� �0 �M $O (=&# 5&�Q I �$�, �M (�� ��]oH��/��
(=&# ����S �0 n �U�[@ $�, N# � δ ([a
 $�, N# �([a

�0 � |P | ≤ δ � #P ≥ n �M D ���0 P E��=� �� ��E� �0 �M ��O

Z�O&0 � O�$ P E� X %&L �� �� ��E�∣∣∣∑
P

f(xij , yij)ΔxiΔyj − I
∣∣∣ < ε

$&+� &0 � ���
&� D �0 f(x, y) �� �&S�$ ���� �� �. I >.T R#� .$
_z +U
 (B&' R#� .$ ���?U0 *Z��$�
 5&6�

∫∫
D

f(x, y) dxdy

9$O�
 � O�∫∫
D

f(x, y) dA = lim
|P | → �

#P →∞

∑
P

f(xij , yij)ΔxiΔyj

�*�*8 �&a
 ���&+� �. X � P �D �l�&�Q �'�() $���%
>.T R#� .$ �f(x, y) = x− y ��?U0 � Z��M x�=

∑
P

f(xij , yij)ΔxiΔyj =

= f(x��, y��)Δx�Δy� + f(x��, y��)Δx�Δy�

+f(x��, y��)Δx�Δy� + f(x��, y��)Δx�Δy�

= (−�+ �)(�)(�) +
(
�

�
+
�

�

)
(�)(�)



= lim
n→∞
m→∞

{
�

mn�

m−�∑
j=�

( n−�∑
i=�

i
)
− ��

m�n

n−�∑
i=�

(m−�∑
j=�

j
)}

= lim
n→∞
m→∞

{
�

mn�
.m.

n(n− �)
�

− ��

nm�
.n.
m(m− �)

�

}

= lim
n→∞
m→∞

{
�
n− �
n
− �m− �

m

}
= −�

.��\
 ��*�*8 �� �q1 N+M �0 �0���� �����%
�M ���M �[�&�
 ��.T .$ �.

∫∫
D

F (x, y) dA

�) f(x, y) = x+ �y, D : −� ≤ x ≤ � , � ≤ y ≤ �

�) f(x, y) = x� − y, D : � ≤ x ≤ � , � ≤ y ≤ �

�) f(x, y) = xy, D : � ≤ x ≤ � , � ≤ y ≤ �

�a ∈ R � ��O&0 �#n<B��� ��D �0 g � f �S� ���� �����%
>.T R#� .$

�)
∫∫

D

af(x, y) dA = a

∫∫
D

f(x, y) dA

�)
∫∫

D

{
f(x, y) + g(x, y)

}
dA =

=
∫∫
D

f(x, y) dA+
∫∫
D

g(x, y) dA

R#� .$ �f(x, y) ≤ g(x, y) �� (x, y) ∈ D �� ��E� �0 �S� A�
>.T∫∫

D

f(x, y) dA ≤
∫∫
D

g(x, y) dA ,

&0 D� � D� ��,+�
 �$ w�� O� $.
 ��'&� ('&"
 �S� A�
>.T R#� .$ ��O&0 ��T ('&"
∫∫

D�∪D�

f(x, y) dA =
∫∫

D�

f(x, y) dA+
∫∫

D�

f(x, y) dA

&	�F .$ �M D E� �@&\� �,+�
 ('&"
 �S� AH
>.T R#� .$ ��O&0 ��T ����&� 
 g(x, y) � f(x, y)

*
∫∫

D

f(x, y) dA =
∫∫

D

g(x, y) dA

��O&0 ��T ('&"
 &0 D� � D� ��,+�
 �$ m? �� �S� A8
>.T R#� .$∫∫

D�

f(x, y) dA =
∫∫

D�

f(x, y) dA

�0 f(x, y) .��\
 R#� +M �D �0 f(x, y) .��\
 R#� 6�0 �S� AJ
R#� .$ ���O&0 A � m �M �0��0 X��� 0 D ('&"
 � D

>.T

� D : � ≤ x ≤ � , � ≤ y ≤ � Z��M x�= A
 .�8�

f(x, y) =
{
� x ∈ Q � y ∈ Q �S�
� x �∈ Q &# y �∈ Q �S�

R#��0&�0 � (�� � ��3&� D !M �0 f(x, y) >.T R#� .$
*�O&0�
 ���&�

∫∫
D

f(x, y) dA

��� e0. D 5F .$ �M
∫∫

D

ex�+y� dA ���� �� A� .�8�
*("�� .�����M D ���#E *(�� ���&� ��O&0�
 ���T−xy

�M ���M oL6
 �$.
 �� .$ �0���� �����%
9���&� &# (�� �$&,

∫∫
D

f(x, y) dA

�) f = x�y D : x� + �y� ≤ � , � ≤ y

�) f =
√
x� + y� D : x ≥ �

�) f = x/y D : |x|+ |y| ≤ �

�) f = lim
n→∞

{cos(n!πxy)}�n D : � ≤ x ≤ � , � ≤ y ≤ �

�) f =
[
x� + y

]
D : � ≤ x ≤ � , � ≤ y ≤ x�

�) f = [sin (�/(x+ y))] D : � ≤ x ≤ � , � ≤ y ≤ �− x

(0&f �#E �� �q1 �X %&L �� � P E��=� X�&�
 %&L �� &0
5���
 ��&S�$ ���� �� � 	0 �� [�&�
 ���0 ��q1 R#� E� *$$�S�


*$+� �$&� ��∫∫
D

f(x, y) dA � D = [a; b]× [c; d] �S� ���� �����%
>.T R#� .$ ��O&0 $)


∫∫
D

f(x, y) dA = lim
n→∞
m→∞

b− a
n

d− c
m

n−�∑
i=�

m−�∑
j=�

f

(
a+ i

b− a
n

, c+ j
d− c
m

)

D : � ≤ x ≤ �,� ≤ y ≤ � Z��M x�= �'�() �����%∫∫
D

f(x, y) dA >.T R#� .$ *f(x, y) = �x+�y−� ��?U0 �
&0 (�� �0��0

= lim
n→∞
m→∞

�− �
n

�− �
m

n−�∑
i=�

m−�∑
j=�

f
(
�+ i

�− �
n

,�+ j
�− �
m

)
= lim

n→∞
m→∞

�

mn

n−�∑
i=�

m−�∑
j=�

(
�i

n
+ �− �j

m
− �

)



� f(x, y) =
√
�− x� − y� Z��M x�= A, .�8�

*��0&�0 �.
∫∫

D

f(x, y) dxdy �[#�\� .��\
 *D : x� + y� ≤ �
�y = −� �x = � �x = � �x = −� pY� N+M �0 *!'
�0C Z��M�
 Z�"\� (+"1 �8 �0 �. D �,+�
 y = � � y = �

9A$O �)� %��*8 !VO

D = D� ∪D� ∪ · · · ∪D��

�. Di ��,+�
 �0 f(x, y) e0&� .��\
 4+���
 � 4+#cM&
 �S� &
�
>.T R#� .$ �Z�
&�0 mi � Mi X��� 0

M� = M� = M�� = M�� = f(�,�) =
√
�

M� = M� = M� = M
 = M	

= M�� = M�� = M�� = f(�,�) =
√
�

M� = M� = M�� = M�� = f(�,�) = �

m� = m� = m�� = m�� = f
(√

�,�
)

= �

m� = m� = m� = m
 = m	

= m�� = m�� = m�� = f(�,�) = �

m� = m� = m�� = m�� = f(�,�) =
√
�

E� AJC � A;C (+"1 �0 �)� &0 ̀+�
 .$ �R#��0&�0
Z#.�$ ��*�*8 �� �q1

∫∫
D

f(x, y) dA =
∫∫
D�

+
∫∫
D�

+ · · ·+
∫∫
D�

≤ �

∫∫
D�

√
� dA+ 


∫∫
D�

√
� dA+ �

∫∫
D�

� dA

= �
√
�Area(D�) + 


√
�Area(D�) + 
Area(D�)

= �
√
�

(
�−
√
�+

π

�

)
+ 

√
�

(√
�

�
+
π

�
− �

)
+ �

≈ �
/��

Z#.�$ ��0&6
 >.T �0

∫∫
D

f(x, y) dA =
∫∫
D�

+
∫∫
D�

+ · · ·+
∫∫
D�

≥ �

∫∫
D�

� dA+ 


∫∫
D�

� dA+ �

∫∫
D�

√
� dA

= �
√
�×Area(D�) = �

√
�(�) ≈ ���

* ��� ≤
∫∫

D

√
�− x� − y� dA ≤ �
��� ̀+�
 .$ ]3

*(�� ���	� 5F �U1�� .��\
 �M Z���$�
 �� [B�

mA ≤
∫∫

D

f(x, y) dA ≤MA

*
∣∣∣∫∫

D

f(x, y) dA
∣∣∣ ≤ ∫∫

D

|f(x, y)| dA A7

�Z��$ 5&6� Area(A) $&+� &0 �. D ('&"
 �M ��.T .$ A�
*
∫∫

D

dA = Area(D) �&��F

Z��M x�= A& �'�() �$���%
D : � ≤ x ≤ � , � ≤ y ≤ �

�0 5���
 �. D >.T R#� .$ f(x, y) = [x + y] ��?U0 �
9A$O �)� GB���*8 !VO �0C $+� Z�"\� �#E >.T

D = D� ∪D� ∪D�,

D� : � ≤ y ≤ � , � ≤ x ≤ �− y,

D� : � ≤ y ≤ � , �− y ≤ x ≤ �− y,

D� : � ≤ y ≤ � , �− y ≤ x ≤ �.

��T �0��0 5F ��� c�0D� �� #��cB� Zg&1 d�a
 !M �0 f(x, y) e0&� �M
Z�����
 ��*�*8 �� �q1 E� A8C (+"1 �0 �h� �R#��0&�0 � (��
!M �0 f(x, y) e0&� *(�� � �0��0 D� !M �0 �M Z��M x�=
� (�� � �0��0 u ��. (+� e�- c�0 D� `?-_� �E� 

e0&� *�O&0 �
 � �0��0 D� !M �0 �M $+� x�= 5���
 �R#��0&�0
�0��0 (�,�) ��Y\� c�0 D� �� #��cB� Zg&1 d�a
 � !M �0 f(x, y)

�$ �0��0 D� !M �0 �M $+� x�= 5���
 �R#��0&�0 � (�� �$
��*�*8 �� �q1 E� (�) � (�) (+"1 �0 �)� &0 �]3 *�O&0�


Z#.�$}

�H*�*8 �&a
 E� ; � � �&	 +"1 9�*8 !VO∫∫
D

[x+ y] dA =
∫∫
D�

[x+ y]︸ ︷︷ ︸
�

dA+
∫∫
D�

[x+ y]︸ ︷︷ ︸
�

dA

+
∫∫
D�

[x+ y]︸ ︷︷ ︸
�

dA

= �+ �×Area(D�) + �×Area(D�)

= �× �+ �× �

�
= �



^ � � 	

��.T .$ �. R� E� D �,+�
 �#E ������ ����%
>.j0 ���F �M Z�gS `g��−x

D : a ≤ x ≤ b , h(x) ≤ y ≤ �(x)

R��Q *$O �)� GB���*8 !VO �0 *(O� 5� 0
�E�
 y� �$ �0 |Q � (��. m�@ �$ E� �#&��,+�

$���
 x X"' �0 e0&� �$ .�$+� �0 R�g&3 � _&0 E� � .�
−y
��E&0 .$ x �M $.�$ t�U� D �0 ��.T .$ (x, y) ��Y\� *��O�


*[h(x); �(x)] ��E&0 .$ y � $��S .��1 [a; b]
}

Zh�
−x ��,+�
 AGB� 9�*8 !VO
Zh�
−x ��,+�
 N# $��' R��U� A%

� (�� Zh�
−x &# .�����M ��  "0 ��,+�
 �� ���� ����%
�(�� R O� !0&1 Zh�
−x �&��,+�
 E� �,&+ )� !VO �0 &#
�0��0 &��,+�
 R#� E� &� �$ �� w�� O� ('&"
 �M ����S �0

9(�� ��T

D =
⋃
i

Di � ∀ i �= j : Area(Di ∩Dj) = �

$O�
 (0&f &��F .$ �$$�S�
 E&0 �WB3� �0 ZV' R#� >&[f�
�&	a�a
 E� �,&+ )� >.T �0 �. .�����M � � "0 ��,+�
 �� �M
>&[f� ���0 �M �c�Q &	�� *(O� 5���
 yLB� ����
 `?-� &0
*�O&0�
 ��LB$ d�a
 N# ���0 ��q1 ZV' 5$�$ 5&6� ���&
�


�6=�M) <� �+
J ���	�U8 K+� ����%
*(�� ��O �$�$ D Zh�
−x �,+�
 ���M x�= �/lU)−x

x �-�= ��Y\� .$ �. .�
 R#� �M .�
−x �0 $+, �Y� �� 0�
(+� �0 |Q (+� ���, �	 �
 E� � � =�S �h� .$ ��M�
 eY1
��,+�
 &0 y� R#� $.��0 R�B�� .$ *Z��$�
 (M�' (��.
!T&' x = b ��Y\� D$.��0 R#��F .$ � x = a ��Y\� �D
w�� 
 y� 5�M� *A$O �)� %��*8 !VO �0C *$$�S�

Z��M�
 x�= ��U# �Z��$�
 .��1 ��&�
 (B&' N# .$ �. .Mn

�0 y� R#� R�g&3 ���, �	 �
 E� �. (x, y) ��Y\� � a ≤ x ≤ b

D ��,+�
 &0 �Y\� R#� $.��0 R�B�� *Z��$�
 (M�' _&0 ��

�.
∫∫

D

f(x, y) dA .��\
 $.
 �� .$ �0���� �%���%
9���M �[�&�


�) f(x, y) = [x− y] D : � ≤ x ≤ �,� ≤ y ≤ �

�) f(x, y) = � D : x� + y� ≤ �,� ≤ x

�) f(x, y) = [x�] D : � ≤ x ≤ �,� ≤ y ≤ �

�) f(x, y) =
{
� |x|+ |y| ≤ � �S�
−� � < |x|+ |y| ≤ � �S�

D : |x|+ |y| ≤ �

���0 R�g&3 �' N# � _&0 �' N# ��#E $.�
 E� N# �� .$
9�#.�F (��0

∫∫
D

f(x, y) dA

�) f = x�y D : � ≤ x ≤ �,−� ≤ y ≤ �

�) f =
√
x� + y� D : x� + y� ≤ �

	) f = sin(x + y) D : � ≤ x ≤ π/�,� ≤ y ≤ π/�


) f = x− �y D : � ≤ x ≤ �,� ≤ y ≤ �− x

� (�� (i − �)� ≤ x� + y� ≤ i� ��\�' Di ���M x�= A�
��O G#�U� D : x� + y� ≤ R� ��,+�
 �0 z = f(x, y)

� !1��' �0��0 X��� 0 Mi � mi �S� �M ���$ 5&6� *(��
>.T R#� .$ ���O&0 Di �0 f(x, y) .��\
 �aM��'

[R]+�∑
i=�

(�i−�)mi ≤
∫∫
D

f(x, y) dA ≤
[R]+�∑
i=�

(�i−�)Mi

� y = � �x = � pY� �0 $���
 d�a
 Z�"\� &0 A�I∫∫
D

√
x+ y dA �[#�\� .��\
 �(+"1 .&	Q �0 x+ y = �

*���M �[�&�
 �. �,+�
 R#� �0

\O*' YG>X' ��0

�� [�&�
 �M Z��.�
 ��� � R#� �0 �;*�*8 �&a
 �0 �)� &0
4E_ ]3 �(�� �.�O$ .&M G#�U� E� �$&� �� &0 ��&S�$ ���� ��
.&h �� R#� *$O `��0� Z�\ "
 ��b �O�. $.
 R#� .$ (��
�&) �0 �M Z#.�F�
 $&# �0 ��� ��) E� �M $��S�
 >1 � 1�
���M�
 G#�U� �. ∫ b

a f(x) dx �M �����l�3 ̀+�
 �' �� [�&�

�R��� ��q1 �0&�0C � F ′ = f �M Z� =&#�
 �. �� F (x) e0&�
*(�� &�0 .&h �� R#� *Z#���.�
 F (b)−F (a) .��\
 �0 Ac ��[#_

*$O K�Y
 X�&�
 G#�U� N# �� 0� .$ �M (�� 4E_ &
�



� � 	 ^

w�� 
 y� %&L �� &0 �=�@ E� *b = � � a = � R#��0&�0
$.� �0 ��Y\� R#��R�g&3 �M Z��M�
 ���&6
 x ��Y\� E� ���.nS
5F R#��_&0 � (�� (x,� − x) E� >.&[, D ��,+�
 &0 y� R#�
� �(x) =

√
�− x� R#��0&�0 *�O&0�
 (

x,
√
�− x�) E� >.&[,

�� B$&U
 !' E� y = � − x �M (�� �M{ �0 4E_ *h(x) = � − x
�� B$&U
 !' E� y =

√
�− x� � (�� ��O !T&' x+y = � y�

R#��0&�0 *(�� ��
F (��0 � ≤ y �0 �)� &0 � x� + y� = �

D : � ≤ x ≤ � , �− x ≤ y ≤
√
�− x� }

�*;*8 �&a
 E� � � � �&	 +"1 98*8 !VO

�y = x pY� �0 $���
 ��,+�
 D ���M x�= A� .�8�
D �M ���$ 5&6� �>.T R#� .$ *�O&0 y = � � y = −x

*(�� Zh�
−x ���,+�

(�,�) ��Y\� �0 y = � � y = x y� �$ $.� �0 E� *!'
� y = −x y� �$ $.��0 E� � b = � R#��0&�0 � Z��.�

�0 *a = −� R#��0&�0 � Z��.�
 (−�,�) ��Y\� �0 y = �

���.nS w�� 
 y� N# �S� ���?U0 *$O �)� %�8*8 !VO
&# � ≤ x ≤ � �V�#� �0 � "0 �&��F �Z#���0 �h� .$ x ��Y\� E�
��� (B&' .$ *�
F ���� u�3 (�U-� �$ �−� ≤ x ≤ �

(B&' .$ � (x,�) � (x, x) E� ���.&[, X��� 0 _&0 � R�g&3 p&\�
�(x) = � ̀+�
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�

�
x�dx =

�

�

[
x�

�

]�
�

=
��

��

}

�*�*8 �&a
 E� � � ; �&	 +"1 9��*8 !VO

D = D� +D�

D� : −� ≤ y ≤ �,−
√
�− y� ≤ x ≤ −

√
�− y�/�

D� : −� ≤ y ≤ �,
√
�− y�/� ≤ x ≤

√
�− y�

}

��*;*8 �&a
 E� � (+"1 AGB� 9�;*8 !VO
�*�*8 �&a
 E� � (+"1 A%

>.T �0 �. �#E �&��,+�
 E� N# �� �0���� �����%
9��"#�0 Zh�
−y �&��,+�


*x = � y� � x = y� �+	� �0 $���
 �&��,+�
 A�

�EB � x� + �y� = � �q�0 �0 $���
 ��,+�
 A;
*|x|+ �|y| = �

*(�,�) � (�,�) �(�,�) /g. &0 d�a
 A�

(�,�) � �(�,�) �(�,�) �(�,�) /g. &0 �U�-.&	Q A�

�EB � x�/� + y�/� = � ��g�� �F �0 $���
 ��,+�
 AH
*|x|+ |y| = �

��Y0�. .$ �$&T (x, y) = x+yi ∈ C /g. &0 �U�- uO A8
*(x, y)� = �

	) |x|+ �|y| ≤ � 
) x�/� + y�/� ≤ �

�) |x+ y|+ |x− y| ≤ ���) � ≤ x� + y� ≤ �x

��) (x + �y + �)� + (y + �x+ �)� ≤ �

��E&0 �0 y = arcsinx e0&� .�$+� �0 $���
 ��,+�
 A�;
*.�
−x � −� ≤ x ≤ �

�M (x� + y�)� = a�(x�− y�) 5�3&3 �0 $���
 ��,+�
 A��
*� < a

��E&0 �0 /��"M � /��� e0�� .�$+� �0 $���
 ��,+�
 A��∗

*[�;�π]



9$O !' �#&0 ���� �� �$ ]3 �(��∫∫
D

f dA =
∫∫
D�

x

x� − � dA+
∫∫
D�

−x
x� − � dA

=
∫ �

−�

[∫ x�−�x

�

xdy

x� − �

]
dx+

∫ �

�

[∫ �

x�−�x

−xdy
x� − �

]
dx

=
∫ �

−�

[
xy dy

x� − �
]x�−�x

�

dx+
∫ �

−�

[−xy dy
x� − �

]�
x�−�x

dx

=
∫ �

−�
x� dx+

∫ �

�

x� dx =
∫ �

−�
x� dx =

[
x�

�

]�
−�

=



�}

�*�*8 �&a
 E� J � 8 �&	 +"1 9��*8 !VO

�x� + y� = �x �#��$ �0 $���
 �� �'&� D ���M x�= A4 .�8�
�0 f ���� �� *f(x, y) = x|y| � �O&0 .�
−y � x� + y� = �

*���M �[�&�
 �. D
�("�� Zh�
−x ��,+�
 D *Z��M�
 �UB&Y
 �. D �� 0� *!'
GB����*8 !VO �0 �(�� Zh�
−x uL0 �$ �0 !#�[� !0&1 &
�

�M D = D� ∪D� *$O �)�

D� : � ≤ x ≤ � ,
√
�x− x� ≤ y ≤

√
�− x�

D� : � ≤ x ≤ � , −
√
�− x� ≤ y ≤ −

√
�x− x�

>.T R#� .$∫∫
D

f dA =
∫∫
D�

xy dA+
∫∫
D�

−xy dA

=
∫ �

�

⎡
⎣∫
√
�−x�

√
�x−x�

xy dy

⎤
⎦ dx

+
∫ �

�

⎡
⎣∫ −

√
�x−x�

−
√
�−x�

−xy dy
⎤
⎦ dx

=
∫ �

�

[
x
y�

�

]√�−x�

√
�x−x�

dx +
∫ �

�

[
x
y�

�

]−
√
�x−x�

−
√
�−x�

dx

= �

∫ �

�

(
�x− x�) dx = �

[
x� − x�

�

]�
�

=
��

�

� �(�,�) �(�,�) .$ /g. &0 �a�a
 D ���M x�= A5 .�8�
�[�&�
 D �0 f(x, y) = x

�y + �

y − � e0&� ���� �� *(�� (�,�)

e0&� ���� �� �(�� x�+y� ≤ �x i�1 D Z��M x�= A, .�8�
*���M �[�&�
 D �0 �. f(x, y) =

π sin(πx/�)√
�x− x�

X"' �0 �. x� + y� = �x �� B$&U
 �� 0� �.h�
 R#� ���0 *!'
�#E 5$0 ([a
 p�O �M y = ±

√
�x− x� 9Z��M�
 !' y

R#��0&�0 *�O ���� � ≤ x ≤ � ��U
 �0 �&V#$�.

D : � ≤ x ≤ � , −
√
�x− x� ≤ y ≤

√
�x− x�

Z#.�$ ̀+�
 .$ �]3 *$O �)� GB����*8 !VO �0

∫∫
D

f dA =
∫ �

�

⎡
⎣∫
√
�x−x�

−
√
�x−x�

π sin(πx/�) dy√
�x− x�

⎤
⎦ dx

=
∫ �

�

[
πy sin(πx/�)√

�x− x�

]y=
√
�x−x�

y=−
√
�x−x�

dx

= �π

∫ �

�

sin
(π
�
x
)
dx =

[
−�
�

cos
(π
�
x
)]�

�

= �

�y = x� �+	� �$ �0 $���
 ��,+�
 D Z��M x�= A
 .�8�
*���M �[�&�
 �. D �0 f ���� �� *f(x, y) = �xy � (�� x = y�

Z#.�$ ��*;*8 �&a
 E� A�C (+"1 �0 �)� &0 �� 0� *!'

D : � ≤ x ≤ � , x� ≤ y ≤ √x

R#��0&�0
∫∫
D

f dA =
∫ �

�

[∫ √
x

x�
�xy dy

]
dx =

∫ �

�

[
xy�

]y=
√

x

y=x�
dx

=
∫ �

�

{
x� − x�

}
dx =

[
x�

�
− x�

�

]�
�

=
�

�

�M �O&0 ���T−xy ��� e0. E� � +"1 D ���M x�= A� .�8�
*f(x, y) = x � (�� ��O $���
 y = � − x� �+	� y��

*���M �[�&�
 �. D �0 f ���� ��
D ��$���
 �� 0� �D �0 f(x, y) ���� �� �� [�&�
 ���0 *!'
R#� .$ A$O �)� %���*8 !VO �0C *Z��M�
 �#&�&�O �.

R#��0&�0 � D : � ≤ x ≤ � , � ≤ y ≤ �− x� >.T
∫∫
D

f dA =
∫ �

�

[∫ �−x�

�

xdy

]
dx =

∫ �

�

[
xy

]�−x�

�

dx

=
∫ �

�

(
�x− x�

)
dx =

[
�x� − x�

�

]�
�

= �

E� AHC (+"1 .$ ��O G#�U� �� �'&� D ���M x�= A .�8�
�. D �0 f ���� �� *f(x, y) =

|x|
x� − � � �O&0 �*;*8 �&a


*���M �[�&�

��O Z�"\� Zh�
−x ��,+�
 �$ �0 D 5Q �>.T R#� .$ *!'



}

�*�*8 �&a
 E� � � 7 �&	 +"1 9�H*8 !VO

∫∫
D

f dA =
∫ �

�/�

[∫ �/�−y

�/y


xy� dx

�y� − �y − �

]
dy

=
∫ �

�/�

[
�x�y�

�y� − �y − �

]x=�/�−y

x=�/y

dy

=
∫ �

�/�

[
�y� − �y + �

]
dy = −�




�y = lnx .�$+� �0 $���
 ��,+�
 D ���M x�= A2 .�8�
*f(x, y) = xy�/(e�y − e�) � �O&0 x = e Y� � .�
−x

*���M �[�&�
 �. D �0 f ���� ��
}

�*�*8 �&a
 E� �� � �I �&	 +"1 9�8*8 !VO

Z� � (�� Zh�
−x Z� D �,+�
 �>.T R#� .$ _>�
e1�� .$ *$O �)� %��H*8 !VO �0 �Zh�
−y

D : � ≤ x ≤ e , � ≤ y ≤ lnx : � ≤ y ≤ � , ey ≤ x ≤ e

(O� 5���
 �R#��0&�0

∫∫
D

f dA =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ e

�

[∫ ln x

�

xy�

e�y − e� dy
]
dx (�)∫ �

�

[∫ e

ey

xy�

e�y − e� dx
]
dy (�)

��U# �$.�$ !' �0 ��
� A;C � A��C (�� !' !0&1 ��b A�C �M

=
∫ �

�

[
x�y�

�
(
e�y − e�)

]x=e

x=ey

dy

*���M
*Z�0&#�
 �. d�a
 e�- �� �� B$&U
 �� 0� �.h�
 R#� ���0 *!'
e0. E&"+�� E� (�� >.&[, (�,�) � (�,�) p&\� E� ���.nS y�
(�,�) � (�,�) p&\� E� ���.nS y� *y = x ��U# �4� � ���
(�,�) � (�,�) p&\� E� ���.nS y� *y = � E� (�� >.&[,
R#� .$ *y = �x − � R#��0&�0 � x− �

�− � =
y − �
�− � E� ("�.&[,

�)� %���*8 !VO �0C (�� Zh�
−y ���,+�
 D >.T
(O� 5���
 ��#E A$O

D : � ≤ y ≤ � ; y ≤ x ≤ y/�+ �

R#��0&�0

∫∫
D

f dA =
∫ �

�

[∫ y/�+�

y

x
�y + �

y − � dx

]
dy

=
∫ �

�

[
x�

�

�y + �

y − �

]x=y/�+�

x=y

dy =
�




∫ �

�

(�y + �)� dy

=
�




[
�

�
(�y + �)�

]�
�

= 	

xy = � �BBn� �0 $���
 ��,+�
 D �M ��.T .$ A0 .�8�
�.

∫∫
D


xy�

�y� − �y − � dA ���� �� ��O&0 x + y = �/� y� �
*���M �[�&�


�$�$ y� � �BBn� �D ��,+�
 $��' 5�O RO�. ���0 *!'
9Z��$�
 $.� �0 �. ��O

⎧⎨
⎩

xy = �

x+ y =
�

�

⇔

⎧⎪⎨
⎪⎩

�

�
x− x� = �

y =
�

�
− x

⇔

⎧⎪⎨
⎪⎩

x =
�±√��− ��

�

y =
�

�
− x

⇔

⎧⎪⎨
⎪⎩

x = �,
�

�

y =
�

�
− x

�(�,�/�) � (�/�,�) E� ���.&[, �$ 5F $.��0 p&\� �R#��0&�0
�(�� Zh�
−x ��,+�
 R#� *$O �)� GB���H*8 !VO �0

9(O� 5���
 ��#E

D : �/� ≤ y ≤ � , �/y ≤ x ≤ �/�− y

��� � .$



}

�*�*8 �&a
 E� �� � �; �&	 +"1 9�J*8 !VO

E� ]3 �.
∫ �

�

[∫ �−x�

�

xe�y

�− y dy
]
dx ���� �� A&, .�8�

*���M !' $��' X���� �#U�
@Y� � y = �− x� �+	� �0 D &��#� .$ �M (�� RO�. *!'

9(����O $���
 x = � � x = � �y = �

D : � ≤ y ≤ � , � ≤ x ≤
√
�− y

>.T R#� .$ *$O �)� GB���J*8 !VO �0
∫ �

�

[∫ �−x�

�

xe�y

�− ydy
]
dx =

=
∫∫
D

xe�y

�− ydA =
∫ �

�

[∫ √�−y

�

xe�y

�− y dx
]
dy

=
∫ �

�

[
x�e�y

�(�− y)dx
]√�−y

�

dy =
�

�

∫ �

�

e�y dy

=
�

�

[
�

�
e�y

]�
�

=
�

�

(
e
 − �

)

�,+�
 �0 �. f(x, y) = [y − x�] e0&� ���� �� A&
 .�8�
*���M �[�&�
 x� ≤ y ≤ �

9$�M �UB&Y
 �#&0 �. ^��T Ǳc) !��$ >.&[, *!'

[y − x�] = n ⇔ n ≤ y − x� < n+ �

⇔ x� + n ≤ y < x� + n+ �

�0 �)� &0 *�O&0 ���LB$ ^��T $�, �� �����
 n �M
Z�"\� (+"1 .&	Q �0 �. D ��,+�
 (x, y) ∈ D (#$���


9A$O �)� %��J*8 !VO �0C Z��M�


D = D� ∪D� ∪D� ∪D�

D� : x� ≤ y < x� + � , y ≤ �

D� : x� + � ≤ y < x� + � , y ≤ �

D� : x� + � ≤ y < x� + � , y ≤ �

D� : x� + � ≤ y < x� + � , y ≤ �

=
∫ �

�

−y
�

�
dy =

[
−y

�

�

]�
�

= −�
�

�y = x pY� �0 $���
 �,+�
 D ���M x�= A&^ .�8�
�. D �0 f ���� �� *f(x, y) = ex� � (�� x = � � y = �

*���M �[�&�

�>.T R#� .$ *!'

D : � ≤ x ≤ � , � ≤ y ≤ x : � ≤ y ≤ � , y ≤ x ≤ �

�)� GB���8*8 !VO �0 *Zh�
−y Z� � (�� Zh�
−x Z�
9(O� 5���
 t#�@ �$ �0 �R#��0&�0 *$O

∫∫
D

f dA =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∫ �

�

[∫ x

�

ex� dy

]
dx (�)

∫ �

�

[∫ �

y

ex� dx

]
dy (�)

!' $O�
 �. A�C �M �B&' .$ A��C (�� !' !0&1 ��b A;C &
�
9$+�

=
∫ �

�

[
yex�

]y=x

y=�
dx =

∫ �

�

xex�dx

=
[
�

�
ex�

]�
�

=
�

�
(e− �)

��O �$�$
∫ π

�

[∫ √
π

√
y

sin(x�)
x

dx

]
dy ���� �� A&& .�8�

���� �� .��\
 �$��' X���� �#U� &0 �("�� !' !0&1 &
� �(��
*�#.�F (��0 �.

!VO �0 ���F � �$.�F (��0 �. D ��
�$ Z��M�
 �U� ]3 *!'
pY� x =

√
y �+	� �0 D �M (�� RO�. Z�"#�0 Zh�
−x

%��8*8 !VO �0 �(�� ��O $���
 y = π � y = � �x =
√
π

*Z��M�
 �"#�E&0 Zh�
 x >.T �0 �. �,+�
 R#�*$O �)�
(+"1 ]3 ���M�+� ��T ���"
 y#��O .$ (�, π) �Y\� 5Q
*D : � ≤ x ≤ √π , � ≤ y ≤ x� 9�O&0�
 �[1 $.
 ���g&3

Z#.�$ ���� � .$

∫ π

�

[∫ √
π

√
y

sin(x�)
x

dx

]
dy =

=
∫∫
D

sin(x�)
x

dA =
∫ √

π

�

[∫ x�

�

sin(x�)
x

dy

]
dx

=
∫ √

π

�

[
y
sin(x�)
x

]y=x�

y=�

dx =
∫ √

π

�

x sin(x�) dx

=
[
−�
�

cos(x�)
]√π

�

= �



=
R�

�

∫ �πR

�

(�− cos t)� dx
}

�*�*8 �&a
 E� �� (+"1 9�7*8 !VO

]3 �Z��M�
 �$&� �� x = R(t − sin t) ��v 
 ���v� E� 5�M�

R#��0&�0 � t � �π
x � �πR

�dx = R(�− cos t)dt

=
R�

�

∫ �π

�

(�− cos t)�R(�− cos t)dt

=
R�

�

∫ �π

�

{
�− � cos t+ � cos� t− cos� t

}
dt

= −R
�

�

∫ �π

�

(
� cos t+ cos� t

)
dt

+
R�

�

∫ �π

�

(
�+ �

�+ cos�t
�

)
dt

= �+
R�

�

[
�

�
t+

�

�
sin(�t)

]�π

�

=
�

�
πR�

R#� �0 *(�� �
�cB� �*�*8 �� �q1 .$ e0&� �� ��3 p�O
�1&�� �0 (�� RV+
 ��O&[� .��1�0 p�O R#� �l�&�Q �M ��U


*���M �)� �#E �&a
 �0 *Z���0

���M x�= �'�() ����%

f(x, y) =

⎧⎪⎪⎨
⎪⎪⎩

�/y� � < x < y < � �S�
−�/x� � < y < x < � �S�
�/y�

�S� �>.T R#� ��b .$
� < x < y < �

���$ 5&6�
∫ �

�

[∫ �

�

f(x, y) dy

]
dx �=

∫ �

�

[∫ �

�

f(x, y) dx

]
dy

Z#.�$ �f ��Y0&- �0 �)� &0 *!'
∫ �

�

f(x, y) dy =
∫ x

�

f(x, y) dy +
∫ �

x

f(x, y) dy

=
∫ x

�

−�
x�

dy +
∫ �

x

�

y�
dy

=
[−y
x�

]y=x

y=�

+
[−�
y

]y=�

y=x

= −�
∫ �

�

[∫ �

�

f(x, y) dy

]
dx =

∫ �

�

−dx = −�

>.T R#� .$∫∫
D

y − x�] dA =

=
∫∫
D�

� dA+
∫∫
D�

� dA+
∫∫
D�

� dA+
∫∫
D�

� dA

=
∫∫

D�∪D�∪D�

dA+
∫∫

D�∪D�

dA+
∫∫
D�

dA

��+� D� � D� ∪ D� � D� ∪ D� ∪ D� �&��,+�
 &
�
��#E ��� "� Zh�
−x

D� ∪D� ∪D� : −
√
� ≤ x ≤

√
� , x� + � ≤ y ≤ �

D� ∪D� : −
√
� ≤ x ≤

√
� , x� + � ≤ y ≤ �

D� : −� ≤ x ≤ � , x� + � ≤ y ≤ �

&0 (�� �0��0
∫∫

D

[y − x�] dA R#��0&�0

=
∫ √

�

−
√
�

[∫ �

x�+�

dy

]
dx+

∫ √
�

−
√
�

[∫ �

x�+�

dy

]
dx

+
∫ �

−�

[∫ �

x�+�

dy

]
dx

=
∫ √

�

−
√
�

[
�− x�

]
dx+

∫ √
�

−
√
�

[
�− x�

]
dx

+
∫ �

−�

[
�− x�

]
dx

=

[
�x− x�

�

]√
�

−
√
�

+

[
�x− x�

�

]√
�

−
√
�

+

[
x− x�

�

]

= �
√
�+




�

√
�+

�

�

!
&M �� UY1 N# �0 $���
 �� �'&� D �M ��.T .$ A&� .�8�
�0C C : x = R(t − sin t) , y = R(� − cos t) ��g�V�� E�
�. f(x, y) ���� �� �f(x, y) = y � �O&0 A$O �)� �7*8 !VO

*���M �[�&�
 D �0
(�� >.&[, �.�
−x &0 C $.��0 ��U# �y = � p�O *!'
�M (�� ��U
 R#� �0 C E� !
&M �� UY1 N# ]3 *cos t = � E�

>.T �0 �. D ��,+�
 *� ≤ t ≤ �π

D : � ≤ x ≤ �πR , � ≤ y ≤ R(�− cos t)

�R#��0&�0 *$�$ ^�-� 5���

∫∫
D

ydA =
∫ �πR

�

[∫ R(�−cos t)

�

ydy

]
dx

=
∫ �πR

�

[
y�

�

]y=R(�−cos t)

�

dx



�y = �a pY� �0 $���
 ��\Y�
 D �M ��.T .$ A�J
e0&� ���� �� ��O&0 y = x � y = x + a �y = a

*���M �[�&�
 D �0 �. f(x, y) = x� + y�

x = y� � y = x� �+	� �$ �0 $���
 D �M ��.T .$ A�7
*���M �[�&�
 D �0 �. f(x, y) = x�y e0&� ���� �� ��O&0

�0 �a�a
 D �M ���M �[�&�
 ��.T .$ �.
∫∫

D

xy� dA A��
*�O&0 (�,�) � (�,�) �(�,�) /g.

� +"1 D � f(x, y) =
(
y/(x� + y�)

)�
�M ��.T .$ A;I

� y = � pY� R�0 �M �O&0 x� + y� ≤ � i�1 E�
�[�&�
 D �0 �. f ���� �� �(�� ��O $���
 y = �/�

*���M

5F .$ �M ���M �[�&�
 ��.T .$ �.
∫∫

D

xy� dA ���� �� A;�
D : y ≤ ��− x� , y ≥ x� , x ≥ �

��O&0 (�,�) � (��,�) �(�,�) /g. &0 �a�a
 D �S� A;;
*���M �[�&�
 D �0 �. f(x, y) =

√
xy − y� e0&� ���� ��

�#_&0 ��+�� D �M ���M �[�&�
 �@�60 �.
∫∫

D

xy dA .��\
 A;�
*�O&0 (x− �)� + y� = � ���#�$ �0 $���
 �� �'&�

�&�.�
 �0 /&+
 � a `&UO �0 ����#�$ D �M ��.T .$ A;�
&0 f(x, y) e0&� ���� �� ��O&0 ��� e0. .$ e1�� � ��&j L


*���M �[�&�
 D �0 �. �/
√
�a− x ��Y0&-

�0 $���
 !�Y "
 �0 �. f(x, y) = xnym e0&� ���� �� A;H
����M �[�&�
 y = b � y = � �x = a �x = � pY�

*����LB$ �\�\' $��,� a � b � �U�[@ $��,� n � m �M

�. !T&' ���� �� �����B��� �� X���� �#U� E� ]3 �$.
 �� .$
9���M �[�&�


��)
∫ �

�

[∫ �x

�x

y dy

]
dx �	)

∫ �

�

⎡
⎣∫ √�−y�

y�/�

xdx

⎤
⎦ dy

�
)
∫ π

�

[∫ sin x

�

xy dy

]
dx ��)

∫ �

�

[∫ �

√
y

ex� dx

]
dy

��)
∫ �

�

[∫ �
√

y

y

xdx

y lnx

]
dy ��)

∫ �

�

[∫ �

y

x�exy dx

]
dy

��)
∫ �

�

[∫ �

√
x

sin(πy�) dy

]
dx

��)
∫ �

�

[∫ �
√

y

y

sin(x�) dx

]
dy

�M �B&' .$
∫ �

�

f(x, y) dx =
∫ y

�

f(x, y) dx+
∫ �

y

f(x, y) dx

=
∫ y

�

�

y�
dx+

∫ �

x

−�
x�

dx

=
[
x

y�

]x=y

x=�

+
[
�

x

]x=�

x=y

= �

∫ �

�

[∫ �

�

f(x, y) dx

]
dy =

∫ �

�

dx = �

�[�&�
 �. �#E .�V
 �&	B��� �� E� N# �� �0���� $���%
9���M

�)
∫ �

�

[∫ �

�

x� dy

y� + �

]
dx �)

∫ �π

�

[∫ a

sin θ

rdr

]
dθ

�)
∫ �

�

[∫ x

�

dy

(x+ y)�

]
dx �)

∫ �

�

[∫ �

x

[x+ y] dy

]
dx

�)
∫ �

�

⎡
⎣∫
√
��−x�

�

xy dy

⎤
⎦dx �)

∫ �

�

[∫ �−x

�

(x+ y) dy

]
dx

	)
∫ �

−�

⎡
⎣∫ √	−y�

−
√
	−y�

x�dx

⎤
⎦dy 
)

∫ �

�

⎡
⎣∫ √��−y�

�

|x− �| dx
⎤
⎦dy

�)
∫ �

�

[∫ �

�

(x� + �y) dx

]
dy

��)
∫ �

�

⎡
⎣∫
√
�−x�

�

√
�− x� − y� dy

⎤
⎦ dx

9��"#�0 �.
∫∫

D

f(x, y) dA ���� �� $��' �$.
 �� .$

(�,�) � �(�,�) �(�,�) �(�,�) /g. �0 !�Y "
 D A��
*(��

x� + y� = � � y�−x� = � �BBn� �0 $���
 �� �'&� D A�;
*(�� Ǳ��[
 !
&O � (��

� �(�,	) �(�,�) �(�,�) /g. �0 `?-_� �E� 
 D A��
*(�� (�,�)

x� + y� = �x � y� + x� = � �#��$ �0 $���
 �� �'&� D A��
*(��

�� �'&� D �M ���M �[�&�
 ��.T .$ �.
∫∫

D

xy� dA A�H
� (�� x = p/� y� � y� = �px �+	� �0 $���


*p > �

x� + y� ≤ � i�1 �0 �. f(x, y) = |xy| e0&� ���� �� A�8
*���M �[�&�




�$6� �$�$ Z�� N# E� u�0 �Y\� N# �0 A;

*�O&0 �\Y�
 4&h� N# ��.�$ �
&�� %&L �� A�

�U0&� �A ��,+�
 �0 >&j L
 N# E� .h�
 ��-&#. 5&�0 �0
�Z �R ��h�C oL6
 ���,+�
 �0 A E� ��S��= � N�[V# (��

*A***� R�

!#{ G#�U� �(�� ���T .$ >&j L
 K�@ m�� �M 5�M�
9Z��$�
 �g�.� �.

���T .$ >&j L
 ���v� N# E� .h�
 ������ ����%
!VO �0 F : R� → R� �#n3/VU
 �U0&�

F (u, v) =
(
x(u, v), y(u, v)

)
�� (u, v) ∈ D �� ��E� �0 �M (�� V $�0 � D �� �
�$ &0

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ �= �

*Z�
&��
 F >&j L
 ���v� R�0M�W �. J �$�, e0&�

>&j L
 ���v� R#� E� ��$&� �� !�B$ �0 �78����� ����%
('&"
 &0 ���,+�
 �#E �0 p�O R#� ���&S�$ ���� �� �� [�&�
 .$

*�O&[� .��1 �0 �����
 D E� ��T

D = V = R� Z#��S A& �'�() ����%
F >.T R#� .$ *F (u, v) = ((u+ v)/�, (u− v)/�) �
(�� �#n3/VU
 F _z �� ���#E *(�� >&j L
 ���v� N#

��&f .$ � �F−�(x, y) = (x + y, x− y)

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =
∥∥∥∥ �/� �/�
�/� −�/�

∥∥∥∥ =
∣∣∣∣−��

∣∣∣∣ =
�

�
�= �

D = V = {(u, v) |u > �, v > �} Z��M x�= A, .�8�
>&j L
 ���v� N# F >.T R#� .$ F (u, v) = (uv, u/v) �
� F−�(x, y) =

(√
xy,

√
x/y

)
(�� �#n3/VU
 F ��#E �(��

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =
∥∥∥∥ v u

�/v −u/v�
∥∥∥∥ = �

∣∣∣u
v

∣∣∣
*$O�
 ��T D E� � $O�+� G#�U� v = � y� Z�� �0 &	�� �M
>&j L
 ���v� N# F ���E&��+� ('&"
 &�y� Z�� R#� 5Q

*��M�
 G#�U�

F (u, v) = (x, y) ���$ 5&6� �$.
 �� .$ �0���� $���%
oL6
 �. V � D ��,+�
 � ��M�
 G#�U� >&j L
 ���v� N#

9���M

�) x = u, y = uv �) x = u�/v, y = v�/u

��)
∫ �

�

[∫ y/�

�

y�(�x − y)e(�x−y)� dy

]
dx

��)
∫ �

�

[∫ ln x

�

(x− �)
√
�+ e�y dy

]
dx

��)
∫ �

�

[∫ π/�

arctan x

ln(cos y) dy

]
dx

�	)
∫ �

�

[∫ �

x�
�xy exp(yx�) dy

]
dx

�
)
∫ �

�

[∫ �

y

x�y√
�+ x�y�

dx

]
dy

��)
∫ e

�

[∫ ln y

�

dx

y ln y + xy

]
dy

��,+�
 �0 f(x, y) = x�y�
√
�− x� − y� e0&� ���� �� A�I

�. x� + y� = � ����
 �0 $���
 � ��� e0. .$ e1��
*���M �[�&�


�0 $���
 ��,+�
 �0 f(x, y) = xy e0&� ���� �� A��
9���M �[�&�
 �. �#E ����
 � ��&j L
 �&�.�


*C : x = R cos� t , y = R sin� t , � ≤ t ≤ π/�

�$ � ��&j L
 �&�.�
 �0 $���
 e0�
 D ���M x�= A�;
R��l+� � �O&0 y = � � x = � �� B$&U
 �0 y�
Zh�
−x !VO �0 �. D *f(x, y) = (x − y)/(x� + y�)

N# �� �0 (["� �. f ���� �� ]<� � � O� Zh�
−y c�� �
*���M �[�&�


-	^�_' ���S& (�0

� ��O�
 !' � L� �0 &# ���� �� !#&"
 �$.�
 E� �.&�"0 .$
���v� D�. E� �$.�
 R��Q .$ *�� "�� !' !0&1 ?z T� �V�#� &#
��&#&O N+M e1�
 E� �.&�"0 .$ �M �$+� �$&� �� 5���
 ���v 

E� ���.&[, ��&S �$ ���� �� .$ $.���& �� �&���v 
 ���v� *��M�

��&S��) �. &	�F �M ��Y� >&j L
 ���v� � �[Y1 >&j L
 ���v�
>&j L
 ���v� �$ R#� e��� $�0.&M !�B$ �0 *$�M Z���� ��.�0
���v� ��M >.T 5&�0 �0 5&#&3 .$ � Z��M�
 ^#�6� �. &	�F �� 0� �

*(��$�3 Z���� ��v 


^�-� ���0 �U� ��S �� ��M .Y0 �@�PC\) ����%
*Z�gS�
 (��$�3 R��U� �. p&\� ��,+�
 �.�nS Z�� ���0 &# �
(#&,. � "#&0 �.�nS 4&� ���0 �T&� �T� �M (�� RO�.

9$$�S

���O �$�$ (["� Z�� p&\� ��+� �0 A�



}

�0 �[Y1 >&j L
 E� �,+�
 !#�[� 9;I*8 !VO
]VUB&0 � ��.&M$

�#E D �S� �>�.? @�PC\) ���f�m ��� *���%
���T−θr .$ 5F �#j� �M �O&0 ���T−xy E� ���,+�


>.T R#� .$ �(�� D′ ��,+�
∫∫
D

f(x, y) dA =
∫∫
D′

f
(
r cos θ, r sin θ

)
r dA′

�0 $���
 �� �'&� D ���M x�= A& �'�() ����%
e0&� ���� �� �>.T R#� .$ *(�� x� + y� = � ���#�$

*���M �[�&�
 �. D �0 f(x, y) = �
√
x� + y�

�0 D 5Q *Z��M�
 �$&� �� �[Y1 >&j L
 ���v� E� *!'
D �#j� ���U#C D′ ]3 �$$�S�
 5&�0 x� + y� ≤ � >.T
�.�+� r &
� *D′ : r� ≤ � E� (�� >.&[, A���T−θr .$
$)� θ �0 �@�O 5Q *D′ : � ≤ r ≤ � R#��0&�0 �(�� ���
&�

��U# ���V0 �����
 �. $� >����v� ��+� θ ]3 �$.���

D′ : � ≤ θ ≤ �π , � ≤ r ≤ �

Z#.�$ ̀+�
 .$ ]3∫∫
D

�

√
x� + y� dA =

∫∫
D′

�
√
r�r dA′

=
∫ �π

�

[∫ �

�

r�/�dr

]
dθ =

∫ �π

�

[
�



r
/�

]�
�

dθ

=
�

�

�
√
�

∫ �π

�

dθ = �π
�
√
�

*$O �)� ;�*8 !VO �0 �D′ �0 D !#�[� ����Q Z"�� ���0

}

J*�*8 E� � (+"1 9;�*8 !VO

�) u = xy, v = x+ y �) u = �/x, v = �/y

�) x = u+ �v, y = u− �v

�) u =
√
x� + y�, v = arctan (y/x)

.$ ����G+� '��BC�� �� @�PC\) ���f� � �� %���%
J �0M�W � V $�0 �U �� �
�$ &0 ��&j L
 ���v� F �M ��.T
c�� � ��O&0 �#n3���� �� D ⊂ V �0 z = f(x, y) e0&� � �O&0
e0&� >.T R#� .$ �F (D′) = D �M �O&0 �.@ D′ ⊆ U �S�

��?U0 � (�� �#n3���� �� D′ �0 c�� z = f
(
x(u, v), y(u, v)

)
∫∫
D

f(x, y) dxdy =
∫∫
D′

f
(
x(u, v), y(u, v)

)
J dudv

*
∫∫

D

f dA =
∫∫

F−�(D)

(f ◦ F ) dA′ .&j �� �0 &#

M = (x, y) ���M x�= ��.? @�PC\) &���%
r &0 �. O &� M �� �T&= *(�� ���T−xy .$ Ǳ��[
 c�0 ���Y\�
*$O �)� ;I*8 !VO �0 �Z��$�
 5&6� θ &0 �. xOM �� #��E �

>.T R#� .$ �M (�� RO�.
{
x = r cos θ
y = r sin θ �

{ √
x� + y� = r

arctan (y/x) = θ

R#� �0 *r = θ = � Z��M�
 G#�U� O = (�,�) Ǳ��[
 $.
 .$
*$O�
 G#�U� F (θ, r) = (x, y) e0&� �X����

�α ≤ θ < �π+α Z��M�
 x�= �$$�S N�[V# F �V�#� ���0
�� �
�$ ]3 *� ≤ r �M (�� RO�. c�� � ��LB$ (�� �$�, α �M

>.T �0 �. F

U : α ≤ θ < �π + α , � ≤ r

!M E� (�� >.&[, F $�0 �M (�� ^-�� ���?U0 *Z��M�
 G#�U�
c�� � ���T−xy

J =
∣∣∣∣∂(x, y)
∂(θ, r)

∣∣∣∣ =
∣∣∣∣ −r sin θ cos θ
r cos θ sin θ

∣∣∣∣ = | − r| = r

�R#��0&�0 *�O&0�
 ��T GB&L
 r = � ��Y\� c�0 &) �+� .$ �M
!$": �. >&j L
 ���v� R#� *(�� >&j L
 ���v� N# F
�θ �� [�&�
 �̀ �O ��[
 _z +U
 �M (�� �M{ �0 4E_ *Z�
&��

N# F �� �
�$ >.T �� .$ ���?U0 *(�� −π &# � �0��0 �α ��U#
���
 (�� RV+
 �M ���#$ ��  V� *(�� ���T−θr .$ .�� Z��
E� �̀ �O &0 (�� �Y� Z�� θ = θ� ����
 �M (�� 5F ��O&0
����#�$ r = r� ����
 � $E&��
 θ� �� #��E .�
−x &0 �M Ǳ��[


*$O �)� ;I*8 !VO �0 *(�� r� `&UO � Ǳ��[
 cM�
 �0



= ��

∫ π/�

−π/�

cos� θdθ
(�)
= ��

∫ �

−�

(
�− u�

)
du

= ��

[
u− u�

�

]�
�

= �


� du = cos θdθ R#��0&�0 �u = sin θ (�� ��O x�= A�C .$ �M
* θ −π/� π/�
u −� �

}

J*�*8 E� � (+"1 9;;*8 !VO

�� B$&U
 �0 ��  "0 ����
 �0 $���
 �� �'&� D �V�#� x�= &0 A� .�8�
���� �� �� ≤ x,� < a �M (�� (x� + y�)� = a�(x� − y�)

*���M �[�&�
 D �0 �. f =
√
x� − y�

}

J*�*8 E� � (+"1 9;�*8 !VO

�M Z��M�
 �)� .h�
 R#� ���0 _>�

D : (x� + y�)� ≤ a�(x� − y�),� ≤ x

9Z#.�F�
 (��0 ���F ��[1 �#j� �

D′ : (r�)� ≤ a�(r� cos� θ − r� sin� θ) , � ≤ r cos θ

: r� ≤ a� cos(�θ) , � ≤ cos θ

� � ≤ cos(�θ) � "#&0 ]3 A$O �)� ;�*8 !VO �0C
�$&U
 5&�0 �0 &# �−π/� ≤ �θ ≤ π/� &z
�cB� ���U# �� ≤ cos θ

�R#��0&�0 *−π/� ≤ θ ≤ π/�

D′ : −π/� ≤ θ ≤ π/� , � ≤ r ≤ a
√

cos�θ

�0 �M �O&0 ��� e0. E� � +"1 D �M ��.T .$ A, .�8�
e0&� ���� �� .��\
 �(�� $���
 x� + y� = � ���#�$

*���M �[�&�
 �. D ��,+�
 �0 f(x, y) =
√
�− x� − y�

E� (�� >.&[, D �M Z��M�
 �)� �.h�
 R#� ���0 *!'

D : x� + y� ≤ � , � ≤ x , � ≤ y

�$&� �� r sin θ E� y �&�0 � r cos θ E� x �&�0 D′ R =&# ���0
9Z��M�


D′ : r� ≤ � , � ≤ r cos θ , � ≤ r sin θ

]3 �� ≤ r �.�+� &
�

D′ : � ≤ r ≤ � , � ≤ cos θ , � ≤ sin θ

� ≤ ��U
 �0 �� ≤ θ ≤ �π �V�#� �0 �)� &0 ��F p�O �$ �M
� D′ : � ≤ θ ≤ π/� , � ≤ r ≤ � �R#��0&�0 *�� "� θ ≤ π/�

Z�"#�0 Z�����
∫∫
D

√
�− x� − y� dA =

∫∫
D′

√
�− r�r dA′

=
∫ π/�

�

[∫ �

�

r
√
�− r�dr

]
dθ

=
∫ π/�

�

[−�
�

(�− r�)�/�

]�
�

dθ =
∫ π/�

�

�dθ =
�

�
π

x� + y� = x �#��$ �0 $���
 �� �'&� D �M ��.T .$ A
 .�8�
f ���� �� �f(x, y) = �

√
x� + y� c�� � �O&0 x� + y� = �x �

*���M �[�&�
 D �0 �.
�M Z��M�
 �)� �.h�
 R#� ���0 *!'

D : x ≤ x� + y� ≤ �x

9E� (�� >.&[, 5F D′ �[Y1 �#j� �

D′ : r cos θ ≤ r� ≤ �r cos θ

Z#.�$ �&	#�&"
&� R�=�@ E� r mn' &0

D′ : cos θ ≤ r ≤ � cos θ

R#��0&�0 *�O&0 ���
&� c�� cos θ &# � cos θ �#&0 ]3 �� ≤ r 5Q
�nB � −π/� ≤ θ ≤ π/�

D′ : −π/� ≤ θ ≤ π/� , cos θ ≤ r ≤ � cos θ

Z#.�$ ̀+�
 .$ *$O �)� ;;*8 !VO �0∫∫
D

f dA =
∫∫
D

�

√
x� + y� dA =

∫∫
D′

�r . r dA′

= �

∫ π/�

−π/�

[∫ � cos θ

cos θ

r�dr

]
dθ = �

∫ π/�

−π/�

[
r�

�

]� cos θ

cos θ

dθ



I =
∫∫
D

ln
(
x� + y�

)
dA =

∫∫
D′

ln(r�)r dA′

= �

∫∫
D′

r ln r dA = �

∫ π/�

�

[∫ �

�

r ln rdr

]
dθ

(�)
= �

∫ π/�

�

⎧⎨
⎩
[
r�

�
ln r

]�
�

−
∫ �

�

r�

�

dr

r

⎫⎬
⎭ dθ

=
∫ π/�

�

⎧⎨
⎩� ln�−

[
r�

�

]�
�

⎫⎬
⎭ dθ

= (� ln�− �)
∫ π/�

�

dθ =
π

�
(� ln�− �)

�. f e0&� ���� �� ��I &� � >&�#�+� .$ �0���� �����%
9���M �[�&�
 D ��,+�
 �0

*(�� x� + y� ≤ � i�1 D � f =
√
�− x� − y� A�

�M (�� x� + y� ≤ � i�1 E� � +"1 D � f = x� + y� A;
*$.�$ .��1 .�
−x �#E

�#��$ �0 $���
 �� �'&� D � f = �/(� + x� + y�) A�
*(�� x� + y� = � � x� + y� = �

y� �_&0 .$ e1�� �� �'&� D � f = �/ arctan (y/x) A�
*(�� x� + y� = � ���#�$ !��$ � y = x

x� + y� = ���#�$ �0 $���
 �� �'&� D � f = x
√
x� + y� AH
*(�� �y

x�+y� = �x � x�+y� = � �0 $���
 �� �'&�D � f = x A8
*(��

(x� + y�)� = !VO �����3 ����
 �0 $���
 �� �'&� D AJ
*f = �/

√
�+ x� + y� � �O&0 x� − y�

*(�� x� + y� = � ���#�$ !��$ D � f = ex�+y� A�

.��1 4� e0. .$ �M �O&0 x� + y� ≤ � i�1 E� � +"1 D A�I
*f =

√
	−x�−y�

	+x�+y�
� $.�$

��O&0 ([a
 �$�, a � � ≤ β ≤ π/� �M ��.T .$ A��
9���M �[�&�
 �. �#E ���� ��∫ a sin β

�

⎡
⎣∫
√

a�−y�

y cot β

ln(�+ x� + y�) dx

⎤
⎦ dy

9���M �[�&�
 �. ��O �$�$ �&	B��� ��

��)
∫ �a

�

⎡
⎣∫
√
�ax−x�

�

(x� + y�) dy

⎤
⎦ dx

��?U0 �∫∫
D

√
x� − y� dA =

∫∫
D′

√
r� cos(�θ)r dA

=
∫ π/�

−π/�

[∫ a
√

cos(�θ)

�

r�
√

cos(�θ)dr

]
dθ

=
∫ π/�

−π/�

[
r�

�

√
cos(�θ)

]r=a
√

cos(�θ)

r=�

=
a�

�

∫ π/�

−π/�

cos�(�θ)dθ

=
a�

�

[
θ

�
+

sin(�θ)



]π/�

−π/�

=
a�

�
π

����T−xy .$ ��O �$�$ ��  "0 ����
 .�$+� ����&6
 .h�
 �0
9Z��M�
 Z���� �0&#�Y\� D�. �0 �. 5F �[Y1 4�=

� x = a cos θ
√

cos(�θ) �x = a cos θ
√

cos(�θ)

θ −π
�

−π



�
π




π

�

x � a

√√
�+ �

�
a a

√√
�+ �

�
�

y −a
√
�

�
−a

√√
�+ �

�
� a

√√
�+ �

�
a

√
�

�

r � a

√√
�+ �

�
a a

√
�−
√
�

�
�

�. I =
∫ �

�

⎡
⎣∫ √�−y�

√
�y

ln(x� + y�) dx

⎤
⎦ dy ���� �� A .�8�

*���M �[�&�

>.&[, D ���� �� �� �
�$ �M Z��M�
 �)� .h�
 R#� ���0 *!'

E� (��

D : � ≤ y ≤ � ,
√
�y ≤ x ≤

√
�− y�

: x� + y� ≤ � ,
√
�y ≤ x , � ≤ y

r X"' �0 y � x �&�0 �D �[Y1 �#j� 5$.�F (��0 .h�
 �0
��U# �Z��$�
 .��1 θ �

D′ : r� ≤ � ,
√
�r sin θ ≤ r cos θ , � ≤ r sin θ

: � ≤ r ≤ � , tan θ ≤
√
�/� , � ≤ sin θ

�)� &0 4�$ ��&"
&� � (�� � ≤ θ ≤ π ��U
 �0 4� ��&"
&�
R#��0&�0 *�O&0�
 � ≤ θ ≤ π/� ��U
 �0 �(#$���
 R#� �0
]3 *(�� !�Y "
 N# �M D′ : � ≤ r ≤ � , � ≤ θ ≤ π/�

Z#.�$ ̀+�
 .$



�0C 4�U
 �.�
 $�� 
� .$ � oL6
 ���E���&0 ]�&�� A$
�M �(x, y) �→ (�x, y) ��h� 9A$O �)� $ � ;�*8 !VO

*�O&0�
 .�
−y $�� 
� .$ � � ��E���&0 �"�&��

�0C 4�U
 ���Y\� �0 (["� oL6
 ���E���&0 ]�&�� A�
��Y0&- &0 (O&�� ��h� 9A$O �)� � � ;�*8 !VO
−�/� ��E���&0 �"�&�� �M �(x, y) �→ (−x/�,−y/�)

*�O&0�
 Ǳ��[
 �0 (["�

9E� ���.&[, _&0 d�0 k#& � R#� +	


��Q &# �C !VO �a�a
 �� �'&� N# �#j� R��U� ���0 A�
*Z��M �#j� ���F `?-� (�� �=&M A�U�-

&# � �BBn� ��q�0 ����#�$C �@��L
 eY\
 N# �#j� A;
*(�� $� ̀� E� �@��L
 eY\
 N# A��+	�

>&j L
 ���v� N# $� ��Y� >&j L
 ���v� N# ]V, A�
*(�� �Y�

�0 $���
 �� �'&� D ���M x�= A& �'�() �����%
y = x − � � y = x �x + �y = � �x + �y = � pY�
�[�&�
 D �0 �. F ���� �� Z���L0 � f = (x + �y)� � (��

*���M
�M Z��M�
 �)� �� 0� *!'

D : � ≤ x+ �y ≤ � , −� ≤ y − x ≤ �

>.T R#� .$ *v = y − x �u = x + �y Z��M x�= �&'
� y = u/�+ v/� �x = u/�− �v/�

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =
∥∥∥∥ �/� −�/�
�/� �/�

∥∥∥∥ =
�

�
�= �

.$ D �����M oL6
 y� .&	Q �#j� �M (�� RO�. ���?U0
*v = � � v = −� �u = � �u = � E� ���.&[, ���T −uv
�)� ;H*8 !VO �0 D′ : � ≤ u ≤ � , −� ≤ v ≤ � R#��0&�0

��� � .$ *$O
∫∫
D

(x + �y)� dA =
∫∫
D′

u�

�
dA′

=
∫ �

�

[∫ �

−�

u�

�
dv

]
du =

�

�

∫ �

�

u� du =
��

�

�&�.�
 �0 $���
 �� �'&� D �M ��.T .$ A, .�8�
&0 e0&� ���� �� .��\
 ��O&0 x+ y = π �� B$&U
 �0 y� � ��&j L


*���M �[�&�
 �. D �0 f(x, y) = cos
(
x− y
x+ y

)
��Y0&-

��)
∫ a

−�

⎡
⎣∫ √a�−y�

√
a�−y�

(x� + y�)�/� dx

⎤
⎦ dy

��)
∫ �

�

⎡
⎣∫
√
�x−x�

�

x+ y

x� + y�
dy

⎤
⎦ dx

��)
∫ a

�

⎡
⎣∫
√

a�−x�

�

xy√
x� + y�

dy

⎤
⎦ dx

���v� N# ��M 4�= ��?� @�PC\) ���f� �����%
E� (�� >.&[, �Y� >&j L


x = au+ bv + c , y = αu+ βv + γ

5F .$ �M

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =
∥∥∥∥ a b
α β

∥∥∥∥ = |aβ − αb| �= �

�M (�� 5F A!"# 4&�0C >&j L
 ���v� R#� �.�nSZ�� !�B$ *
�#j� ��&f .$ � (�� �Y� v � u X"' �0 y � x ��M !VO _z ��
���v� �� _z T� *(�� y� N# �>&j L
 ���v� R#� y�� y� ��

9��$�
 4&��� �. �#E K�O �0 .&M ��Q &# N# �Y� >&j L

}

�Y� >&j L
 ���v� 9;�*8 !�O

GB� � ;�*8 !VO �0C x���
 .�$�0 N# ��E���&0 �&\ �� AGB�
�B&\ �� �M �(x, y) �→ (x + a, y + b) ��h� 9A$O �)�

*(�� −−→(a, b) ��E���&0

x���
 ���Y\� �' � oL6
 ���#��E ��E���&0 5�.�$ A%
��Y0&- &0 (O&�� ��h� 9A$O �)� % � ;�*8 !VO �0C

(x, y) �→ (x sin θ + y cos θ,−x cos θ + y sin θ)

*(�� Ǳ��[
 �' θ ��E���&0 ���.�$ �M

� ;�*8 !VO �0C x���
 y� N# �0 (["� /&VU�� A:
��&VU�� �M �(x, y) �→ (−x, y + b) ��h� 9A$O �)� :

*(�� .�
−y �0 (["�



*�#$�S ���� !#�[� v = u� >.T �0 �+	� � u = v >.T
(B&' R#� .$ &
�{

u = �x+ y − �
v = x− �y + �

⇒
{
x = (u− �v + �)/�
y = (�u + v + �)/�

J =
∥∥∥∥ �/� −�/�
�/� �/�

∥∥∥∥ = �/�

�0 *D′ : � ≤ u ≤ � , u� ≤ v ≤ u E� (�� >.&[, D′ �
>.T R#� .$ *$O �)� ;J*8 !VO∫∫

D

��(�x� − �x+ �y� − �y + �) dA = �

∫∫
D′

(u� + v�) dA′

= �

∫ �

�

[∫ u

u�
(u� + v�) dv

]
du

= �

∫ �

�

[
u�v +

v�

�

]v=u

v=u�

du

= �

∫ �

�

(
�

�
u� − u� − �

�
u�

)
du =

�

	 }

�;*�*8 �&a
 E� � (+"1 9;J*8 !VO

��O&0 x�/a� + y�/b� ≤ � �q�0 D �M ��.T .$ A� .�8�
*���M �[�&�
 �.

∫∫
D

√
�− x�/a� − y�/b� dA ���� ��

b� � x� :�L
 E� �. a� Z��M�
 �U� �� 0� .h�
 R#� ���0 *!'
�u = x/a x�= &0 ̀-
 R#� *Z��M�
 mn' y� :�L
 E� �.
� y = bv �x = au (B&' R#� .$ *$�#n3�
 >.T v = y/b

>.&[, ���T−uv .$ D �#j� D′ � J =
∥∥∥∥ a �

� b

∥∥∥∥ = ab

�[Y1 ��v 
 ���v� E� �
�$� .$ *D′ : u� + v� ≤ � ���#�$ E� (��
�u = r cos θ 9Z��M�
 �$&� �� !�Y "
 N# �0 D′ !#�[� ���0
�#j� D′′ �X���� R#� �0 *$O �)� ;7*8 !VO �0 *v = r sin θ

D′′ : � ≤ θ ≤ �π , � ≤ r ≤ � E� >.&[, ���T −θr .$ D′

��� � .$ � �$0 ����
∫∫
D

√
�− x�

a�
− y�

b�
dA =

=
∫∫
D′

√
�− u�ab dA′ =

∫∫
D′′

√
�− r�abr dA′′

= ab

∫ �π

�

[∫ �

�

r
√
�− r�dr

]
dθ

= ab

∫ �π

�

[
−�
�

(�− r�)�/�

�/�

]�
�

dθ

}

�;*�*8 �&a
 E� � (+"1 9;H*8 !VO

*v = x + y � u = x − y Z��M�
 x�= .h�
 R#� ���0 _>�
>.T R#� .${

x = u/�+ v/�
y = −u/�+ v/�

J =
∥∥∥∥ �/� �/�
−�/� �/�

∥∥∥∥ =
�

�
�= �

�#j� �. D d�a
 e�- �� �D �#j� D′ 5$.�F (��0 ���0
�S� *v = −u &# u/� + v/� = � �&��F �x = � �S� 9Z��M�

�x + y = π �S� *v = u &# −u/� + v/� = � �&��F �y = �

v = −u �v = u y� �� �0 $���
 �� �'&� D′ ]3 *v = π �&��F
>.T �0 �. D′ *A$O �)� ;8*8 !VO �0C (�� v = π �

9Z#��S�
 ���� �� � � O� Zh�
−u
∫∫
D

cos
(
x− y
x+ y

)
dA =

∫∫
D′

cos
(u
v

)
�

�
dA′

=
�

�

∫ π

�

[∫ v

−v

cos
(u
v

)
du

]
dv

=
�

�

∫ π

�

[
v sin

(u
v

)]u=v

u=−v
dv

=
∫ π

�

v sin(�) dv =

[
v�

�
sin(�)

]π

�

=
π�

�
sin(�)

}

�;*�*8 �&a
 E� ; (+"1 9;8*8 !VO

�. f = ��(�x� −�x+�y� −�y+�) e0&� ���� �� A
 .�8�
�� B$&U
 �0 �+	� � x + �y = � (��. y� �0 $���
 �� �'&� �0

*���M �[�&�
 x� + �y� + � = �y + �xy

>.T R#� .$ *Z��M�
 !
&M e0�
 �. f ��Y0&- ��� 0� *!'
�h'?
 ���?U0 *f = ��((�x + y − �)� + (x − �y + �)�)

�x + y − � = x− �y + � !VO �0 �. y� �� B$&U
 �M $$�S�

�x + y − � = >.T �0 c�� �. �+	� �� B$&U
 � (O� 5���

� u = x − �y + � $O x�= �l�&�Q ]3 *(x − �y + �)�

�0 y� *(�� f = u�+v� >.T �0 f �&��F �v = �x+y−�



}

�;*�*8 �&a
 E� H (+"1 9;�*8 !VO

�&���v 
 N+M �0 D �� �'&� �0 f e0&� E� �0���� �����%
9�#���0 ���� �� v � u �#�)

� y = x+ � � y = x− � pY� �0 D � f = ln(x+ y) A�
�. v � x− y �. u *(�� $���
 x+ y = � � x+ y = �

*�#���0 x+ y

� (�,�) �(�,�) /g. �0 �a�a
 D � f = �x� + �xy A;
*�#���0 x+ y �. v � �x �. u *(�� (�,�)

x+�y = �x�+y�+�xy �+	� �$ �0 D � f = x+�y A�
���M x�= *(�� $���
 �x+ y = x� + �y� + �xy �

*v = �x+ y � u = x+ �y

x�= *(�� $���
 |x|+|y| = � �EB �0 D � f = |xy| A�
*v = x+ y � u = x− y ���M

� x� + �y� = � �q�0 �$ �0 D � f = x� + �y� AH
� u = x ���M x�= *(�� $���
 x� + �y� = ��

*v = �y

(x + �y + �)� + (x − y)� ≤ � �q�0 �0 D � f = x A8
*v = x+�y+� � u = x−y �M ���M x�= *(�� $���


�x+ y = � y� .&	Q �0 D � f = (x� − y�)e(x�+y�)/� AJ
���M x�= *(�� $���
 x = �+y � x = y �x+y = �

*v = x− y � u = x+ y

�y = x + � �x = y + � y� .&	Q �0 D � f = y − x A7
���M x�= *(�� $���
 �y + x = 	 � �y + x = �

*v = �y + x � u = y − x

x�= *(�� � ≤ x, y ≤ π e0�
 D � f = | cos(x + y)| A�∗

*v = x− y � u = x+ y ���M

�� .$ � ��.�$ �U��� �� �
�$ $.���& �� ��b >&j L
 ���v�
�#E �&	B&a
 *��O�
 %&L �� 5F &0 X�&� 
 !VO �0 �B&�"


*��O&0�
 &	�F `��� E� �#&���+�

=
ab

�

∫ �π

�

dθ =
�

�
πab

�#��$ �0 $���
 �� �'&� D �M ��.T .$ A .�8�
x� + y� + �y = �x � x� + y� + y = x

*���M �[�&�
 D �0 �. f = x− y e0&� ���� �� ��O&0
}

�;*�*8 �&a
 E� � (+"1 9;7*8 !VO

>.T R#� .$ �v = x− y � u = x+ y Z��M x�= _>�
{
u = x+ y
v = x− y ⇒

{
x = u/�+ v/�
y = u/�− v/�

J =
∥∥∥∥ �/� �/�
�/� −�/�

∥∥∥∥ =
∣∣∣∣−��

∣∣∣∣ =
�

�

v � u X"' �0 y � x �&�0 �S� �M $$�S�
 ���&6
 ���?U0
� u� + v� = �v >�.&[, �0 �Z��$ .��1 ��O �$�$ >_$&U
 .$
�� �'&� E� (�� >.&[, D′ ��U# *���. Z���� u� + v� = �v

��U# *u� + u� = �v � u� + v� = �v �#��$ �0 $���


D′ : �v ≤ u� + v� ≤ �v

>&j L
 �0 �. D′ �� �'&� v = r sin θ � u = r cos θ x�= &0
9Z#�0�
 �[Y1

D′′ : �r sin θ ≤ r� ≤ �r sin θ

: � sin θ ≤ r ≤ � sin θ , � ≤ sin θ

: � ≤ θ ≤ π , � sin θ ≤ r ≤ � sin θ

Z#.�$ �X���� R#� �0 *$O �)� ;�*8 !VO �0
∫∫
D

(x− y) dA =
∫∫
D′

v
�

�
dA′ =

�

�

∫∫
D′′

r sin θr dA′′

=
�

�

∫ π

�

[∫ � sin θ

� sin θ

r� sin θdr

]
dθ

=
�

�

∫ π

�

[
r�

�
sin θ

]r=� sin θ

r=� sin θ

dθ = ��

∫ π

�

sin� θdθ

= ��

∫ π

�

(
�− cos(�θ)

�

)�

dθ = · · · = ��

�
π



*���M �[�&�
 D �0 �. f ���� �� *f ���� ��
.$ *v = y/x � u = x+ y Z��M�
 x�= .h�
 R#� ���0 *!'

>.T R#�

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ = �÷
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣
= �÷

∥∥∥∥ � �

−y/x� �/x

∥∥∥∥ =
x�

x+ y

5���
 *D : � ≤ x + y ≤ � , � ≤ y/x ≤ � 5Q ���?U0
��� � .$ *D′ : � ≤ u ≤ � , � ≤ v ≤ � (O�∫∫

D

(
�

x
+
�

y

)
dA =

∫∫
D′

(
�

x
+
�

y

)
x�

x+ y
dA′

=
∫∫
D′

�

v
dA′ =

∫ �

�

[∫ �

�

dv

v

]
du

=
∫ �

�

ln
(
�

�

)
du = ln

(
�

�

)
����
 �0 $���
 �� �'&� D �M ��.T .$ A
 .�8�

C : x = a(t− sin t) , y = a(�− cos t) , � ≤ t ≤ �π

*(� < a) ���M �[�&�
 �.
∫∫

D

xdA ���� �� ��O&0 .�
−x �
� x = u(� − cos t) Z��M�
 x�= .h�
 R#� ���0 *!'
� ≤ u ≤ a �S� �M (�� RO�. �>.T R#� .$ *y = u(t−sin t)

���&O3 &	����
 R#� y�� D �� �'&� !M �&��F �� ≤ t ≤ �π �
�#j� D′ �R#��0&�0 *$O �)� % � �I*8 !VO �0 �$O�


E� (�� >.&[, ���T−uv .$ D �� �'&�

D′ : � ≤ t ≤ �π , � ≤ u ≤ a

E� (�� >.&[, c�� !#�[� R�0M�W �

J =
∥∥∥∥ u(�− cos t) t− sin t

u sin t �− cos t

∥∥∥∥ = u |�− � cos t− t sin t|

��� � .$∫∫
D

xdA =
∫∫
D′

u(�− cos t)u
∣∣�− � cos t sin t

∣∣ dA′

=
∫ �π

�

[∫ a

�

u�(�− cos t)
∣∣�− � cos−t sin t∣∣ du] dt

=
a�

�

∫ �π

�

(�− cos t)
∣∣�− � cos t− t sin t∣∣dt

f(t) = �−� cos t−t sin t e0&� (
?, �#&0 ��[�&�
 �� 
�$� ���0
$O�
 �h'?
 �>.T R#� .$ *$+� oL6
 [�,�π] �0 �.
�M α ���&
 ���Y\� .$ f ′ �&
� *f ′(t) = � sin t − t cos t �M

Z#.�$ ���?U0 *$$�S�
 ��T π ≤ α ≤ �π/�
t � π α �π

f ′′(t) � + � − α� cosα − �

f ′(t) � + π + � − −�π
f(t) � � � �

�− � cosα
−α� cosα � �

$���
 �� �'&� D �M ��.T .$ A& �'�() �����%
��O&0 x�/� + y�/� = a�/� A!VO �.& � ����
C ��g�� �F �0

*���M �[�&�
 D �0 �. f = �/ �

√|xy| e0&� ���� ��
5���
 �R#��0&�0 � D : x�/�+y�/� ≤ a�/� �M Z#.�$ �)� *!'
��I*8 !VO �0 *D : (x�/�)� + (y�/�)� ≤ (a�/�)� (O�

*$O �)� GB�
}

i&� >&j L
 ���v� 9�I*8 !VO

R#� .$ y�/� = a�/�v � x�/� = a�/�u $O x�= �S� ]3
��?U0 � y = av� �x = au� >.T

J =
∥∥∥∥ �au� �

� �av�

∥∥∥∥ = �a�u�v�

� ���#�$ E� (�� >.&[, ���T−uv .$ D E� !T&' D′ ��,+�

Zh�
−u >.j0 �. �,+�
 R#� *D′ : u� + v� ≤ � �3

D′ : −� ≤ u ≤ � , −
√
�− u� ≤ v ≤

√
�− u�

R#��0&�0 *(O� 5���
∫∫
D

�

�
√|xy| dA =

∫∫
D′

�

�
√
|au�av�| .�a

�u�v� dA′

= �a�/�

∫ �

−�

⎡
⎣∫
√
�−u�

−
√
�−u�

|uv| dv
⎤
⎦ du

(�)
= �
a�/�

∫ �

−�

⎡
⎣∫
√
�−u�

�

|u|v dv
⎤
⎦ du

= �
a�/�

∫ �

−�

[
|u|. v

�

�

]v=
√
�−u�

v=�

du

= �a�/�

∫ �

−�
|u|(�− u�) du

(�)
= �
a�/�

∫ �

�

u(�− u�) du =
�

�
a�/�

� :�E ����B��� �� $.
 e0&� �A;C .$ � A�C .$ �V�#� ^�-�
�. ���� �� � �$�M Gj� �. ��
�$ ]3 �(�� 5.&\ 
 ���� �� �� �
�$

*Z��M�
 �0��0 �$
�x + y = � y� .&	Q �0 $���
 �� �'&� D ���M x�= A, .�8�
*f = �/x+�/y R��l+� � (�� y = �x � y = �x �x+y = �



}

i&� >&j L
 ���v� 9��*8 !VO

�y = �x pY� �0 $���
 �� �'&� D �M ��.T .$ A .�8�
x� + y� = �x�y� � x� + y� = x�y� ����
 �$ � �x = �y

�[�&�
 D ��,+�
 �0 �. f(x, y) = (xy)−� e0&� ���� �� ��O&0
*���M

.$ *v = y/x� � u = x/y� Z��M�
 x�= .h�
 R#� ���0 *!'
� y = u−�/�v−�/� �x = u−�/�v−�/� >.T R#�

J =

∥∥∥∥∥∥∥∥∥
−�
�
u−�/�v−�/� −�

�
u−�/�v−�/�

−�
�
u−�/�v−�/� −�

�
u−�/�v−�/�

∥∥∥∥∥∥∥∥∥
=
�

�
u−�v−�

�0 x = �y �� B$&U
 � u = �v >.T �0 y = �x �� B$&U

�0 x� + y� = x�y� �� B$&U
 *$$�S�
 !#�[� v = �u >.T
>.T �0 x� + y� = �x�y� �� B$&U
 � u� + v� = � >.T
−uv .$ D �#j� D′ R#��0&�0 *�#$�S ���� !#�[� u�+v� = �

D′ : �/� ≤ v/u ≤ �, � ≤ u� + v� ≤ � E� >.&[, ���T
D′ �&�0 ��O&0�
 5.&\ 
 �� �
�$ � (�� :�E f e0&� 5Q *(��
D′
�

: u/� ≤ v ≤ �u, � ≤ u� + v� ≤ �u ��+�� E� 5���

*$+� �0��0 �$ �. ���� �� � �(�� e1�� ��� e0. .$ �M $�M �$&� ��
�#j� �α = arctan� �l�&�Q ��[Y1 >&j L
 ���v� N+M �0

E� >.&[, ���T−rθ .$ D′

D′′
�

: π/�− α ≤ θ ≤ α,� ≤ r ≤ �

Z#.�$ ̀+�
 .$ ]3 *$0 ����∫∫
D

(xy)−� dA =
∫∫
D′

(uv)+�
u−�v−�

�
dA′

=
�

�

∫∫
D′

(uv)� dA′ =
�

�

∫∫
D′
�

(uv)� dA′

=
�

�

∫∫
D′′
�

(r cos θ/r sin θ)� r dA′′

=
�

�

∫ α

π/�−α

[∫ �

�

r� sin(�θ) dr

]
dθ

=
	

�

∫ α

π/�−α

sin�θ dθ =
	

�

(sin�α− cos�α) =

��

��

(O� 5���
 � (�� ([a
 [�;�π] !M �0 f �R#��0&�0
∫∫
D

xdA =
a�

�

∫ �π

�

(�− cos t)
(
�− � cos t− t sin t)dt

=
a�

�

[
��

�
t− � sin t+ t cos t

+
�

�
sin t cos t− t

�
cos� t

]�π

�

dt =
�

�
a�π

�>.T R#� .$ *�� [a
 $�, �$ b � a ���M x�= A� .�8�
pY� �0 $���
 D �� �'&� �0 f(x, y) = �/xy e0&� ���� ��
�
√
x/a +

√
y/b = � �&	����
 � �x/a = y/b �x/a = y/b

*���M �[�&�
 �.
√
x/a+

√
y/b = �

*v =
√
y/b � u =

√
x/a Z��M�
 x�= �.h�
 R#� ���0 *!'

��� y� �� B$&U
 >.T R#� .$ *� ≤ v � � ≤ u ijL0 ]3
u = v ��U
 �0 ��� [a
 v, u 5Q �M (�� u� = v� ��U
 �0
�u = v &# �u� = v� �� B$&U
 �0 4�$ y� X���� R�+� �0 *(��√
x/a+

√
y/b = � � u+v = � ��U
 �0 �u = v �� B$&U
 *(��

.$ D �#j� D′ ̀+�
 .$ ]3 *�O&0�
 u + v = � ��U
 �0
E� (�� >.&[, ���T −uv

D′ : � ≤ u+ v ≤ �, u ≤ v ≤ �u

���v� E� 5�M� *J� =
∥∥∥∥ �au �

� �bv

∥∥∥∥ = �abuv ��?, �0 �
R#� .$ *Z��M�
 �$&� �� t = v/u � s = u + v �#�) ��v 


E� >.&[, ���T−st .$ D′ �#j� D′′ >.T

D′′ : � ≤ s ≤ � , � ≤ t ≤ �

�0��0 c�� 5F R�0M�W � (��

J� =
∣∣∣∣∂(u, v)
∂(s, t)

∣∣∣∣ = �÷
∣∣∣∣ ∂(s, t)
∂(u, v)

∣∣∣∣
= �÷

∥∥∥∥ � �

−v/u� �/u

∥∥∥∥ =
u�

u+ v

Z#.�$ ̀+�
 .$ *$O �)� ��*8 !VO �0 *�O&0�

∫∫
D

�

xy
dA =

∫∫
D′

�

au�bv�
�abuv dA′ = �

∫∫
D′

�

uv
dA′

= �

∫∫
D′′

�

uv

u�

u+ v
dA′′ = �

∫∫
D′′

�

st
dA′′

= �

∫ �

�

[∫ �

�

ds

st

]
dt = �

∫ �

�

[
�

t
ln s

]s=�

s=�

dt

=
∫ �

�

ln�
t
dt =

[
(ln�)(ln t)

]�
�

= (ln�)�



x�= c�� � α � b �a X�&�
 %&L �� &0 �#E $.�
 E� N# �� .$
�. ��O �$�$ �� �'&� ('&"
 �y = br sinα θ � x = ar cosα θ

9���M �[�&�


��)
x�

a�
+
y�

b�
≤ x

h
+
y

�
∗
��)

(x
a

+
y

b

)�
≤ x�y�

c�

��) �

√
x

a
+ �

√
y

b
≤ �, � ≤ x, � ≤ y

�. ��O �$�$ �&�����
 �0 $���
 �� �'&� ('&"
 $.
 �� .$
9���M �[�&�


��) x+ y = a, x+ y = b, y = αx, y = βx ,

� < a < b, � < α < β

�	) xy = a�, xy = �a�, y = x, y = �x, � ≤ x, � ≤ y

�
) y� = �x, y� = �x, x� = �y, x� = �y

��) x� = ay, x� = by, x� = cy�, x� = dy�,

� < a < b, � < c < d

��) (x/a)�/� + (y/b)�/� = �,

(x/a)�/� + (y/b)�/� = �, � ≤ x, � ≤ y

$���
 �� �'&� D � ���([a
 $��,� d � c �b �a ���M x�= A;�
� x� − y� = c �x� + y� = b �x� + y� = a ��#�$ �0
�0 f = xy E� c > d � a > b x�= &0 *(�� x� − y� = d

*�#���0 ���� �� D

F	B�� !����F� ����	N +�0

��-&#. �&	 +"1 �#&� .$ ������= �&�$�0.&M ��&S�$ ���� ��
:��L �� �� �"�= *$.�$ �WB�0 � ' � ����	
 ��+�O �N#c�=
�����&+B� D�. 4&�0 Z�"�
 �O�. �$�0.&M �� �0 p0�
 �
�=

*Z#E�$�3�
 5F ^#�6� �0 �M (��

�$�, � �+M q ���M x�= ����B���V� K+� ��$�%
!0&1 &� (x, y) ∈ D ��E� �0 �M (�� y � x ��  ��3 �&���v 
 &0
�$�M Z�"\� NQM �&	��Y "
 �0 �. D �l�&�Q *�O&0�
 G#�U�
5$�M %�- &0 �(�� (0&f &	�F E� N# �� �0 q �M Z��M x�= �
��O �$�$ (�+M .��\
 .$ NQM !VO !�Y "
 �� �'&� ('&"

�
 �[�&�
 !�Y "
 5F (�=�� �!�Y "
 R#� p&\� E� �V# .$
&0 *$0 ���� q(xi, yj)ΔxiΔyj !VO �0 !T&' >.&[, *$$�S
9$$�S�
 �[�&�
D !M (�=�� �[#�\� �#$&\
 R#� ��+� 5$E e+)
(�=�� .��\
 �0 �j' ���0 *Q ≈ ∑

i

∑
j q(xi, yj)ΔxiΔyj

X���� R#� �0 �$O � =�S �' _&0 ̀+�
 E� (�� �=&M D !M

�0���� �$���%

���#�$ �0 $���
 D /1 �0 �. f(x, y) = x+y e0&� ���� �� A�
*���M �[�&�
 x� + y� = x+ y

(0&f e0&� E� y = u sin� v � x = u cos� v x�= &0 A;
��&j L
 �&�.�
 �0 $���
 D �� �'&� �0 f(x, y) = �

�$�, a �M ��#���0 ���� �� √x +
√
y =

√
a ����
 �
*(�� ([a


e0&� ���� �� .$ �y = uv � x + y = u >&j L
 ���v� &0 A�
� ��&j L
 �&�.�
 �0 $���
 d�a
 �0 f(x, y) = xy

*���M �[�&�
 ���F x+ y = � y�

�x − y = � y� �$ �0 $���
 �� �'&� D �M ��.T .$ A�
�0 ��O&0 xy = � � xy = � �BBn� �$ � y − x = �

e0&� ���� �� v = x − y � u = xy >&j L
 ���v� N+M
*���M �[�&�
 D �0 �. f(x, y) = �/x+ �/y

y� �$ �0 $���
 �� �'&� �0 f(x, y) = x + y e0&� ���� �� AH
y = �x� � y = x� �+	� �$ � x+y = �� � x+y = �

*���M �[�&�
 �.

�0 $���
 ��,+�
 �0 f(x, y) = x� + y� e0&� ���� �� A8∗

*���M �[�&�
 �. x� + y� = � ����


�0 $���
 ��,+�
 �0 f = exp
(

x�+y�

xy

)
e0&� ���� �� AJ

x� = y/� � x� = y �y� = �x �y� = x �&	����

*���M �[�&�
 �.

�0 $���
 ��,+�
 �0 f =
√
yex +

√
ye−x e0&� ���� �� A7

�. y = �e−x � y = e−x �y = �ex �y = ex ����

*���M �[�&�


$���
 ��,+�
 �0 f = exp
(√

y/x+
√
xy

)
e0&� ���� �� A�

�. �x = y � x = y �xy = � �xy = � �&	����
 �0
*���M �[�&�


�&	����
 �0 $���
 ��,+�
 �0 f = xy e0&� ���� �� A�I
�[�&�
 �. x� = �y � x� = y �y� = �x �y� = x

*���M

�0 $���
 ��,+�
 �0 f = y ln(� − x − y) e0&� ���� �� A��
*���M �[�&�
 �. x+ y = � � y = � �x = � pY�

�+	� �0 $���
 ��,+�
 �0 f = x + y e0&� ���� �� A�;
�[�&�
 �. x + y = � � x + y = � pY� � y� = �x

*���M



Area(D) =
∫∫
D

dA =
∫ �a

�

[∫ �a−y

y�/�a

dx

]
dy

=
∫ �a

�

(
�a− y − y�

�a

)
dy =

��

�
a�

�� B$&U
 �0 ��g�� �F �0 $���
���'&� ('&"
 A, .�8�
*���M �[�&�
 �. (x/a)�/� + (y/b)�/� = �

c�� � u = (x/a)�/� Z��M�
 x�= .h�
 R#� ���0 *!'
� y = bv� �x = au� R#��0&�0 *v = (y/b)�/�

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =
∣∣∣∣ �au� �

� �bv�

∣∣∣∣ = �abu�v�

.$ D : (x/a)�/� + (y/b)�/� ≤ � �� �'&� �#j� D′ �
�. D′ 5�M� *(�� D′ : u� + v� ≤ � E� >.&[, ���T−uv

� J ′ = r R#��0&�0 �Z��M�
 !#�[� �[Y1 (B&' �0

D′′ : � ≤ θ ≤ �π , � ≤ r ≤ �

��� � .$ �

Area(D) =
∫∫
D

dA =
∫∫
D′

�abu�v� dA′

= �ab

∫∫
D′′

r� cos� θr� sin� θ dA′′

=
�

�
ab

∫∫
D′′

r� sin�(�θ) dA′′

=
�

�
ab

(∫ �π

�

sin�(�θ)dθ

)(∫ �

�

r�dr

)

=
�

�
ab

[
θ

�
− sin(�θ)




]�π

�

×
[
r�

�

]�
�

=
�



πab

�. (
x� + y�

)� ≤ 
a�xy ��,+�
 E� � +"1 ('&"
 A
 .�8�
*(�� e1�� ��� e0. .$ �M ���M �[�&�


�[Y1 >&j L
 �0 �. ��O �$�$ D �� �'&� �.h�
 R#� ���0 *!'
9Z#�0�


D′ : (r�)� ≤ 
a�r cos θr sin θ : r� ≤ �a� sin(�θ)

� ≤ θ ≤ π/� ]3 �(�� e1�� ��� e0. .$ D x�= �0&�0 5Q
*D′ : � ≤ θ ≤ π/� , � ≤ r ≤ �a

√
sin(�θ) ��� � .$ �

Z#.�$ ̀+�
 .$ �R#��0&�0

Area(D) =
∫∫
D

dA =
∫∫
D′

r dA′

=
∫ π/�

�

[∫ �a
√

sin(�θ)

�

r dr

]
dθ =

∫ π/�

�

[
r�

�

]r=�a
√

sin(�θ)

r=�

= �a�
∫ π/�

�

sin(�θ)dθ = �a�

��T&= 5&
c+� � �0&# u#�c=� y >&+�"\� � x >&+�"\� $��U� �M
9�0&# u�&M �B� 
 �&� yj �� �T&= c��� �B� 
 �&� xi

Q = lim
N,M →∞

Δxi,Δyj → �

N∑
i=�

M∑
j=�

q(xi, yj)ΔxiΔyj

�M $��S�
 ��� � ���&S�$ ���� �� G#�U� �0 �U)��
 &0

Q =
∫∫

D

q(x, y) dA

9$+� �T?� 5���
 �#E >.T �0 �. �����&+B� D�. �R#��0&�0
)� )*"9 )� D ��J� �� )* ��� [� >� 7�<�p )* $+�(� ����
q B� m7+� q(x, y) !��F� !H�/� ����� L� B� (x, y) M�U�V�

_`���3!� )�3�� .��/�� D ��

D Z��M x�= �H�# �J�=� 7J�D) � .	�!) ��$�%
Δyj � Δxi $&U0� �0 !�Y "
 * (�� ���T E� �� �,+�
 �#E
*(�� ΔxiΔyj �0��0 !�Y "
 R#� ('&"
 *Z#��S�
 �h� .$ �.
Area(D) =

∫∫
D

� dA �0��0 D !M ('&"
 �*H*8 �0&�0 ]3
*Q = Area(D) � q(x, y) = � &��#� .$ ��#E *(��

x + y = �a y� �0 $���
 ('&"
 A& �'�() ��$�%
*���M �[�&�
 �. � ≤ y ����T Z�� .$ e1�� �y� = �ax �+	� �
$.� �0 Z� &0 �. ��O �$�$ y� � �+	� �.h�
 R#� ���0 *!'

9Z��$�

{
y� = �ax
x+ y = �a

⇔
{
y = −�ax± �a
x = �a− y

�� �'&� �R#��0&�0 *$$�S�
 !T&' (a,�a) � (�a,−�a) p&\� �M
*�;*8 !VO .$ ��O oL6
 ��\Y�
 E� (�� >.&[, �h� $.


��#E �(�� Zh�
−y ��'&� R#�
D : � ≤ y ≤ �a , y�/�a ≤ x ≤ �a− y

&0 (�� �0��0 5F ('&"
 R#��0&�0 �

}
�*H*8 �&a
 E� � (+"1 9�;*8 !VO



}

���� �� N+M �0 Z�' �� [�&�
 AGB� 9��*8 !VO
8*H*8 �&a
 E� ; (+"1 A% ��&S�$

*���M �[�&�
 �. R `&UO �0 ���M Z�' A& �'�() %�$�%
cM�
 �0 Ω : x� + y� + z� ≤ R� ���M .h�
 R#� ���0 *!'
^Y� m�U
 �� B$&U
 �S� *Z#��S�
 �h� .$ �. R `&UO � Ǳ��[
 .$
R#� .$ �Z��M !' z X"' �0 �. Ax� + y� + z� = R� ��U#C 5F
.�$+� �0 $���
 Z") Ω ]3 z = ±

√
R� − x� − y� >.T

��$ �� G#�U� �� �
�$ �M (�� z = ±
√
R� − x� − y� e0&� �$

���U# *�O&0�
 D : x� + y� ≤ R� &	�F

Ω : (x, y) ∈ D,−
√
R� − x� − y� ≤ z ≤

√
R� − x� − y�

Z#.�$ H*H*8 �0&�0 ]3

V =
∫∫
D

{√
R� − x� − y� −

(
−
√
R� − x� − y�

)}
dA

= �

∫∫
D

√
R� − x� − y� dA = �

∫∫
D′

√
R� − r�r dA′

= �

(∫ �π

�

dθ

)(∫ R

�

r
√
R� − r�

)

= � [θ]�π
�

[−�
�

�

�
(R� − r�)�/�

]R

�

=
�

�
πR�

9�O&0�
 D �[Y1 �#j� D′ &��#� .$ �M

D′ : � ≤ θ ≤ �π , � ≤ r ≤ R

�0 �q�0 5S�+	� �$ �0 $���
 Z") Z�' A, .�8�
�[�&�
 �. z = �� − �x� − y� � z = x� + �y� >_$&U


*���M
$.�$ .��1 Ǳ��[
 .$ u� ��. � (�� _&0 �0 � . ��� 5S�+	� *!'
*$.�$ R�g&3 �0 � . � (�� (�,�,��) .$ /��. &0 4�$ 5S�+	� �

*�O&0�
 g �
�$ � f �B�� ]3
A���T−xy �0 &	�F w�� O� �#j� ���U#C D R =&# ���0

*Z��M�
 !' �. �B$&U
 �$ E� XM�
 �&� �${
z = x� + �y�

z = ��− �x� − y� ⇒ �x� + �y� = ��

⇒ x� + y� = �

�0���� ��$�%

�. (x − y)� + x� = � �q�0 �0 $���
 �� �'&� ('&"
 A�
*���M �[�&�


�x = �y �x = y pY� �0 $���
 ('&"
 ("0�Y
 A;
*(�� ([a
 �$�, a �M x+ y = �a � x+ y = a

�$ �0 $���
 �� �'&� ('&"
 ���O&0 ([a
 $��,� b � a �S� A�
y� = −�bx + b� � y� = �ax + a� >_$&U
 �0 �+	�

*���M �[�&�
 �.

ae �= bd &0 ��LB$ $��,� f � e �d �c �b �a �M ��.T .$ A�
�� B$&U
 �0 �q�0 ('&"
 ���O&0

(ax+ by + c)� + (dx+ ey + f)� ≤ �
*���M �[�&�
 �.

�x� = ay �+	� .&	Q �0 $���
 ('&"
 �� < a < b �S� AH
*���M �[�&�
 �. y� = bx � y� = ax �x� = by

�. x� + y� = x� + y� ����
 �0 $���
 �� �'&� ('&"
 A8
*���M �[�&�


�. (x/a)�/n + (y/b)�/n = � �0 $���
 �� �'&� ('&"
 AJ
*(�� $�= �$�, n 5F .$ �M ����M �[�&�


9���M �[�&�
 �. &	����
 E� N# �� �0 $���
 �� �'&� ('&"



) (x� + y�)� = x� − �xy�,

�) (x� + y�)� = xy, ��) (x/a+ y/b)� = x�y�,

��) (x + y)� = x� − y�, � ≤ x, � ≤ y.

��.T .$ ��
�2 �	 Q�DR� /MJ � .	�!) $�$�%
z = g(x, y) � z = f(x, y) e0�� .�$+� �0 $���
 Z�' Ω �M
(�� D ��,+�
 &0 ����T−xy �0 5F �#j� �M �.@ ��O&0
�0��0 Ω Z�' >.T R#� .$ *A$O �)� GB����*8 !VO �0C

Vol(Ω) =
∫∫

D

(
f(x, y)− g(x, y)) dA

.$ �. D E� Δyj � Δxi $&U0� �0 ���Y "
 �S� ��#E �(��

.��1 !�Y "
 R#� �0 �M Ω E� � +"1 Z�' �&��F �Z#���0 �h�
����T �$ R�0 �M (�� �+g&1 .6�
 Z�' �0��0 &z[#�\� $.�$
�0 5F �#j� � $.�$ .��1 z = f(xi, yj) � z = g(xi, yj)

5F Z�' �R#��0&�0 *(�� ΔxiΔyj !�Y "
 �0��0 ���T−xy
x�= &0 �*H*8 E� � (�� {f(xi, yj)−g(xi, yj)

}
ΔxiΔyj �0��0

*$$�S�
 !T&' .Mn
 ���� � �q = f − g



}

8*H*8 �&a
 E� � (+"1 AGB� 9��*8 !VO
^Y� N# ('&"
 A%

�0���� &�$�%
����T � ��&j L
 >&��T �0 �M ��0&�0 �. �
�� Z�' A�

*(�� $���
 x+ �y + �z = �

����T � z = x� + y� �q�0 5S�+	� R�0 e1�� Z�' A;
*��0&�0 �. z = �

�M x� + z� = y� p��L
 E� � +"1 Z�' �a < b �S� A�
�. $$�S�
 $���
 b � a `&UO � Ǳ��[
 cM�
 �0 >��M R�0

*���M �[�&�


� y = x� + �z� �q�0 5S�+	� �$ �0 .j�
 Z�' A�
*���M �[�&�
 �. y = 
− x� − z�

� z = � �x� + y� = � �&��#� . �0 $���
 Z�' AH
*���M �[�&�
 z = e−(x�+y�)

x� + � x� + y� = a� �� �� �� �$ �0 $���
 Z") Z�' A8
*��M�
 ��) �. z� = a�

Z�' � ["� �Q �0 x� + y� = a� + z �q�0 5S�+	� AJ
���M�
 ��) �. x� + y� + z� = �a� ���M �0 $���


�#&q= ��g�� �F �0 $���
 Z�' A7
(x/a)�/� + (y/b)�/� + (z/c)�/� = �

*���M �[�&�
 �.

�. x = �z � x = z� + y� �&��#� . �0 $���
 Z�' A�
*���M �[�&�


(x� + y� + z�)� = x� + y� − z� �� #� . �0 $���
 Z�' A�I
*���M �[�&�
 �.

�� B$&U
 �0 �� #� . � x+ y = � ����T �0 $���
 Z") Z�' A��
*���M �[�&�
 �. z = x�/� + y�/�

�0 �� #� . �� �0 $���
 Z") Z�' �� < a < b �S� A�;
�[�&�
 �. z� = xy � x + y = b �x + y = a >_$&U


*���M

.$ *$O �)� %���*8 !VO �0 D : x� + y� ≤ � R#��0&�0
��� �

V =
∫∫
D

{
(��− �x� − y�)− (x� + �y�)

}
dA

= �

∫∫
D

(�− x� − y�) dA = �

∫∫
D′

(�− r�)r dA′

= �

(∫ �π

�

dθ

)(∫ �

�

(�r − r�) dr

)

= �

[
θ
]�π

�

[
�r� − r�

�

]�
�

= 
π

�. �a `&UO � Ǳ��[
 cM�
 �0 �3� ���M E� � +"1 Z�' A
 .�8�
*$��S�
 .��1 x� + y� = �ax �� �� �� !��$ .$ �M ��0&�0

.Mn
 ���M �� B$&U
 �M Z��M�
 �)� .h�
 R#� ���0 *!'
�$O !' z X"' �0 �l�&�Q �M (�� x� + y� + z� = �a�

R#� .$ �M (�� RO�. *Z��.�
 z = ±
√
�a� − x� − y� �0

���?U0 *(�� ���g&3 ��+�� �0��0 g � �#_&0 ��+�� �0��0 f (B&'
D : x� + y� ≤ �ax �0��0 ���T−xy �0 �h� $.
 Z�' �#j�
�h� $.
 Z�' ]3 *A$O �)� GB����*8 !VO �0C (��

&0 (�� �0��0

V =
∫∫
D

{√
�a� − x� − y�−

(
−
√
�a� − x� − y�

)}
dA

= �

∫∫
D

√
�a� − x� − y� dA (�)

= �

∫∫
D′

√
�a� − r�r dA′

= �

∫ π/�

−π/�

[∫ �a cos θ

�

r
√
�a� − r�dr

]
dθ

= �

∫ π/�

−π/�

[−�
�

�

�
(�a� − r�)�/�

]r=�a cos θ

r=�

dθ

=
��

�
a�

∫ π/�

−π/�

cos� θ dθ
(�)
=
��

�
a�

∫ �

−�
(�− s�)ds

=
��

�
a�

[
s− s�

�

]�
−�

=
��

�
a�

� Z#��$�M �$&� �� �[Y1 >&j L
 ���v� E� A�C .$ �V�#� ^�-�
9(�� D �#j� D′

D′ : r� ≤ �ar cos θ : r ≤ �a cos θ

: � ≤ r ≤ �a cos θ , � ≤ cos θ

: −π/� ≤ θ ≤ π/� , � ≤ r ≤ �a cos θ

R#��0&�0 *(�� ��O �$&� �� s = sin t >&j L
 ���v� E� A;C .$ �
* θ −π/� π/�
� −� �

� ds = cos θdθ



=�
∫∫
D

{
�+

( −x√
R� − x� − y�

)�
+
( −y√

R� − x� − y�
)�}�/�

dA

=�R

∫∫
D

dA√
R� − x� − y�

(�)
= �R

∫∫
D′

rdA′√
R� − r�

=�R

(∫ �π

�

dθ

)(∫ R

�

rdr√
R� − r�

)

=�R
[
θ
]�π

�

×
[
−
√
R� − r�

]R

�

= �πR�

>&j L
 ���v� E� A�C .$ � D′ : � ≤ θ ≤ �π , � ≤ r ≤ R �M
*(�� ��O �$&� �� �[Y1

�M ��0&�0 �. z =
√
x� + y� p��L
 E� � +"1 ('&"
 A, .�8�
*(�� ��O ��) x� + y� = �x �� �� �� y��

f(x, y) =
√
x� + y� e0&� .�$+� E� � +"1 �h� $.
 �� #� . *!'

D : x�+y� ≤ �x i�1 �0��0 ���T−xy �0 5F �#j� �M (��
R#��0&�0 *(�� N# `&UO �0 �T�1 D 5Q *�O&0�


Area(S) =
∫∫
D

√
�+

( x√
x� + y�

)�
+
( y√

x� + y�

)�
dA

=
∫∫
D

√
�+

x� + y�

x� + y�
dA =

√
�×

∫∫
D

dA

=
√
�Area(D) =

√
�× π × �� = π

√
�

�#� "
 �� �� �� �$ �0 $���
 Z") Ω ���M x�= A
 .�8�
5F �).&� ^Y� S � (�� x� + z� = a� � x� + y� = a�

*���M �[�&�
 �. S ('&"
 *�O&0�


}

N+M �0 ^Y� N# ('&"
 �� [�&�
 9�H*8 !VO
��&S�$ ���� ��

z �#U� &0 &# � −y � y �#U� &0 &# �−x � x �#U� &0 _>�
R#��0&�0 *$$�S�+� ���&6
 �B&�"
 >.T .$ ����v� ��� �−z �
�(=�S �h� .$ 5���
 �. $.�$ .��1 ��� Z 6� N# .$ �M � +"1
�$�M �0��0 (6� �. !T&' ]<� � $+� �[�&�
 �. 5F ('&"

S�/
 �. �#� . E� uL0 R#� �S� *$O �)� %��H*8 !VO �0

5S�q�0 Z�' A��∗

�∑
i=�

(ai�x+ ai�y + ai�z + ai�)
� = �

�M ���M �[�&�
 ��.T .$ �.∣∣∣∣∣∣
a�� a�� a��
a�� a�� a��
a�� a�� a��

∣∣∣∣∣∣ �= �

��\V� �U!U) g=?	 7J�D) � .	�!) *�$�%
�M �O&0 z = f(x, y) e0&� .�$+� E� � +"1 S Z��M x�=
(B&' R#� .$ *(�� D ��,+�
 ���T−xy �0 5F �#j�
�� [�&�
 ���0 *S : z = f(x, y) , (x, y) ∈ D 9Z�"#��

�M Z#��S�
 �h� .$ �. 5F E� �VQM (+"1 �S ^Y� ('&"

[xi−�;xi] × [yj−�; yj ] !�Y "
 �0��0 ���T−xy �0 D�#j�
��Y\� .$ u =

−−−−−−−−−−−−−−−−→
(�,�, (∂f/∂x)(xi, yi))Δxi .�$�0 *(��

�0 5F �#j� � (�� /&+
 S �0 X� =
(
xi, yi, f(xi, yi)

)
>.T �0 *�O&0�
 [xi−�;xi]× {yj−�} e�- �0��0 ���T−xy
X� ��Y\� .$ v =

−−−−−−−−−−−−−−−−→
(�,�, (∂f/∂y)(xi, yi))Δyj .�$�0 �0&6


e�- &0 �0��0 ���T−xy �0 5F �#j� � (�� /&+
 S �0
�h� $.
 (+"1 ('&"
 R#��0&�0 *�O&0�
 {xi−�}× [yj−�; yj ]

�0 .� �� !�Y "
 ('&"
 &0 �0��0 &z[#�\� 5���
 �. S ^Y� E�
]3 *A$O �)� GB���H*8 !VO �0C ("��$ v � u �&�.�$�0
�).&� %�- ��E���� �0��0 !�Y "
 R#� ('&"
 �M R#� �0 �)� &0

9Z#.�$ �(�� v .$ u

Area(Sij) ≈

≈ ‖u× v‖ =

∥∥∥∥∥∥
i j k
� � (∂f/∂x)(xi, yi)Δxi

� � (∂f/∂y)(xi, yi)Δyj

∥∥∥∥∥∥
=

√
�+

(
∂f

∂x
(xi, yi)

)�

+
(
∂f

∂y
(xi, yi)

)�

ΔxiΔyj

�M Z#��S�
 ��� � �*H*8 �0 �)� &0 �R#��0&�0

Area(S) =
∫∫
D

√
�+

(
∂f

∂x

)�

+
(
∂f

∂y

)�

dA

�. R `&UO �0 ���M ^Y� ('&"
 A& �'�() ��$�%
*���M �[�&�


� $+� �[�&�
 �. ��M �#_&0 ��+�� ('&"
 �.h�
 R#� ���0 *!'
Z��M�
 x�= �R#��0&�0 *Z��M�
 �0��0 �$ �. !T&'

S�/� : z =
√
R� − x� − y� , (x, y) ∈ D

��� � ���� �� (
?, �#E >.&[, 5$+� x�= ([a
 E� �M
R#��0&�0 *D : x� + y� ≤ R� 9$O�


Area(S) = �Area(S�/�)



.��\
 >.T R#� .$ *(�� f(x, y) (�+M �B&�Q ��.�$ D

�0��0 &z[#�\� [xi−�;xi] × [yj−�; yj ] !�Y "
 .$ �-&' (�+M
(�=�� Qtotal ��*H*8 �0&�0 ���� � .$ � (�� f(xi, yj)ΔxiΔyj

�0��0 �D �0 f y� 
 .��\
 ]3 *(��
∫∫

D

f(x, y)dA �0��0 D !M
9�O&0�
 D ('&"
 �0 Z�"\� .��\
 R#�

Qmean :=
Qtotal

Area(D)
=

⎛
⎝∫∫

D

f(x, y) dA

⎞
⎠÷

⎛
⎝∫∫

D

dA

⎞
⎠

D ��,+�
 p&\� y� 
 ��T&= A� �&a
 �'�() ���$�%
���#�$ �0 $���


*�#.�F (��0 �. Ǳ��[
 &� ��� e0. .$ e1�� x� + y� = R�

&0 �0��0 Ǳ��[
 &� D E� (x, y) ��LB$ ��Y\� �� �T&= 5Q *!'
9(�� R��Q ��O � ��� y� 
 �(�� f(x, y) =

√
x� + y�

dmean =

⎛
⎝∫∫

D

√
x� + y� dA

⎞
⎠÷

⎛
⎝∫∫

D

dA

⎞
⎠

=
�

πR�

∫∫
D

√
x� + y� dA =

�

πR�

∫∫
D′

r� dA′

=
�

πR�

(∫ π/�

�

dθ

)(∫ R

�

r�dr

)
=
�

�
R

*�O&0�
 ���T−rθ .$ D �[Y1 �#j� D′ �M

��� �0 (�� ��O � �&� �&�Q ]�) N# E� ���<� A, .�8�
� (�� x�/a� + y�/b� = � �q�0 !VO �0 5F ���,&1 �M
z = h

(
�− x�/a� − y�/b�

)
�0��0 D E� (x, y) ��Y\� .$ `&��.�

�. 5F ���,&1 �0 �<� E� XUV
 � �&� N# E� $.�� .&6= �S� *�O&0�

*���M �[�&�
 �. �<� ���,&1 �0 $.�� y� 
 .&6= �Z�
&�0 P�

NQM !�Y "
 �0 �M $O �)� (�� �=&M .h�
 R#� ���0 *!'
�� � ��O&0�
 ΔxiΔyj ('&"
 �0 �M [xi−�;xi]× [yj−�; yj ]

�'�� f = P�z(xi, yj) ��E���� �0 �M $.�$ .��1 z(xi, yj) `&��.� �0
y� 
 .&6= ��*H*8 �0&�0 ]3 *��M�
 $.�� .&6= �<� ���,&1 �0

E� (�� >.&[,

Pmean =

⎛
⎝∫∫

D

P�h

(
�− x�

a�
− y�

b�

)
dA

⎞
⎠÷

⎛
⎝∫∫

D

dA

⎞
⎠

=
hP�
πab

∫∫
D

(
�− x�

a�
− y�

b�

)
dA

(�)
=

hP�
πab

∫∫
D′

(�− r�)abr dA′

=
hP�
π

(∫ �π

�

dθ

)(∫ �

�

r(� − r�)dr
)

=
hP�
�

c�� � x = ar cos θ (�� ��O x�= (�) .$ �V�#� ^�-�
���T−rθ .$ D �#j� D′ � J = abr R#��0&�0 *y = br sin θ

*��M�+� ���v� z � y �#U� &0 �M Z��M�
 �h'?
 �Z�
&�0
�. 5F ('&"
 � (=�S �h� .$ 5���
 �. �#_&0 ��+�� �R#��0&�0
>.T R#� .$ �Z�
&�0 S�/�� �. uL0 R#� �S� *$+� �0��0 �$

5F .$ �M S�/�� : z =
√
a� − x� , (x, y) ∈ D

D : � ≤ x ≤ a , � ≤ y ≤
√
a� − x�

Z#.�$ ̀+�
 .$ �R#��0&�0

Area(S) = ��Area(S�/��)

= ��

∫∫
D

√√√√
�+

(
−x√
a� − x�

)�

+ (�)� dA

= ��

∫∫
D

a√
a� − x�

dA

= ��a

∫ a

�

⎡
⎣∫
√

a�−x�

�

dy√
a� − x�

⎤
⎦ dx

= ��a

∫ a

�

[
y√

a� − x�

]√a�−x�

�

dx = ��a�

�0���� ���$�%
y�� �M ��0&�0 �. x + z = � ����T E� � +"1 ('&"
 A�

*$O�
 ��) x� + y� = a� �� �� ��

�M ��0&�0 �. x� + y� + z� = R� ���M E� � +"1 ('&"
 A;
*$.�$ .��1 z = R/� ����T �_&0

�. z =
√
�R� − x� − y� ���V+�� E� � +"1 ('&"
 A�

*(�� ��O ��#�0 x� + y� = �Rx �� �� �� y�� �M ��0&�0

z� = Zg&1 p��L
 �0 $���
 Z") Z�' Ω �M ��.T .$ A�
��O&0 Ω �).&� ^Y� S � z = � ����T �x� + y�

*���M �[�&�
 �. S ('&"


y�� �M x� = �(z� + y�) p��L
 E� � +"1 ('&"
 AH
*��0&�0 �. (�� ��O ��) x = z� + y� �q�0 5S�+	�

*���M �[�&�
 �. |x| + |y|+ |z| = � �� #� . ('&"
 A8

�$ R�0 �M x� + y� + z� = � ���M E� � +"1 ('&"
 AJ
�. $.�$ .��1 x� + y� = 
z� � x� + y� = �z� p��L


*���M �[�&�


.$ ��V�3	� Y�
�) <� �	=C) � .	�!) ���$�%
�0 *��
&��
 �.�$�0 5���
 �. ���v 
 ��Q e0&� �N#c�= K?YT�
�$�$ (["� A�$�,C ��B&V�� &q= E� �Y\� �� �0 �M ��U
 R#�
.&0 �B&�Q &# � 4�) �B&�Q �&
$ �B&V�� 5���
 ��h� �$O�

���U#C (�� ��U0 �$ �$&
 Z") N# D ���M x�= *�V#� VB�
E� (x, y) ��Y\� � A("�� �)� $.
 ���B$ �� �0 5F 4� �U0



.$ ]3 *(�� δ(xi, yj)ΔxiΔyj NQM �UY1 R#� 4�) R#��0&�0
*(�� m =

∫∫
D

δ(x, y)dA �0��0 D !M 4�) ��*H*8 �0&�0 ̀+�


$���
 � VQM �� �'&� D ���M x�= A& �'�() �$�$�%
(x, y) ��Y\� � (�� x�+�y� = �� �q�0 � x = �y� �+	� �0

*���M �[�&�
 �. D 4�) *(�� δ = �x 4�) �B&�Q ��.�$
�$�$ �q�0 � �+	� $.� �0 !�
 �� 0� .h�
 R#� ���0 *!'

9Z��M�
 �[�&�
 �. ��O{
x� + �y� = ��

x = �y�
⇒

{
�y� + y� − � = �

x = �y�

⇒
{
y� = −�± 	/

x = �y�

⇒
{
y = ±

√
�/�

x = �

�(�� Zh�
−y �,+�
 R#� *$O �)� GB���8*8 !VO �0
9(O� 5���
 �M ��Q

D : −
√
�

�
≤ y ≤

√
�

�
, �y� ≤ x ≤ �

√
�− y�

&0 (�� �0��0 �h� $.
 Z") 4�) R#��0&�0

m =
∫∫
D

�xdA =
∫ √

�/�

−
√
�/�

⎡
⎣∫ �

√
�−y�

�y�
�xdx

⎤
⎦ dy

= ��

∫ √
�/�

−
√
�/�

{
�− y� − �y�

}
dy = ��

√
�

}

�H*H*8 �&a
 E� � � � �&	 +"1 9�8*8 !VO

� x = y� �+	� �$ �0 $���
 �� �'&� D ���M x�= A, .�8�
(x, y) ��Y\� � �O&0 xy = � � xy = � �BBn� �$ � �x = y�

*���M �[�&�
 �. D 4�) *(�� y�/x� 4�) �B&�Q ��.�$
v = y�/x � u = xy >&j L
 ���v� E� �.h�
 R#� ���0 *!'

>.T R#� .$ *Z��M�
 �$&� ��

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v)
∂(x, y)

∣∣∣∣
= �÷

∥∥∥∥ y x
−y�/x� �y/x

∥∥∥∥ = �÷ �y�

x
=

�

�v

E� >.&[, ���T−uv .$ D �#j� D′ ��?U0

D′ : � ≤ u ≤ � , � ≤ v ≤ �

���?U0 *(�� D′ : � ≤ r ≤ �,≤ θ ≤ �π E� >.&[,
�&��Y\+�� %�q�T&' .$ %�- π �0��0 D ('&"
 �M Z���$�


*�O&0�
 5F

e0&� .�$+� �.�
−y �0 $���
 ���,+�
 D ���M x�= A

�&
$ ��.�$ (x, y) ∈ D ��Y\� �M (�� y = 
 y� � y = x�

y��
 N# .$ �. Z") R#� �l�&�Q *(�� T (x, y) = x + �y

�&
$ >.T R#� .$ ����0 �.��#&3 �&
$ �0 &� Z��$ .��1 Ǳ?�
*���M �[�&�
 �. &
$ R#� *A�O ���� (0&f 5F p&\� ��+�

m�� � D : � ≤ x ≤ �, x� ≤ y ≤ 
 �M Z#.�$ �)� *!'
R#��0&�0 (�� D �0 T y� 
 �� [�&�


Tmean =

⎛
⎝∫∫

D

(x + �y) dA

⎞
⎠÷

⎛
⎝∫∫

D

dA

⎞
⎠

=

(∫ �

�

[∫ 


x�
(x+ �y)dy

]
dx

)
÷

(∫ �

�

[∫ 


x�
dy

]
dx

)

=

(∫ �

�

(
x − x� + ��− x�)dx
)
÷

(∫ �

�

(
− x�)dx
)

=
��	�

��
÷ �� =

��


��
≈ ��

�0���� ���$�%

i�1 �0 z =
√
a� − x� − y� ���V+�� y� 
 `&��.� A�

*���M �[�&�
 �. x� + y� ≤ a�

��Y\� � �O&0 |x| + �|y| ≤ � �EB D �M ��.T .$ A;
��O&0 �|x| + |y| �V#� VB� .&0 �B&�Q ��.�$ (x, y) ∈ D

*���M �[�&�
 �. D �0 $)
 .&0 y� 


��&j L
 �&�.�
 �0 $���
 d�a
 p&\� �� �T&= y� 
 A�∗

*���M �[�&�
 �. Ǳ��[
 &� x+ y = � y� �

�� �&�$ &0 z = x�/� + y� − � ��$S y� 
 t+, A�
*���M �[�&�
 �. D : x�/�+ y� ≤ �

&� D : y ≤ a� − x�, y ≥ � �0 p&\� �� �T&= e0�
 y� 
 AH∗

*���M �[�&�
 �. � : y = �, −a ≤ x ≤ a y� �.&3

x�= ��
�2 +� /DR <� Q�R � .	�!) ���$�%
�0 5F 4� �U0 ���U#C (�� ��U0 �$ �$&
 Z") N# D Z��M
5F (
&L- (�� RV+
 �?z a
 *("�� Z	
 &
 !���� .$ ���B$ ��
*(�� δ(x, y) 4�) �B&�Q ��.�$ (x, y) ∈ D ��Y\� � A*�O&0 (0&f
NQM !�Y "
 p&\� 4&+� �M $+� x�= 5���
 >.T R#� .$
��� "� δ(xi, yj) 4�) �B&�Q ��.�$ [xi−�;xi] × [yj−�; yj ]



��
�2 +� /DR <� E1n 4L�) � .	�!) �&�$�%
�0 ��Y\� � (�� ��U0 �$ �$&
 Z") N# D ���M x�=
R#� .$ *(�� δ(x, y) �B&�Q ��.�$ (x, y) ∈ D >&j L


� Z��M Z�"\� NQM �&	��Y "
 �0 �. D �S� >.T

Dij := [xi−�;xi]× [yj−�; yj ]

5F p&\� ��+� �B&�Q �M Z��M x�= Z�����
 ��O&0 &	�F E� �V#
Dij !�Y "
 �&�0 �M Z��M x�= �&' *(�� δ(xi, yj) �0��0
(xi, yj) >&j L
 &0 δ(xi, yj)ΔxiΔyj 4�) �0 �$&
 ��Y\� N#
*Z#.�$ �$&
 ��Y\� mn �aM��' D �&�0 X���� R#� �0 *Z#.�$

�0��0 p&\� R#� !} \f cM�
 E� x o L
 �N#c�= /.$ �0&�0

x̄ =
(∑

i,j

xiδ(xi, yj)ΔxiΔyj

)
÷

(∑
i,j

δ(xi, yj)ΔxiΔyj

)

t�1$ .��\
 �Z#���0 �' _&0 >.&[, E� �l�&�Q �]3 *(��
m �M �(�� x̄ = �

m

∫∫
D

xδ dA �0��0 D !} \f cM�
 E� x o L

�0��0 D !} \f cM�
 E� y o L
 �0&6
 >.T �0 *(�� D 4�)

*ȳ = �

m

∫∫
D

yδ dA &0 (��

`&UO �0 ���#�$ Z�� N# !\f cM�
 A& .�8� �'�() �*�$�%
*��0&�0 �. (�� ��O � �&� R�+� ]�) N# E� �M R

>.&[, .Mn
 ���#�$ Z�� Z��M x�= d�0 .$ (B	� ���0 *!'
*δ(x, y) = δ� � D : x� + y� ≤ R� , � ≤ y E� (��
�&��F ��O&0 �[Y1 ����T .$ D �#j� D′ �S� >.T R#� .$

R#��0&�0 � D′ : � ≤ r ≤ R , � ≤ θ ≤ π

m =
∫∫
D

δ dA = δ�

∫∫
D

dA = δ�Area(D)

= δ� ×
�

�
× πR� =

π

�
δ�R

ȳ =
�

m

∫∫
D

yδ dA =
�

πδ�R�

∫∫
D

yδ� dA

=
�

πR�

∫∫
D′

r sin θr dA′

=
�

πδ�R�

(∫ π

�

sin θdθ
)(∫ R

�

r�dR

)
=
�R

�π

���� � .$ *x̄ = � Z#.�$ �.�
−y �0 (["� D 5.&\� !�B$ �0
*C = (�,�R/�π)

e1�� x�/a� + y�/b� = � �0 $���
 �q�0 e0. !\f cM�
 A,
*��0&�0 �. (�� xy �0��0 (x, y) ∈ D �B&�Q �M ��� e0. .$

� D : � ≤ x , � ≤ y , x�/a� + y�/b� ≤ � &��#� .$ *!'

&0 (�� �0��0 D 4�) �R#��0&�0 *(��

m =
∫∫
D

x�

y�
dA =

∫∫
D′

�

v�
�

�v
dA′

=
�

�

(∫ �

�

du

)(∫ �

�

dv

v�

)
=




�	

��.&M$ ��0 �0 $���
 �� �'&� D ���M x�= A
 .�8�
C : x =

�at

�+ t�
, y =

�at�

�+ t�
, � ≤ t ≤ �

�. D 4�) *(�� y/x� �B&�Q ��.�$ (x, y) ∈ D ��Y\� � (��
*���M �[�&�


Z#.�$ y =
ut�

�+ t�
� x =

ut

�+ t�
x�= &0 >.T R#� .$ *!'

J =
∣∣∣∣∂(x, y)
∂(t, u)

∣∣∣∣
=

∥∥∥∥∥∥
u(�−�t�)

(�+t�)�
t

�+t�

ut(�−t�)

(�+t�)�
t�

�+t�

∥∥∥∥∥∥ =
ut�

(�+ t�)�

E� >.&[, ���T−tu .$ D �#j� D′ �

D′ : � ≤ t ≤ � , � ≤ u ≤ �a

�0��0 D 4�) �X���� R#� �0 *(��

m =
∫∫
D

y

x�
dA =

∫∫
D′

ut�

�+t�(
ut

�+t�

)� ut�

(�+ t�)�
dA′

=
∫∫
D′

t�

�+ t�
dA′ =

(∫ �

�

t�dt

�+ t�

)(∫ �a

�

du

)

= a ln�

*$O �)� %��8*8 !VO �0 *(��

�0���� �%�$�%
��.�$ x� + y� ≤ �x i�1 E� (x, y) ��Y\� �M ��.T .$ A�

*���M �[�&�
 �. D 4�) ��O&0 x
√
x� + y� 4�) �B&�Q

y = � �x = � pY� �0 $���
 �� �'&� D �M ��.T .$ A;
E� (x, y) >&j L
 �0 ��Y\� �B&�Q � �$0 x + y = � �

*���M �[�&�
 �. D 4�) ��O&0 (x+ y)� �0��0 5F

(�,�) � (�,�) �(�,�) /g. &0 d�a
 D �M ��.T .$ A�
4�) ��O&0 xy 4�) �B&�Q ��.�$ (x, y) ∈ D ��Y\� � �O&0

*���M �[�&�
 �. D

��  "0 ����
 �0 $���
 �� �'&� D ���M x�= A�

C :
{
x = a

(
� cos t− cos(�t)

)
y = a

(
� sin t− sin(�t)

) ; � ≤ t ≤ �π

�. D 4�) *(�� |y| �B&�Q ��.�$ (x, y) ∈ D � (��
*���M �[�&�




� D� ��+�� �$ �0 .�
−y N+M �0 �. D *$O �)� �J*8 !VO
9Z��M�
 Z�"\� D�

D� : � ≤ x ≤ a

�
,
�b

a
x ≤ y ≤ �h

a
x

D� : − a
�
≤ x ≤ � , −�h

a
x ≤ y ≤ −�b

a
x

��?U0 � x̄ = � �M (�� RO�. >.T R#� .$

m = m(D) = �m(D�) = �Area(D�)× δ�
= �δ�

(
�

�
× a

�
× h− �

�
× a

�
× b

)
=
aδ�
�

(h− b)

>.T &
� *(�� C = (�,�(h+ b)/�) �0��0 D !\f cM�
 ��U#
�M � "#&0 R#��0&�0 �C = (�, b) �M (�� � ��� &
 E� �B&�"

�. !��$ d�a
 `&��.� ���U# *b = �h/� &# �(h + b)/� = b

N# E� �. D !VO �S� *(=�S ��O �$�$ d�a
 `&��.� �/� �#&0
�0 �Z��M .� �� ��E� w� �0 �. C /��. � Z#E&"0 X�' �UY1

*���. Z���� C .$ .��@b �6�+� Z") N#

�S� *��0&�0 �. D !\f cM�
 $.
 �� .$ �0���� ���$�%
&+O *(�� (0&f �B&�Q �M (�� 5F �0 x�= �$6� �M{ �B&�Q

*���M x�= N# �. �B&�Q .��\
 Z�����


*δ = x � (�� x� + y� ≤ �x i�1 D A�

x�+y� = � x�+y� = �ax �#��$ �0 $���
 ��,+�
 D A;
*δ = y � (�� �ay

��?U0 � (�� (�,�) � (�,�) �(�,�) /g. &0 d�a
 D A�
*δ = x+ �y

*(�� ��� e0. .$ e1�� . ��g�� �F �0 $���
 ��,+�
 D A�

$���
 y� = −�x+ � � y� = �x + � �+	� �$ �0 D AH
*(��

>_$&U
 �0 ����
 E� /1 N# �0 $���
 ��,+�
 D A8
*(�� .�
−x � y = a

(
�− cos t

) � x = a
(
t− sin t

)
ay = x� �+	� � x+y = �a y� �0 $���
 ��,+�
 D AJ

*(��

(x�+y�)� = a�(x�−y�) ����
 �0 $���
 ��,+�
 D A7
*� ≤ x � (��

�0 �#��$ �0 $���
 � �&�Q �� 1.� N# D ���M x�= A�
�M (�� x� + y� = �bx � x� + y� = �ax >_$&U

�0��0 D !\f cM�
 �M ���M R��U� �.@ �. a *� < a < b

*�O&0 (�a,�)

x = ar cos θ ��  =&# Z�+U� �[Y1 >&j L
 ���v� E� *δ(x, y) = xy

.$ D �#j� D′ �>.T R#� .$ *Z��M�
 �$&� �� y = br sin θ �
E� (�� >.&[, ���T−rθ

D′ : � ≤ θ ≤ π/� , � ≤ r ≤ �

Z#.�$ �R#��0&�0 *(�� J = abr c�� !#�[� R�0M�W �

m =
∫∫
D

δ dA =
∫∫
D

xy dA

=
∫∫
D′

abr� sin θ cos θ abr dA′

= a�b�

(∫ π/�

�

sin θ cos θdθ

)(∫ �

�

r�dr

)

= a�b�

[
sin� θ
�

]π/�

�

×
[
r�

�

]�
�

=
a�b�




�&��F ��O&0 D !\f cM�
 C = (x̄, ȳ) �S� ���� � .$ �

x̄ =
�

m

∫∫
D

xδ dA =



a�b�

∫∫
D

x�y dA

=



a�b�

∫∫
D′

a�b�r� cos� θ sin θ dA′

= 
a

(∫ π/�

�

cos� θ sin θdθ

)(∫ �

�

r�dr

)
=

a

��

9��U# �("�� ȳ �� [�&�
 �0 �E&�� ��B&�"
 .$ $)
 5.&\� !�B$ �0
*C = (
a/��,
b/��) R#��0&�0 *ȳ = 
b/��

`&��.� �0 R�1&"B� ��&" 
 d�a
 N# !VO �0 ����'&� A
 .�8�
.$ �. (�� ��O � �&� �&�Q ]�) N# E� �M a ���,&1 �@ � h
��#�[0 �.@ 5F ���,&1 E� R�1&"B� ��&" 
 �a�a
 *Z#.�$ .&� ��
R#� `&��.� *�O&0 ����$ d�a
 /�. .$ !T&' Z") !\f cM�
 �M

*��0&�0 �. d�a

}

�7*H*8 �&a
 E� � (+"1 9�J*8 !VO

�h� $.
 D d�a
 ���,&1 Z��M�
 x�= .h�
 R#� ���0 _>�
�0 *�O&0�
 .�
−x c�� D 5.&\� .�
 � $.�$ .��1 .�
−x �0



�0 $���
 d�a
 D ���M x�= A& �'�() ���$�%
(x, y) ∈ D �M (�� x + y = � y� � ��&j L
 �&�.�

(��0 �. y = � y� �' D .�& 6S *(�� �x �B&�Q ��.�$

*�#.�F
� D : � ≤ x ≤ � , � ≤ y ≤ � − x �V�#� �0 �)� &0 *!'

*(�� d = |y − �| �0��0 � : y = � y� &� (x, y) �� �T&=

I	 =
∫∫
D

|y − �|�.�xdA = �

∫ �

�

[∫ �−x

�

x(y − �)�
]
dx

= �

∫ �

�

[
x(y − �)�

]�−x

�

dx = �

∫ �

�

(
x− x�

)
dx

= �

[
x�

�
− x�

�

]�
�

dx =
�

�

x� + y� = �x �0 $���
 �&�Q �� �'&� D ���M x�= A, .�8�
�. .�
−y �' D u��Q `&UO *(�� δ = δ� (0&f �B&�Q &0

*���M �[�&�

9Z��M�
 �$&� �� �[Y1 >&j L
 E� .h�
 R#� ���0 *!'

D′ : −π
�
≤ θ ≤ π

�
, � ≤ r ≤ � cos θ

>.T R#� .$

m =
∫∫
D

δ dA = δ�Area(D) = δ� × π × �� = �πδ�

Iy =
∫∫
D

�xδ dA = δ�

∫∫
D

xdA = δ�

∫∫
D′

r cos θr dA′

= δ�

∫ π/�

−π/�

[∫ � cos θ

�

r� cos θdr

]
dθ

= δ�

∫ π/�

−π/�

[
r�

�
cos θ

]� cos θ

�

dθ

=



�
δ�

∫ π/�

−π/�

cos� θdθ = πδ�

*(�� Ry =

√
Iy
m

=

√
πδ�
�πδ�

=
�

�
�0��0 u��Q `&UO R#��0&�0

y� � y = x� �+	� �0 $���
 �� �'&� D ���M x�= A
 .�8�
|x|

(x− �)� + y�
�0��0 (x, y) ∈ D ��Y\� �B&�Q � (�� y = x+�

*���M �[�&�
 �. M = (�,�) ��Y\� �' D .�& 6S *(��
� (�,�) p&\� .$ ��O �$�$ y� � �+	� �M Z#.�$ �)� *!'

R#��0&�0 � ��.�$ $.��0 (−�,�)

D : −� ≤ x ≤ � , x� ≤ y ≤ x+ �

Z#.�$ �(��
√

(x− �)� + y� �0��0 (�,�)&� (x, y) �� �T&= 5Q

IM =
∫∫
D

(
(x − �)� + y�

)
δ dA =

∫∫
D

|x| dA

y� � y = x� �+	� �0 $���
 ��,+�
 D ���M x�= A�I∗

x�= *(�� ��O � �&� �&�Q ]�) N# E� � (�� y = h

��Q E� ]3 *Z#��$�M $.�� 5F �0 �VQM .&�"0 �� 0�- ���M
���� .��#&3 (B&' N# �0 Z") R#� (6S�0 � (=. .&0

*���M oL6
 �. .Mn
 (�U-� *���.

D : x�+y� ≤ �ay , y ≤ a i�1 Z�� ���0 �. �I �� B&�"
 A��∗

*���M !'

+ ���] Z��8 ,
��) �+�CcG � .	�!) ���$�%
�M (�� ��U0 �$ ����'&� D ���M x�= �Q�R �+�CcG
Z��M x�= *(�� δ(x, y) 4�) �B&�Q ��.�$ (x, y) ∈ D ��Y\�
���Y\� (xi, yj) � (�� D E� Δyj � Δxi $&U0� �0 ���UY1 Dij

(xi, yj) ��Y\� .$ Dij 4�) 4&+� Z��M x�= *(�� 5F E� ��LB$
R#� .$ *δ(xi, yj)ΔxiΔyj 5�c�
 �0 ��U# �(�� ��O e+)
(�� >.&[, � x���
 y� �' �Y\� R#� ��&
 .�& 6S >.T
�� �T&= d((xi, yj), �

) �M �d�((xi, yj), �
)
δ(xi, yj)ΔxiΔyj E�

�' D .�& 6S � ̀+�
 .$ ]3 *�O&0�
 � y� &� (xi, yj) ��Y\�
E� >.&[, � y�

I	 =
∫∫

D

d�
(
(x, y), �

)
δ(x, y) dA

>.T R#� .$ �Z#���0 .�
−y &# � .�
−x �. � �S� *(��
E� $0 ���� >.&[, X��� 0 � �' .�& 6S

Ix =
∫∫
D

y�δ(x, y) dA � Iy =
∫∫
D

x�δ(x, y) dA

*��
&��
 � ��(� .�� �#�� f�J@ �. R	 :=
√
I	/m $�,

ω (0&f ���#��E (,�� &0 �. D �O&0 &�0 �S� �N#c�= �h� E�
�0��0 .&M R#� ���0 4E_ �W��� .��\
 �Z��$ 5�.�$ � .�
 �'
�0 �. m ��E���&0 ���Y\� 4�) �S� ���?U0 *(�� K = �/�I	ω

�

Z���� E&�� �W��� .��\
 R�+� �0 �Z��$ .��1 � .�
 &� R	 �� �T&=
*(O�$

�0 M ��Y\� �' D Z") ��&
 .�& 6S ��0&6
 >.T �0
�. M �' D u��Q `&UO R��l+� � (x�, y�) >&j L

� IM =

∫∫
D

d�
(
(x, y),M

)
δ(x, y) dA >.T �0 X��� 0

d
(
(x, y),M

) 5F .$ �M *$+� G#�U� 5���
 RM :=
√
IM/m

Z#.�$ AǱ��[
 ���U#C M = O ���0 *(�� M &� (x, y) �� �T&=

IO =
∫∫

D

(
x� + y�

)
δ(x, y) dA

y� N# �' Z") .�& 6S E� 5���
 _&0 d�0 ��[O
>.&[, � y� �' D 4�) .�& 6S �e1�� .$ *(�S RL� x���

!0&\
 .$ �. I .�& 6S *(�� M	 =

∫∫
D

d
(
(x, y), �

)
δ(x, y) dA E�

*���M�
 ���+� r��&
s (�T &0 X�b� M



� � & � � & � 	

x�= &0 �. .�
−y � .�
−x �' .�& 6S �$.
 �� .$
9���M �[�&�
 δ = �

�) (x− a)� + (y − a)� ≥ a� ,

� ≤ x ≤ a , � ≤ y ≤ a

�) x = u(t− sin t) , y = u(�− cos t) ,

� ≤ u ≤ a , � ≤ t ≤ �π

�) a� ≤ xy ≤ �a� , x/� ≤ y ≤ �x

	) (x� + y�)� ≤ �a�xy , � ≤ x


) x�/� + y�/� ≤ �

/��	F D F	B�� !����F� 0�0
∫∫

D

f dA ���� �� �S� ��#$�S K�Y
 7*�*8 .$ �M �.@ 5&+�
���&� �. .Mn
 ���� �� ���V� ��T J*�*8 �� �q1 y#��O .$

9��#$ 5&�0 �0 *Z�
&��


� �O&[� .�����M &# � "0 D ��,+�
 �S� ������ ��%�%
&# � ��M !�
 (#&	��0 �0 D E� ���Y\� .$ z = f(x, y) �V�#� &#
�Y\� ��Q E� u�0 D �0 f �&��� ��3&� �V�#� &# � $$��� G#�U�
��+� �.

∫∫
D

f dA ���� �� >.T R#� .$ ��O&0 ����
 ��Q &# �
*Z�
&��


���&+� �9�	�� ��OV��BC�� EJ �N���C	� ��%�%
E� ��' �0 �. &	B��� �� R#� �(�� �=&M �B+U
 ����&� ���� ��

*Z��M !#�[� �$&, �&	B��� ��
E� ���$��&� {Da} Z��M�
 x�= �.h�
 R#� ���0
�&	B��� �� E� N# �� � lim

a→a�
Da = D �M �O&0 &��,+�


9Z��M�
 G#�U� �>.T R#� .$ *��O&0 �$&,
∫∫

Da

f dA

D = lim
a→a�

Da ⇒
∫∫
D

f dA := lim
a→a�

∫∫
Da

f dA

9$+� �$&� �� 5���
 $.
 �$ .$ &	�� R#� E� �M (�� �M{ �0 4E_

��� � �$.�$ $)� (��. (+� �' �M $O (0&f �S� AGB�
>.T .$C |Q (+� ����&� ���� �� �M (=�S Z����
��#n3�[�&�
 ���U# *�O&0�
 �h� $.
 �' �0��0 A$)�

�("�� $)� �0 ���B$

=
∫ �

−�

[∫ x+�

x�
|x| dy

]
dx =

∫ �

−�

[
|x|y

]x+�

x�
dx

=
∫ �

−�
|x|.(x + �− x�) dx

= −
∫ �

−�
x.(x+ �− x�) dx+

∫ �

�

x.(x+ �− x�) dx

=
�

��
+
�

�
=
�

�

δ = �
�) �B&�Q &0 �� �'&� D �M ��.T .$ A� .�8�
��O&0 x� + y� = a�(x� + y�) ����
 �0 $���
 x� + y�

(x� + y�)�
*���M �[�&�
 �. Ǳ��[
 �' D ��&
 .�& 6S

�. D : x� + y� ≤ a�(x� + y�) �� �'&� �.h�
 R#� ���0 *!'
9Z#�0�
 �[Y1 >&j L
 �0

D′ : r� cos� θ + r� sin� θ ≤ a�r�

: r� ≤ a�

cos� θ + sin� θ

R#��0&�0 �$O�+� ��T �&�l�� cos� θ + sin� θ 5Q �M

D′ : � ≤ θ ≤ �π , � ≤ r ≤ a√
cos� θ + sin� θ

&0 (�� �0��0 �h� $.
 .�& 6S �

IO =
∫∫
D

(x� + y�)δ dA =
∫∫
D

x� + y�

(x� + y�)�
dA

=
∫∫
D′

(
cos� θ + sin� θ

)
.r dA′

=
∫ �π

�

⎡
⎣∫ a/

√
cos� θ+sin� θ

�

(
cos� θ + sin� θ

)
.r dr

⎤
⎦ dθ

=
∫ �π

�

[(
cos� θ + sin� θ

) r�
�

]a/
√

cos� θ+sin� θ

�

dθ

=
a�

�

∫ �π

�

dθ = a�π

�0���� ���$�%
���0 .�
−y �0 (["� u��Q `&UO � ��&
 .�& 6S A�
� x = � pY� �.�
−x y�� $���
 wE&� ����T
δ(x, y) = �+ x/�� p�O &0 �. y = x� �+	� x = −�

*���M �[�&�


e0&� .�$+� � .�
−x �0 $���
 �&�Q �� �'&� ��&
 .�& 6S A;
�. .�
−y �' π ≤ x ≤ �π &0 f(x) = (sinx/x)�

*���M �[�&�


$���
 y = � � y = −x �y = x pY� �0 D ���M x�= A�
u��Q `&UO � ��&
 .�& 6S *δ(x, y) = y+� � (�� ��O

*���M �[�&�
 �. Ǳ��[
 �' D



� & � 	 � � & �

(�)
=

(∫ ∞

�

e−x�dx

)(∫ ∞

�

e−y�dy

)

=
∫∫

�≤x,y

e−(x�+y�) dA

(�)
= lim

R→∞

∫∫
DR

e−(x�+y�) dA
(�)
= lim

R→∞

∫∫
D′

R

e−r� dA′

= lim
R→∞

(∫ π/�

�

dθ

)(∫ R

�

re−r�dr

)

=
π

�
lim

R→∞

[
�

�
e−r�

]R

�

=
π

�
− lim

R→∞
e−R�

=
π

�

��v 
 5$0 ���&� E� A�C .$ �V�#� ^�-� *I =
√
π/� R#��0&�0

DR �M (�� ��O x�= A;C .$ �Z#��$�M �$&� �� R�U
 ���� �� .$
��� e0. .$ �M (�� Ǳ��[
 .$ cM�
 � R `&UO �0 ����#�$ e0.
� Z#��$�M �$&� �� �[Y1 ��v 
 ���v� E� A�C .$ � $.�$ .��1 ���T

*�O&0�
 �[Y1 ���T .$ DR �#j� D′
R

}

;*8*8 �&a
 E� ; (+"1 9�7*8 !VO

���T ��� e0. �0 �. f(x, y) = xe−(x+�y) e0&� ���� �� A� .�8�
*���M�
 �[�&�


��,+�
 E� .h�
 R#� ���0 *!'

Da : � ≤ x , � ≤ y , x+ �y ≤ a

R#� .$ �v = x � u = x + �y Z��M x�= *Z��M�
 �$&� ��
>.T

J =
∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v)
∂(x, y)

∣∣∣∣ = �÷
∥∥∥∥ � �

� �

∥∥∥∥ =
�

�

!�V6� �. Da `?-� y = � � x = � �x+�y = a pY� 5Q
����T−uv .$ Da �#j� D′

a 5$.�F (��0 ���0 ����$�

9Z�0&#�
 �. `?-� R#� �#�&j�

x = � ⇒ v = � y = � ⇒ u = v

x+ �y = a ⇒ u = a

��� � �$.��� $)� (��. (+� �' �M $O (0&f �S� A%
*$.��� $)� |Q (+� ����&� ���� �� �M (=�S Z����

*(�� R� ���T !M D ���M x�= A& �'�() ��%�%
*���M �[�&�
 �. D �0 f(x, y) = �/(x� + y� + �)� ���� ��

.�����M D ��#E �(�� ���&�
∫∫

D

f dA ���� �� >.T R#� .$ *!'
9(�� R `&UO � Ǳ��[
 cM�
 �0 ����#�$ DR Z��M x�= *("��
5�M� *D = lim

R→∞
DR �M (�� RO�. *DR : x� + y� ≤ R�

9(O� 5���
 �[Y1 >&j L
 ���v� N+V0∫∫
R�

dA

(x� + y� + �)�
= lim

R→∞

∫∫
DR

dA

(x� + y� + �)�

= lim
R→∞

∫∫
D′

R

rdA′

(r� + �)�

= lim
R→∞

(∫ �π

�

dθ

)(∫ R

�

rdr

(r� + �)�

)

= lim
R→∞

[
θ
]�π

�

×
[ −�
r� + �

]R

�

= π lim
R→∞

{
�− �

R� + �

}
= π

9(�� DR �[Y1 �#j� D′
R &��#� .$ �M

D′
R : � ≤ θ ≤ �π , � ≤ r ≤ R

� >&j L
 �&�.�
 �0 $���
 �� �'&� D ���M x�= A, .�8�
�(�� ���+�

∫∫
D

dA

�− x− y ���� �� &#F *(�� x+ y = � y�
f(x, y) = �/(�− x− y) ��#E �(�� ���&� ���� �� R#� *!'
y� R#� �0 (x, y) �S� � $O�+� G#�U� x + y = � y� �0
Dε Z��M x�= *$+� ���� !�
 (#&	��0 �0 f e0&� �$O N#$c�
x + y = � − ε y� � >&j L
 �&�.�
 �0 $���
 ��,+�


� A�7*8 !VOC D = lim
ε→�+

Dε >.T R#� .$ *(��∫∫
D

dA

�− x− y = lim
ε→�+

∫∫
Dε

dA

�− x− y

= lim
ε→�

∫ �−ε

�

[ ∫ �−x−ε

�

�

�− x− y
]
dx

= lim
ε→�+

∫ �−ε

�

[
− ln(�− x− y)

]�−x−ε

�

dx

= lim
ε→�+

∫ �−ε

�

{
ln(�− x)− ln ε

}
dx

= lim
ε→�+

[
− x ln(�− x) + x+ ln(�− x)− x ln ε

]�−ε

�

dx

= lim
ε→�+

(ε− �) ln ε = +∞

*(�� ��S�� �h� $.
 ���� �� ��U#

*���M �[�&�
 �. I =
∫ ∞
�
e−x�dx ���� �� A
 .�8�

�M Z��M�
 �)� .h�
 R#� ���0 *!'

I� = I × I



� � & � � & � 	

= � lim
R→∞

(∫ R

�

r�(m+n)−�e−r�dr

)

×
(∫ �π

�

cos�m−� θ sin�n−� θ dθ

)

= �B(m,n) lim
R→∞

∫ R

�

r�(m+n)−�e−r�dr

= B(m,n) lim
R→∞

∫ √
R

�

sm+n−�e−sds

= B(m,n)
∫ ∞

�

sm+n−�e−sds = B(m,n) Γ(m+ n)

(�� ��O x�= A�C .$ �V�#� ^�-� *(�� 4&+� 5&��0 �
��v 
 ���v� E� A;C .$ � DR : � ≤ x,� ≤ y, x� + y� ≤ R�

*D′
R : � ≤ θ ≤ �π,� ≤ r ≤ R � (�� ��O �$&� �� �[Y1

>.T .$ �.
∫∫

D

f dA ���� �� $.
 �� .$ �0���� ��%�%
9���M �[�&�
 $)�

�) f = �/
(
(x� + �)(y� + �)

)
, D = R�

�) f = �/(x�y), D : � ≤ x , e−x ≤ y ≤ �

�) f = exp(−x� − y�) cos(x� + y�), D = R�

�) f = (x� − y�)/(x� + y�), D : � ≤ x ≤ y

�) f = exp(−x− y), D : � ≤ x ≤ y

�) f = �/

√
�− x� − y�, D : x� + y� ≤ �

	) f = �y + �, D : −� ≤ x ≤ � ,

−�/
√
�− x� ≤ y ≤ �/

√
�− x�


) f = exp
(
−x�/a� − y�/b�

)
,

D : x�/a� + y�/b� ≥ �

�) f =
√
xy exp

(
−x� − y�

)
, D = ��� e0.

��) f = sin(x� + y�), D = 4�$ � ��� e0.

�B&�Q ��.�$ R� E� (x, y) ��LB$ ��Y\� �M ��.T .$ A��
�' R� ��&
 .�& 6S ��O&0 δ = exp(−x� − y�) 4�)

*���M �[�&�
 �. >&j L
 Ǳ��[
 � .�
−y �.�
−x

�>.T R#� .$ *Ω : � ≤ z ≤ �/

√
x� + y� ���M x�= A�;∗

^Y� ('&"
 �B� (�� ��&� 
 Ω Z�' �M ���$ 5&6�
����� � �[�&�
 R#� E� &#F �(�� ��&� 
&� 5F �).&�

�(=�S 5���


����
 �0 $���
 ��,+�
 �0 �. f(x, y) = y e0&� ���� �� A��
9���M �[�&�
 �#E

* C :
{
x = a (� cos t− cos(�t))
y = a (� sin t− sin(�t)) , � ≤ t ≤ �π

R#��0&�0 �D′
a : � ≤ u ≤ a , � ≤ v ≤ u E� (�� >.&[, D′

a ]3∫∫
�≤x,y

xe−(x+�y) dA = lim
a→∞

∫∫
Da

xe−(x+�y) dA

= lim
a→∞

∫∫
D′

a

ve−u�

�
dA′ = lim

a→∞
�

�

∫ a

�

[∫ u

�

ve−udv

]
du

=
�

�
lim

a→∞

∫ a

�

[
v�

�
e−u

]v=u

v=�

du =
�

�
lim

a→∞

∫ a

�

u�e−udu

=
�

�
lim

a→∞

{
−
[
u�e−u

]a

�

+
∫ a

�

�ue−udu

}

=
�

�
lim

a→∞

{
−a�e−a −

[
�ue−u

]a

�

+
∫ a

�

�e−udu

}

=
�

�
lim

a→∞

{
−a�e−a − �ae−a − �e−a + �

}
=

�

�
− lim

a→∞
a� + �a+ �

�ea

�= �

�
− lim

a→∞
�a+ �

�ea

�= �

�
− lim

a→∞
�

�ea
=
�

�

.&0 �$ � Ǳc) �0 Ǳc) D�. E� .&0 �$ _&0 >&[�&�
 .$ �V�#� ^�-�
*Z#��$+� �$&� �� �&�3� ���,&1 E� c��

9Z��M G#�U� � �� [a
 $��,� n � m �a ���M x�= A .�8�

Γ(a) :=
∫ ∞

�

xa−�e−x dx

B(m,n) :=
∫ �

�

xm−�(�− x)n−� dx

�M ���M (0&f *��
&��
 & 0 e0&� � &
&S e0&� �X��� 0 �. &	�#�
��
�= R#� i&� (B&' *B(m,n) = Γ(m)Γ(n)/Γ(m + n)

�U�[@ $��,� n � m �M �(m
n

)
= (m + n)!/m!n! 9(�� R��Q

*�� "�
�dt = �xdx Z#.�$ �Γ(a) ���� �� .$ t = x� x�= &0 *!'

�0 *Γ(a) = �

∫ ∞

�

x�a−�e−x�dx R#��0&�0 � t � ∞
� ∞

Z#.�$ �B e0&� .$ x = cos� θ x�= &0 �0&6
 >.T

B(m,n) = �

∫ π/�

�

cos�m−� θ sin�n−� θ dθ

��� � .$

Γ(m)Γ(n) =
(
�

∫ ∞

�

x�m−�e−x�dx

)(
�

∫ ∞

�

y�n−�e−y�dy

)

= �

∫∫
x≥�

y≥�

x�m−�y�n−�e−(x�+y�)dA

(�)
= � lim

R→∞

∫∫
DR

x�m−�y�n−�e−(x�+y�)dA

(�)
= � lim

R→∞

∫∫
D′

R

r�(m+n)−�e−r� cos�m−� θ sin�n−� θ dA



:

58�' 9� /�	���� 2�0

;H7 ����T �0 �!<�
 .�c=� 4�� E� �$&� �� >&
�\
 ����&6
 ���0
*$O �U)��
 doc.pdf !#&= &# �

�0 f(x, y) ���� �� �� [�&�
 ���0 ����G+� '��BC�� ��&�%
. �$ E� D : a ≤ x ≤ b , h(x) ≤ y ≤ l(x) Zh�
−x ��,+�


int(int(f(x,y),y=h(x)..l(x)),x=a..b)

*Z��M�
 �$&� ��

&0 ����G+� '��BC�� �.��1� ��
1) � .	�!) ��&�%
$O ��&� ��6� �[�&�
 ���� �� (�� RV+
 ��[1 . �$ ���)�
. �$ E� >.T R#� .$ A�O&[� 5F ������ !' �0 .$&1 !<�
C

9Z��M�
 �$&� �� 5F �[#�\� .��\
 �� [�&�
 ���0 evalf
evalf(int(int(f(x,y),y=h(x)..l(x)),x=a..b))

� �� �#� /.$F .$ �78����� ��&�%
http://webpages.iust.ac.ir/m_nadjafikhah/r2.htm

*(�� ��O $.�F �MnB� �= d'&[
 �0 p0�
 e0&�
 � &	B&a


�� \�' �0 $���
 ��,+�
 �0 f(x, y) = x e0&� ���� �� A��
9���M �[�&�
 �. ��O �$�$ ����
 .$ $)


*C : x = �at/(t� + �) , y = �at�/(t� + �)

y� y�� �M �O&0 ��� e0. E� � +"1 D �S� �M ���M (0&f A�H
�&��F �(�� ��O ��#�0 x+ y = �∫∫

D

exp
(
y − x
y + x

)
dA =

e� − �
�e

y� y�� �M �O&0 ��� e0. E� � +"1 D �S� �M ���M (0&f A�8
�&��F �(�� ��O ��#�0 x+ y = π/�∫∫

D

sinx sin y sin(x+ y) dA =
π

��

y� y�� �M �O&0 ��� e0. E� � +"1 D �S� �M ���M (0&f A�J
�&��F �(�� ��O ��#�0 x+ y = �∫∫

D

xm−�yn−�f(x, y) dA =
Γ(m)Γ(n)
Γ(m+ n)

∫ �

�

tm+n−�f(t) dt

���M (0&f v = y � u = x+ y ��v 
 ���v� E� �$&� �� &0 A�7∫ �

�

[∫ �−x

�

exp
(

y

x+ y

)
dy

]
dx =

e− �
�




 ���

���+�	 ,�
-$��

P� : e = z� < z� < . . . < z	−� < z	 = g.

Z��M�
 G#�U� �>.T R#� .$

#P := min
{
n,m, �

}
, Δxi := xi − xi−�,

Δyj := yj − yj−�, Δzk := zk − zk−�,

|P | := max
{
Δx�, . . . ,Δxn,Δy�, . . . ,Δym,Δz�, . . . ,Δz	

}
.

RO�. *Z�
&��
 P .�S �. #P � P 7<��p �. |P | $�,
�aM��' �0 Ω ��,+�
 �Ω ���0 E��=� �� %&L �� &0 �M (��

*A$O �)� %��*J !VO �0C $$�S�
 Z�"\� (+"1 n×m×�

�*�*J .$ ���&+� P � Ω Z��M x�= ������ ����&
� � ≤ j ≤ m �� ≤ i ≤ n �M �. Ωijk �&��,+�
 ���O&0

�S� 9Z��M�
 G#�U� �#E >.T �0 � ≤ k ≤ �
(
[xi−�;xi] ∩ [yj−�; yj ] ∩ [zk−�; zk]

)
∩ Ω

.$ � w�� O� R#� �0��0 �. Ωijk ��O&0 !
&M !�Y "
 XUV

&# &� Ωijk R#��0&�0 *Z#��S�
 ∅ �	� �. 5F >.T R#� ��b
GB��;*J !VO �0C �� "� �	� &# � ���
&M !�Y "
 XUV

E� ���$��&� �P E��=� E� K�V�� N# E� .h�
 *A$O �)�
�M ����S �0 �(�� Ω .$ X =

{
(xijk , yijk, zijk)

} p&\�
*Ωijk �= ∅ �M �� k � j �i �� ��E� �0

(
xijk , yijk, zijk

) ∈ Ωijk

P B��<� �Ω ��,+�
 Z��M x�= ������ ����&
u = f(x, y, z) � ��O&0 ;*�*8 ���&+� X K�V�� �
�>.T R#� .$ *$$�S�
 G#�U� Ω ����� �0 �M (�� �U0&�
e+��T&' ∑

P f
(
xijk , yijk, zijk

)
ΔxiΔyjΔzk E� .h�


� j �i ��E� �0 �M (�� ��O �$�$ !V60 �&	�.&[, ��+�
e0&� Z�gS�
 ��.T .$ *Ωijk �= ∅ �h� $.
 k

I �$�, �M (�� ��]oH��/�� Ω ��,+�
 �0 u = f(x, y, z)

(B&' �0 ∫ b

a
f(x) dx R�U
 ���� �� Z�+U � .&M Z6O !j= .$

� � =. ���) ��'�
 N# !j= R#� .$ ��O 4&��� ���v 
 �$ e0��
���v 
 �� �U0&� f 5F .$ �M Z��M�
 G#�U� �. ��&S�� ���� ��
���� �� � $�$ �
�$� 5� ��
 �. ��� . R#� �M (�� RO�. *(��
���&S�� ���� �� � 6�0 (�+�� !�B$ �0 *$+� G#�U� �. ��&S−n
E� �$.� 
 � �& #& 3 uL0 .$ � �$�$ .�� 1 d� 0 $. 
 ?z 
& M �� �F

*$�M Z���� K�Y
 c�� �. ��&S−n �&	B��� ��

F	B� !����F� U���& ��2

.$ �M (�� ��&S�$ ���� �� ��[O ��&S�� ���� �� �+�. G#�U�
*�O �$.�F �*�*8

}

�*J !VO
.�����M � � "0 Ω ⊆ R Z��M x�= �� �� � � ����&
����� $)� �.@ g � e �d �c �b �a $��,� R#��0&�0 *�O&0
XUV
 .$ Ω ���U# *Ω ⊆ [a; b] × [c; d] × [e; g] �M (O�$
��E&0 �0��0 .�
−x �0 5F �#j� �M (�� p&�
 !0&1 ���Y "

[e, g] ��E&0 �0��0 .�
−z �0 � [c; d] ��E&0 �0��0 .�
−y �0 � [a; b]

���0 B��<� N# E� .h�
 *A$O �)� GB���*J !VO �0C (��
5F .$ �M P = P� × P� × P� !VO �0 (�� �0�q�T&' �Ω
9�� "� [e; g] � [c; d] �[a; b] ���0 �#&�E��=� X��� 0 P� � P� �P�

P� : a = x� < x� < . . . < xn−� < xn = b,

P� : c = y� < y� < . . . < ym−� < ym = d,

�J�



� (�� [�;�]� �'�� XUV
 Ω ���M x�= �'�() ����&
>.T R#� .$ *f = xy − z

∫∫∫
Ω

f dV = lim
m,n,	→∞

�

mn�

n∑
i=�

m∑
j=�

	∑
k=�

f

(
i

n
,
j

m
,
k

�

)

= lim
m,n,	→∞

�

mn�

n∑
i=�

m∑
j=�

	∑
k=�

{
ij

mn
− k

�

}

= lim
m,n,	→∞

⎧⎨
⎩ �

m�n�

(
n∑

i=�

i

)⎛
⎝ m∑

j=�

j

⎞
⎠− �

��

	∑
k=�

k

⎫⎬
⎭

=
�

�

(
lim

m→∞
m+ �

m

)(
lim

n→∞
n+ �

n

)
−�
�

lim
	→∞

�+ �

�

=
−�
�

�#n<B��� �� Ω �0 g � f e0�� ���M x�= ���� �����&
>.T R#� .$ ��O&0 �\�\' �$�, a � ��O&0

�)
∫∫∫
Ω

af dV = a

∫∫∫
Ω

f dV

�)
∫∫∫
Ω

(f + g) dV =
∫∫∫
Ω

f dV +
∫∫∫
Ω

g dV

�f(x, y, z) ≤ g(x, y, z) �� (x, y, z) ∈ Ω �� ��E� �0 �S� A�
>.T R#� .$∫∫∫

Ω

f dV ≤
∫∫∫
Ω

g dV

&0 Ω� � Ω� ��,+�
 �$ w�� O� $.
 �� �'&� Z�' �S� A�
>.T R#� .$ ��O&0 ��T ('&"
∫∫∫

Ω�∪Ω�

f dV =
∫∫∫
Ω�

f dV +
∫∫∫
Ω�

f dV

����&� 
 g � f &	�F .$ �M Ω E� �@&\� �h� $.
 Z�' �S� AH
>.T R#� .$ ��O&0 ��T∫∫∫

Ω

f dV =
∫∫∫
Ω

g dV

.$ ��O&0 ��T Z�' &0 Ω� � Ω� ��,+�
 �$ m? �� �S� A8
>.T R#�∫∫∫

Ω�

f dV =
∫∫∫

Ω�

f dV

�&��F �Z��$ 5&6� Vol $&+� &0 �. Ω Z�' �M ��.T .$ AJ
∫∫∫
Ω

dV = Vol(Ω)

N# � δ ([a
 $�, N# �� < ε �� ��E� �0 �M $$�S (=&# 5&�Q
���0 P E��=� �� ��E� �0 �M ��O (=&# ����S �0 n �U�[@ $�,
� O�$ P E� X %&L �� �� ��E� �0 � #P ≤ δ � |P | ≥ n �M Ω

R#� .$ *
∣∣∣∑P f

(
xijk, yijk, zijk

)
ΔxiΔyjΔzk − I

∣∣∣ < ε Z�O&0∫∫∫
Ω

f dV $&+� &0 � ���
&� Ω �� f )* �3)+ .��/�� �. I >.T
9$O � O� (B&' R#� .$ �M (�� �+U
 ���?U0 *Z��$�
 5&6�∫∫∫
Ω

f dV = lim
|P |→∞
#P→�

∑
P

f
(
xijk, yijk, zijk

)
ΔxiΔyjΔzk

?z +, � $.�$ ��h� �� [�) _&0 G#�U� �78����� ����&
�5F ��$&� �� R#����+, �("�� ���
 ��&S�� ���� �� �� [�&�
 ���0
*�O&0�
 ��&S �� ���� �� �&�$�0.&M ��)� c�� � &	�&[f� �
&1� .$
�UB&Y
 $.
 �&	B��� �� $)� E� �M (�� 4E_ d�0 �� 
�$� ���0

*��M�
 !' �. �B&�"
 &z 1
 �#E �� �q1 *Z��M !T&' 5&��+@�

� .�����M � � "0 ���,+�
 Ω �S� ���� $���&
� ��#$�S G#�U� Ω �0 �M �O&0 x���
 �U0&� u = f(x, y, z)

����
 ��Q &# N# ��Y\� ��Q &# N# E� �h� m�T � (�� .�����M
�&��F ��O&0 � ��3 Ω !M �0 ��&� 
 ('&"
 &0 �� #� . ��Q &# N# �

*$.�$ $)� Ω �0 f ���� ��

$)� ���0 �=&M y#��O _&0 ��q1 �78����� %���&
*�� "�� 4E_ �)� ��� �0 y#��O R#� ���M�
 �=�U
 �. ���� ��
��O&0 ��LB$ f � ��T Z�' &0 Ω &# � f = � � ��LB$ Ω �S� ?z a


*(�� ��T �0��0 � � O�$ $)� Ω �0 f ���� �� �&��F

y#��O .$ f e0&� � Ω ��,+�
 �l�&�Q ������� &���&
Z�gS�
 ���T �.

∫∫∫
Ω

f dV ���� �� ����M ��T H*�*J �� �q1
��+� ]3 R#� E� *Z�
&��
 ��+� �. 5F >.T R#� ��b .$ �
5&�0 &z '��T u=?� �V�F ��
 �����$&, d�0 $.
 �&	B��� ��

*$$�S
�G#�U� N+M �0 ��&S�� ���� �� �� [�&�
 ���0 !#{ �� �q1 E�

*$+� �$&� �� 5���


[a; b]× [c; d]× [e;h] !�Y "
 XUV
 Ω �S� ���� *���&
�0��0

∫∫∫
Ω

f dV >.T R#� .$ ��O&0 �#n3 ���� �� Ω �0 f � �$0

lim
n,m,	→∞

(b− a)(d− c)(h− e)
mn�

×
n∑

i=�

m∑
j=�

	∑
k=�

f

(
a+ i

b− a
n

, c+ j
d− c
m

, e+ k
h− e
�

)

�M $�M x�= 5���
 ��[�&�
 .$ (B	� (	) �0 �� [B� *(��
*$+� �[�&�
 �. �' N# &	�� � �m = n = �



^ I & � 	

�#U� &0 �M A$O �)� %�;*J !VO �0C Z��M�
 �h'?

��� � .$ *Z��.�
 Ω+ ��,+�
 �0 Ω− .$ −x �0 x

∫∫∫
Ω

f dV =
∫∫∫
Ω+

xdV +
∫∫∫
Ω−

xdV

=
∫∫∫
Ω+

xdV +
∫∫∫
Ω+

−xdV = �

}

��*�*J �&a
 9;*J !VO

�.
∫∫∫

Ω

f dV ���� �� .��\
 �$.
 �� .$ �0���� �����&
9���M �[�&�


�) f(x, y, z) = [x+ y + z] , Ω : � ≤ x, y, z ≤ �

�) f(x, y, z) = �, Ω : x� + y� ≤ z ≤ �− x� − y�

�) f(x, y, z) = xyz, Ω : |x|+ |y|+ |z| ≤ �∫∫∫
Ω

f dV ���� �� ���0 R�g&3 �' N# � _&0 �' N# �$.
 �� .$
9��0&�0

�) f(x, y, z) = xy, Ω :
{
� ≤ x, � ≤ y, � ≤ z,
x+ y + z ≤ �
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∫∫∫
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{
� ≤ ‖X‖ < �
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∫∫∫
Ω�

� dV +
∫∫∫
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*���M �[�&�
 �. Ω �0 f

Ω Z�"\� &0 ��#E �(�� ��T Ω �0 f ���� �� >.T R#� .$ *!'
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D� : x� + y� ≤ � Ω = Ω� ∪ Ω� ∪Ω�

Ω� : (x, y) ∈ D� , −� ≤ z ≤ �
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√
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{
x� + y� = z�√
�z = x+ �

⇒ (x− �)�
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√
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�(�� Zh�
−xy ���,+�
 Ω Z��M x�= ���� ����&
Ω : (x, y) ∈ D , h(x, y) ≤ z ≤ �(x, y)

>.T R#� .$ *(�� � ��3 Ω �0 u = f(x, y, z) �
∫∫∫
Ω

f dV =
∫∫
D

[∫ 	(x,y)

h(x,y)

f(x, y, z)dz

]
dA

�� [�&�
 ���0 ����G�	 '��BC�� EJ �B�=B] ����&
�0 �. Ω �� 0� 4�cB >.T .$ �Ω ��,+�
 �0 f �� �&S�� ���� ��
�?z a
C Z�"#��
 Zh�
−xy �&��,+�
 E� �,&+ )� >.T
R�0 w�� O� $.
 �� �'&� Z�' �M �.@ AΩ = Ω� ∪ · · · ∪ Ωk

�0 �*�*J �� �q1 N+M �0 f E� �]<� *�O&0 ��T &	�F E� &� �$��
�. !T&' �#$&\
 ��F (�$ � Z#��S �
 ���� �� &	�F E� N# ��

9Z��E�
 e+)∫∫∫
Ω

f dV =
∫∫∫
Ω�

f dV + · · ·+
∫∫∫
Ωk

f dV

�0 $���
 Z�' Ω �M ��.T .$ A& �'�() ����&
���� �� ��O&0 x+ y/�+ z/� = � ����T � >&j L
 >&��T

*���M �[�&�
 Ω �0 �. f(x, y, z) = z

Z�"#��
 Zh�
−xy !VO �0 �. Ω �� 0� �.h�
 R#� ���0 *!'
9A$O �)� GB���*J !VO �0C

d�a
 E� (�� >.&[, ���T−uv �0 d�a
 R#� �#j� �
5���
 �#E !VO �0 ���F �#E Z") ��� � .$ �U� = OBD′

>.T �0 *Ω� : (u, v) ∈ U� , � ≤ w ≤ �u − v 9(O�
>.T �0 �. ���T−uv �_&0 � ABD d�a
 �#E Z") �0&6


9Z��$ 5&6� Z�����
 �#E
Ω� : (u, v) ∈ U� , � ≤ w ≤ �− u− v

>.T �0 �. OAC d�a
 �_&0 � ADC d�a
 �#E Z")
Ω� : (u, v) ∈ U� , u/�− v ≤ w ≤ �− u− v

*Ω = Ω� ∪ Ω� ∪ Ω� ��� � .$ *(O� 5���


5S �q�0 S ���M x�= A4 .�8�

(ρ+ �)� + (ρ+ ϕ+ �)� + (ρ+ ϕ+ θ + �)� = �

���,+�
 Ω >.T R#� .$ *�O&0 S �0 $���
 Z�' Ω �
�#&0 ���T−ρϕ �0 Ω �#j� D R =&# ���0 *(�� Zh�
−ρϕ
!�
 ]<� � Z��M /&+
 S :.&� �0 �. .�
−θ �E�
 �Y�
.$ ����
 N# ��� � �Z��M oL6
 �. ���T−ρϕ &0 D$.��0
x�= *�O&0�
 D ��,+�
 5F !��$ �M $0 ���� ���T−ρθ
�S� *�O&0 � : ρ = ρ� , ϕ = ϕ� �-�= y� R#� Z��M
� "#&0 �&��F ��O&0 X� 5F /&+
 !�
 � �O&0 /&+
 S �0 �
.$ � (ρ�+�)�+(ρ�+ϕ�+�)�+(ρ�+ϕ�+θ�+�)� = �

*θ� = −�−ρ�±{�−(ρ�+�)�−(ρ�+ϕ�+�)�}�/� ��� �
�#&0 θ� .$ �&V#$�. &z
�cB� ]3 ��O&0 �Y\� N# &	�� �#&0 X� &
�

�3� �q�0 E� (�� >.&[, D ��� � .$ ��O&0 ��T

D : (ρ� + �)� + (ρ� + ϕ� + �)� ≤ �

E� (�� >.&[, !M .$ Ω ��$���


Ω : (ρ, ϕ) ∈ D ,

−�− ρ− ϕ−
√
�− (ρ+ �)� − (ρ+ ϕ+ �)� ≤ θ

≤ −�− ρ− ϕ+
√
�− (ρ+ �)� − (ρ+ ϕ+ �)�

�0���� *���&
���,+�
 5��U0 �. u� + �v� + �w� = ��vw A�

*��"#�0 Zh�
−vw � Zh�
−uv

�q�0 5S �+	� �$ R�0 Z�' Ω ���M x�= A;
>.T �0 ���F *(�� x = � − y� − z� � x = y� + z�

*��"#�0 Zh�
−yz ��,+�
 N#

(�,�,�) � (�,�,�) �(�,�,�) �(�,�,�) /g. &0 4�� A�
*��"#�0 Zh�
−yz �Zh�
−xy ���,+�
 5��U0 �.

>&��T �0 $���
 o1&� p��L
 Ω �M ��.T .$ A�
��O&0 y� = x� + z� �@��L
 ^Y� � y = � � y = �



}

; � � (+"1 �*�*J �&a
 9�*J !VO

Zg&1 �� �� �� �0 $���
 Z�' Ω �M ��.T .$ A
 .�8�
��O&0 x� + z� = y� + � ��Q.&<V# 5S �BBn� � x� + z� = �

*���M �[�&�
 Ω �0 �. f = |y| ���� ��
Z�"#��
 Zh�
 −xz !VO �0 �. Ω �� 0� �.h�
 R#� ���0 *!'

9A$O �)� GB���I*J !VO �0C

D : � ≤ x� + z� ≤ �

Ω : (x, z) ∈ D , −
√
x� + z� − � ≤ y ≤

√
x� + z� − �

�&��,+�
 $.
 .$ �*�*J �0 ��[O ZV' �0&�0 ���� � .$
Z#.�$ Zh�
−xz

∫∫∫
Ω

f dV =
∫∫∫
Ω

|y| dV =
∫∫
D

⎡
⎣∫
√

x�+z�−�

−
√

x�+z�−�
|y| dy

⎤
⎦ dA

=
∫∫
D

⎡
⎣∫
√

x�+z�−�

�

�y dy

⎤
⎦ dA =

∫∫
D

[y�]
√

x�+z�−�
y=�

dA

=
∫∫
D

(x� + z� − �) dA
(�)
=

∫∫
D′

(r� − �)r dA′

=

(∫ �π

�

dθ

)(∫ �

�

(r� − r) dr
)

=
[
θ
]�π

�

×
[
r�

�
− r�

�

]�
�

=
�

�
π

z = r sin θ � x = r cos θ (�� ��O x�= (�) .$ �V�#� ^�-�
E� (�� >.&[, ���T −rθ .$ D �#j� D′ ��� � .$ �

D : � ≤ θ ≤ �π , � ≤ r ≤ �

p��L
 �0 $���
 !VO �M�$ Z�' Ω �M ��.T .$ A� .�8�
�&q= Z�� .$ �M �O&0 x�+y�+z� = �
 ���M � y�+z� = x�

*���M �[�&�
 Ω �0 �. f = x
√
y� + z� ���� �� �$.�$ .��1 � ≤ x

Zh�
 −yz ���,+�
 !VO �0 �. Ω �� 0� .h�
 R#� ���0 *!'
9A$O �)� %��I*J !VO �0C Z�"#��


D : y� + z� ≤ �

Ω : (x, y) ∈ D,
√
y� + z� ≤ x ≤

√
�
− y� − z�

D : � ≤ x ≤ � , � ≤ y ≤ �(�− x)

Ω : (x, y) ∈ D , � ≤ z ≤ �

�
(�− �x− y)

Z#.�$ �*�*J �0 &�0 ���� � .$

∫∫∫
Ω

f dV =
∫∫∫
Ω

z dV =
∫∫
D

[∫ �(�−�x−y)/�

�

z dz

]
dA

=
∫∫
D

[
z�

�

]z=�(�−�x−y)/�

z=�

dA=
�




∫∫
D

(�− �x− y)�dA

=
�




∫ �

�

[∫ �(�−x)

�

(�− �x− y)� dy
]
dx

=
�




∫ �

�

[
−(�− �x− y)�

�

]y=�(�−x)

y=�

= �

∫ �

�

(�− x) dx =
�

�

y + z = � >&��T �0 $���
 Z�' Ω �M ��.T .$ A, .�8�
�0 �. f = |x|y ���� �� ��O&0 y = x� �+	� �� �� �� � z = � �

*���M �[�&�
 Ω

Z�"#��
 Zh�
−xy !VO �0 �. Ω �� 0� �.h�
 R#� ���0 *!'
9A$O �)� %��*J !VO �0C

D : −� ≤ x ≤ � , x� ≤ y ≤ �

Ω : (x, y) ∈ D , � ≤ z ≤ �− y

Z#.�$ �*�*J �0 &�0 ���� � .$

∫∫∫
Ω

f dV =
∫∫∫
Ω

xy dV =
∫∫
D

[∫ �−y

�

|x|y dz
]
dA

=
∫∫
D

[
|x|yz

]z=�−y

z=�
dA =

∫∫
D

|x|y(�− y) dA

=
∫ �

−�

[∫ �

x�
|x|y(�− y) dy

]
dx

=
∫ �

−�
|x|

[
y�

�
− y�

�

]y=�

y=x�

dx

=
∫ �

−�
|x|

{
�

�
− x�

�
+
x�

�

}
dx

= �

∫ �

�

{
x

�
− x�

�
+
x�

�

}
dx =

�

��



=
�

�

∫ π/�

−π/�

[∫ � cos θ

� cos θ

{
�r − �r� sin θ + r� sin� θ

}
dr

]
dθ

=
�

�

∫ π/�

−π/�

[
�

�
r� − �r� sin θ +

r�

�
sin� θ

]r=� cos θ

r=� cos θ

dθ

=
∫ π/�

−π/�

[
�	 cos� θ − �� sin θ cos� θ

+�� sin� θ cos� θ
]
dθ =

�	

�
π

�$&� �� v = r cos θ � u = r sin θ >&j L
 ���v� A�C .$ �M
E� (�� >.&[, ���T−rθ .$ D �#j� D′ � (�� ��O

D′ : �r cos θ ≤ r� ≤ �r cos θ

: −π/� ≤ θ ≤ π/� , � cos θ ≤ r ≤ � cos θ

|s| + |t| + |n| ≤ � �3� .�0 E� >.&[, Ω ���M x�= A4 .�8�
�[�&�
 Ω �0 �. f = |s| + |t| + |n| ���� �� ��O&0 &q=−stn .$

*���M
�0 t �−s �0 s �#U� &0 �M Z��M�
 �)� .h�
 R#� ���0 *!'
x�= �l�&�Q �nB �f �� � ��M �
 ���v� Ω �� −n �0 n &# � −t
.��1 &q=−stn ��� Z 6� N# .$ �M �O&0 Ω E� � +"1 Ω� Z��M

9A$O �)� %���*J !VO �0C � "#&0 �&��F ��O&0 �$.�$∫∫∫
Ω

f dV = 


∫∫∫
Ω�

f dV

� (�,�,�) �(�,�,�) �(�,�,�) /g. &0 4�� N# Ω� &
�
−st ���,+�
 Ω� ���� � .$ *(�� &q=−stn .$ (�,�,�)

9(�� Zh�


D : � ≤ s ≤ � , � ≤ t ≤ �− s
Ω� : (s, t) ∈ D , � ≤ n ≤ �− s− t

Z#.�$ ̀+�
 .$ �]3∫∫∫
Ω

f dV = 


∫∫∫
Ω�

(s+ t+ n)dV

=


∫∫
D

[∫ �−s−t

�

(s+ t+ n)dn

]
dA

=�

∫∫
D

[
(s+ t+ n)�

]n=�−s−t

n=�
dA

=�

∫∫
D

(
�− (s+ t)�

)
dA

=�

∫ �

�

[∫ �−s

�

{
�− (s+ t)�

}
dt

]
ds

=�

∫ �

�

[
t− �

�
(s+ t)�

]t=�−s

t=�

ds

=
∫ �

�

{
�

�
− s+

s�

�

}
ds =

�

�

−yz �&��,+�
 $.
 .$ �*�*J �0&6
 ZV' �0 &�0 ���� � .$
Z#.�$ Zh�
∫∫∫

Ω

f dV =
∫∫∫
Ω

x

√
y� + z� dV

=
∫∫
D

⎡
⎣∫ √y�+z�

√
�	−y�−z�

x

√
y� + z� dx

⎤
⎦ dA

=
∫∫
D

[
x�

�

√
y� + z�

]x=
√
�
−y�−z�

x=
√

y�+z�

dA

=
∫∫
D

(�− y� − z�)
√
y� + z� dA

(�)
=

∫∫
D′

(�− r�)r�dA′

=

(∫ �π

�

dθ

)(∫ �

�

(�r� − r�) dr
)

=
���

�
π

�$&� �� z = r sin θ � y = r cos θ ��v 
 ���v� E� (�) �V�#� ^�-�
*Z#��$+�

}

� � � (+"1 �*�*J �&a
 9�I*J !VO

�#� "
 �&���� �� �0 $���
 Z�' Ω Z��M x�= A .�8�
u+w = � � w = � >&��T � u�+v� = �u � u�+v� = �u

*���M �[�&�
 Ω �0 �. f = w ���� �� ��O&0
�0C Z�"#��
 Zh�
 −uv !VO �0 �. Ω .h�
 R#� ���0 *!'

9A$O �)� GB����*J !VO

D : �u ≤ u� + v� ≤ �u

Ω : (u, v) ∈ D , � ≤ w ≤ �− v

−uv �&��,+�
 $.
 .$ �*�*J �0&6
 ZV' �0 &�0 ���� � .$
Z#.�$ Zh�


∫∫∫
Ω

f dV =
∫∫∫
Ω

w dV =
∫∫
D

[∫ �−v

�

wdw

]
dA

=
∫∫
D

[
w�

�

]w=�−v

w=�

dA =
�

�

∫∫
D

(�− v)� dA

(�)
=

�

�

∫∫
D′

(�− r sin θ)�r dA′



��) f =
�

x� + y� + z�
, Ω : x� + y� + z� ≤ R�

��) f = |s|+ |t|, Ω : |s|+ |t| ≤ �, |s|+ |n| ≤ �

F	B� !����F� �� -	^�_' ���S& (�2

!V6
 .&�"0 &# � !' !0&1 ��b �&	 B&' �0 X�b� ��&S�� ���� ��
���v� 4&�0 �
F .&M �O�. `��0� �0 .&Q&� �M $O�
 �	 �

e0&� �_z +U
 *Z#O�
 >?V6
 ��S R#� e=. ���0 >&j L

K?T� �q \
 �� �0 �. ���� �� $.
 ��
�$ &# � ���� �� $.


*$+� 5���


���v� N# E� .h�
 ���� �� @�PC\) ���f� ����&
(�� F : R� → R� �#n3/VU
 �U0&� &q= .$ >&j L

&0 F (u, v, w) =

(
x(u, v, w), y(u, v, w), z(u, v, w)

)
!VO �0

�M �.@ Γ $�0 � Ω ��
�$

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ �= � �� (u, v, w) ∈ Ω �� ��E� �0 A�*J C

*Z�
&��
 F >&j L
 ���v� R�0M�W �. J

�#E N# �0 A�*J C p�O �l�&�Q �78����� ����&
(�.$ d�0 �� 
�$� Z� E&0 ��O&[� .��1�0 Ω E� ��T Z�' &0 �,+�

��
� R#� !�B$ *Z���$�
 >&j L
 ���v� �. F 5&�l+� &
 � (��
*�O&0�
 ��&S�� ���� �� �[�&�
 .$ >&j L
 ���v� R#� E� �$&� ��

���M x�= A& �'�() ����&

F (u, v, w) =
(
u+ �v, v + �w,w + �u

)
*(�� >&j L
 ���v� N# F �>.T R#� .$ *Ω = Γ = R� �

_z �� ��#E

F−�(x, y, z) =
(u− �y + �z



,

y − �z + �n



,
z − �n+ �y




)
.

Z#.�$ Ω !M �0 ���&f .$

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ =

∥∥∥∥∥∥
� � �

� � �

� � �

∥∥∥∥∥∥ = � �= �

���M x�= A, .�8�

F (u, v, w) =
(
w coshu cos v, w coshu sin v, w sinhu

)

}

8 � H (+"1 �*�*J �&a
 9��*J !VO

9���M �[�&�
 �. �#E �&	B��� �� �0���� ����&

�)
∫ π

�

[∫ π

�

[∫ π

�

sin(x) cos(y + z) dz
]
dy

]
dx

�)
∫ �π

�

[∫ π/�

�

[∫ �

�

ρ� sinϕdρ

]
dϕ

]
dθ

�)
∫ �

�

[∫ �−x�

�

[∫ x

�

sin(�z)
�− z dy

]
dz

]
dx

�)
∫ �

�

⎡
⎣∫ √�−y�

�

⎡
⎣∫ √�−x�−y�

�

z dz

⎤
⎦ dy

⎤
⎦ dx

�)
∫ �

−�

⎡
⎣∫ �

x�

⎡
⎣∫ √y−x�

−
√

y−x�

√
x� + z� dz

⎤
⎦ dy

⎤
⎦ dx

�)
∫ �

�

[∫ �

�
√

z

[∫ ln�

�

e�x

y�
sin(πy�)x

]
dy

]
dz

9���M �[�&�
�.
∫∫∫

Ω

f dV �$.
 �� .$

	) f = z, Ω : x� + y� ≤ z ≤ 
− x� − y�



∗) f =

√
x� + y�, Ω : x� + y� + z� ≤ �x

�) f = x�y�, Ω : |x|+ |y| ≤ �, |z| ≤ �

��) f = xyz, Ω : � ≤ x ≤ y ≤ z ≤ �

��) f = |z|, Ω : x� + y� ≤ �, x� + z� ≤ �

��) f = x+ �y, Ω : � ≤ y ≤ x� ≤ �,� ≤ z ≤ y

��) f = u+ v, Ω : u� + v� ≤ �u, |w| ≤ u

��) f = uαvβwγ , Ω : u� + v� + w� ≤ �

��) f = y
√
x� + z�, Ω : x� + z� ≤ y + �,� ≤ y ≤ �

��) f = �, Ω : y ≥ z�, y ≤ 
− z�, x ≥ z�, x ≤ 
− z�

�	
∗) f = y − �,

(�,�,�) � (�,�,�), (�,�,�), (�,�,�) /g. &0 4�� = Ω

�
) f = uv + vw + wu, Ω : � ≤ w −
√
u� + v� ≤ �



.&j �� �0 &#∫∫∫
H

f dV =
∫∫∫

F−�(H)

(f ◦ F )J dV ′

K�Y
 �. ��U0 �� $.���& �� >&j L
 ���v� E� ��+� �� ��
�$� .$
*�Y� � ���M ������ �� 9Z��M�


}

����� �� >&j L
 9�;*J !VO
���Y\� M ���M x�= ������=C	� @�PC\) %���&
Z��M x�= *(�� (x, y, z) >&j L
 &0 &q=−xyz .$ Ǳ��[
 c�0
�� �T&= �z �. H &� M �� �T&= *�O&0 ���T−xy �0 M �#j� H
GB���;*J !VO �0C Z�
&��
 θ �. HOx �#��E � r �. O &� M

>.T R#� .$ �M (�� RO�. *A$O �)�⎧⎨
⎩

x = r cos θ
y = r sin θ
z = z

⎧⎨
⎩

r =
√
x� + y�

θ = arctan (y/x)
z = z

*r = θ = � � z = z� Z��M�
 G#�U� M = (�,�, z�) Ǳ�E� �0
�0 *$$�S�
 G#�U� F (r, θ, z) = (x, y, z) e0&� �X���� R#� �0
��LB$ α ��E� �0 �M (�� 4E_ F 5$0 N# �0 N# R�
&� .h�

G#�U� �nB *� ≤ r c�� � α ≤ θ < α+�π �(0&f ]3 R#� E� �B�

9A$O �)� %��;*J !VO �0C Z��M�


Ω : α ≤ θ < α+ �π , � ≤ r , z ∈ R

E� (�� >.&[, F R�0M�W R��l+�

J =
∣∣∣∣∂(x, y, z)
∂(r, θ, z)

∣∣∣∣ =

∥∥∥∥∥∥
−r sin θ cos θ �

r cos θ sin θ �

� � �

∥∥∥∥∥∥ = r

���v� N# F ���� � .$ *(�� ��T .�
−z c�0 &) �+� .$ �M
�0 4E_ *Z�
&��
 ��)���+� ����� ����	 �. R#� *(�� >&j L

*���M�
 .&� ��−π &# � � �. θ �[�&�
 α ��[
 X�b� �M (�� �M{

5F .$ �M
∫∫∫

Ω

√
x� + y� dV ���� �� A& �'�() &���&

(�� ��O $���
 z = � ���T � x� + y� = z� p��L
 �0 Ω

*���M �[�&�
 �.
>.T �0 �. Ω ��
�$ *!'

Ω : x� + y� ≤ � ,
√
x� + y� ≤ z ≤ �

R#� .$ *Ω : � ≤ v ≤ �π , � ≤ w , u ∈ R � Γ = R�

��#E � (�� >&j L
 ���v� N# F �>.T

F−�(x, y, z) =
(
arctanh

( z√
x� + y�

)
,

arctan
( y
x

)
,

√
x� + y� − z�

)
R��l+�

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣
=

∥∥∥∥∥∥
w sinhu cos v −w sinhu sin v coshu cos v
w sinhu sin v w coshu cos v coshu sin v
w coshu � sinhu

∥∥∥∥∥∥
= w� coshu

Z�' ��.�$ ���T R#� �M �(�� ��T Ω E� w = � ���T �0 &	��
*�O&0�
 Ω .$ ��T

(O&�� �M ���$ 5&6� $.
 �� .$ �0���� ����&
� ��M�
 G#�U� >&j L
 ���v� N# F (u, v, w) = (x, y, z)

9���M oL6
 �. Γ � Ω �&��,+�


�) x = u− v + w , y = −u+ v + w , z = u+ v + w,

�) u = x+ �y + �z , v = y + �z + �x ,

w = z + �x + �y,

�) u = cosx cos y , v = cos y cos z , w = cos z cosx,

�) u = x+ ey , v = y + ez , w = z + ex,

�) x = u cos v , y = u sin v , z = w,

�) x = u , y = uv , z = uvw,

	) x = u� − vw , y = v� − uw , z = w� − uv,


) x = uev , y = vew , z = weu,

�) u = x� , v = y� , w = z�,

��) u = �/x , v = �/y , w = �/z,

�Ω ��
�$ &0 >&j L
 ���v� F �M ��.T .$ ���� $���&
�#n<B��� �� H �0 f(x, y, z) � H ⊆ Ω ��O&0 J R�0M�W � Γ $�0
*F (H ′) = H �M �O&0 ���,+�
 H ′ ⊆ Γ �S� R��l+� ��O&0

� (�� �#n<B��� �� H ′ �0 c�� f(F (u, v, w)) >.T R#� .$∫∫∫
H

f(x, y, z) dV =

=
∫∫∫
H′

f
(
x(u, v, w), y(u, v, w), z(u, v, w)

)
.J dV ′



>.&[, &q=−rθz .$ Ω �� �'&� �#j� ���� � .$ *(O� 5���

E� (��

Ω′ :
{
r� ≤ �r cos θ ,
r� − �r cos θ + � ≤ z ≤ �− r� + �r cos θ

:
{ −π/� ≤ θ ≤ π/� , � ≤ r ≤ � cos θ ,
r� − �r cos θ + � ≤ z ≤ �− r� + �r cos θ

E� (�� >.&[, ��O � ��� ���� �� � ̀+�
 .$ ]3

∫∫∫
Ω

z√
x� + y�

dV =
∫∫∫
Ω′

z dV ′

=
∫ π/�

−π/�

[∫ � cos θ

�

[∫ �−r�+�r cos θ

r�−�r cos θ+�

z dz

]]
dθ

=
∫ π/�

−π/�

[∫ � cos θ

�

(
�r cos θ − �r�

)
dr

]
dθ

=
∫ π/�

−π/�

(



�
cos� θ

)
dθ =

��

�

Zg&1 ��� �� �0 $���
 ��'&� Ω ���M x�= A
 .�8�
.$ *(�� x� + y� = z� p��L
 � (x� + y�)� = x� − y�

*���M �[�&�
 Ω �0 �. f = z(x� − y�) ���� �� �>.T R#�
z &# � −y �# y &# −x �0 x �#U� &0 �M $O�
 �h'?
 *!'
� +"1 Ω� 5���
 ��� � .$ �f �� � ��M�
 ���v� Ω �� −z �0
]3 � � =�S �h� .$ �. $.�$ .��1 &q= ��� Z 6� N# .$ �M Ω E�
D &
� *$+� �0��0 (6� �. !T&' �5F �0 f ���� �� �� [�&�
 E�

E� (�� >.&[, ���T−xy �0 Ω� �#j�

D : � ≤ x , � ≤ y , (x� + y�)� ≤ x� − y�

!VO �0 �. Ω� �R#��0&�0

Ω� :
{
� ≤ x , � ≤ y , � ≤ z ,
(x� + y�)� ≤ x� − y� , z� ≤ x� + y�

��� � � �$�M !' � ≤ z p�O &0 �. ��F ��&"
&� *(O� 5���

�M Z#��S�


Ω� :
{
� ≤ x , � ≤ y , (x� + y�)� ≤ x� − y� ,
� ≤ z ≤

√
x� + y�

9Z��M�
 �#j� &q=−rθz �0 �#E >.T �0 �. �,+�
 R#�

Ω′
�

: � ≤ r cos θ , � ≤ r sin θ , (r�)� ≤ r� cos(�θ) , z ≤ r
: � ≤ cos θ , � ≤ sin θ , r� ≤ cos(�θ) , z ≤ r

.$ *� ≤ cos(�θ) �M $O�
 ��� � r� ≤ cos(�θ) p�O E�
��� ��&"
&� �$ E� �kπ − π/� ≤ �θ ≤ �kπ + π/� ��� �

�=&M &q=−rθz .$ ����
�$ �0 Ω !#�[� ���0 *(O� 5���

.��1 �. r sin θ .��\
 y �&) �0 � r cos θ .��\
 x �&) �0 (��

9Z#.�$ X���� R#� �0 *Z��$

Ω′ : r ≤ � , r ≤ z ≤ � : � ≤ r ≤ � , r ≤ z ≤ �

�R#��0&�0 *� ≤ θ ≤ �π ]3 �("�� θ �0 �@�O 5Q

Ω′ : � ≤ θ ≤ �π , � ≤ r ≤ � , r ≤ z ≤ �

�0 5�M� *�����O �$�$ 5&6� Ω′ � Ω �&��,+�
 ��*J !VO .$
�Z#.�$ 8*�*J N+M∫∫∫

Ω

√
x� + y� dV =

∫∫∫
Ω′

r r dV ′

=
∫ �π

�

[∫ �

�

[∫ �

�

r� dz

]
dr

]
dθ

=

(∫ �π

�

dθ

)(∫ �

�

[
zr�

]z=�

z=r
dr

)

= �π

∫ �

�

(�− r)r� dr =
π

� }

J*�*J �&a
 E� � (+"1 9��*J !VO

�q�0 �&	�S�+	� �0 $���
 Z�' Ω ���M x�= A, .�8�
���� �� *(�� z = � − (x − �)� − y� � z = (x − �)� + y�

*���M �[�&�
 �. Ω �0 f = z/
√
x� + y� e0&�

�(�� R�g&3 �0 � . �
�$ � _&0 �0 � . ��� �q�0 5S�+	� *!'
�0 A$O �)� GB����*J !VO �0C Ω �#j� �� [�&�
 ���0 �nB
!' �&� �$ N# .$ �. �$ 5F >_$&U
 (�� �=&M ���T−xy

9Z��M{
z = (x− �)� + y�

z = �− (x− �)� − y� ⇒ (x− �)� + y� = �

���T−xy �0 ��O �$�$ �� �'&� .j� ���� � .$

D : (x− �)� + y� ≤ �

!VO �0 �. Ω �R#��0&�0 *(��

Ω : (x, y) ∈ D , (x− �)� + y� ≤ z ≤ �− (x− �)� − y�

:
{
x� + y� ≤ �x ,
x� + �x+ �+ y� ≤ z ≤ �− x� + �x− y�



x� + y� = z� p��L
 �0 $���
 Z�' Ω �M ��.T .$ A8
���� �� �� < a < b �M �O&0 z = b � z = a >&��T �

*���M �[�&�
 Ω �0 �. f = �z
√
�+ x� + y� e0&�

�� ≤ z �� ≤ y, z ≤ � �&	#�&"
&� &0 Ω �M ��.T .$ AJ
���� �� ��O&0 ��O 5&�0 x� + y� ≤ �x c�� � x + y ≤ �

*���M �[�&�
 Ω �0 �. f = x e0&�

M = (x, y, z) ���M x�= ��+�L @�PC\) ����&
�)� GB���H*J !VO �0 *�O&0 &q= .$ Ǳ��[
 E� ��b ���Y\�
H = (x, y,�) ��Y\� � �$�M �#j� ���T−xy �0 �. M *$O
� ϕ �. zOM �� #��E �ρ �. O &� M �� �T&= *Z#.�F�
 (��0 �.
�0��0 O /��. �� #��E OMH d�a
 .$ *Z�
&��
 θ �. xOH �� #��E

��� � .$ �(�� π/�− ϕ

z = MH = ρ sin (π/�− ϕ) = ρ cosϕ

OH = ρ cos (π/�− ϕ) = ρ sinϕ

R#��0&�0 �r = OH Z#.�$ ���T−xy .$ &
�

x = OH cos θ = ρ sinϕ cos θ

y = OH sin θ = ρ sinϕ sin θ

Z#.�$ ̀+�
 .$ ]3
⎧⎨
⎩

x = ρ sinϕ cos θ
y = ρ sinϕ sin θ
z = ρ cosϕ

A;*J C⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρ =
√
x� + y� + z�

ϕ = arctan
(
�

z

√
x� + y�

)
θ = arctan

(y
x

)
p�O *Z��.�
 (ρ, ϕ, θ) �→ (x, y, z) �U0&� �0 X���� R#� �0

�M (�� 5F e0&� R#� ��#n<�VU


� ≤ ρ , α ≤ θ ≤ α+ �π , � ≤ ϕ ≤ π A�*J C

}

���M >&j L
 ���v� 9�H*J !VO

� k = � �#&0 �R#��0&�0 *� ≤ θ ≤ π/� �M $$�S�
 ��� � c��
Z#.�$ � ̀+�
 .$ ]3 *� ≤ θ ≤ π/�

Ω′
�

: � ≤ θ ≤ π/� , � ≤ r ≤
√

cos(�θ) , � ≤ z ≤ r

R#��0&�0 *$O �)� %���*J !VO �0∫∫∫
Ω

z(x� − y�) dV = 


∫∫∫
Ω�

z(x� − y�) dV

= 


∫∫∫
Ω′
�

zr� cos(�θ) dV

= 


∫ π/�

�

[∫ √cos(�θ)

�

[∫ r

�

zr� cos(�θ) dz
]]

dθ

= �

∫ π/�

�

[∫ √cos(�θ)

�

r� cos(�θ) dr

]
dθ

=
�

�

∫ π/�

�

cos�(�θ) dθ =
π

�� }

J*�*J �&a
 E� � � ; (+"1 9��*J !VO
�0���� *���&

���M �0 $���
 �S �0 �. f = �/

√
x� + y� e0&� ���� �� A�

*���M �[�&�
 x� + y� + z� = �z �� B$&U
 �0

x� + y� = �x �� �� �� �0 $���
 Z�' Ω �M ��.T .$ A;
e0&� ���� �� ��O&0 z = a > � � z = � >&��T �

*���M �[�&�
 Ω �0 �. f = z
√
x� + y�

��Q.&3 �$ 5S�BBn� �0 $���
 Z�' Ω �M ��.T .$ A�
e0&� ���� �� ��O&0 z =

√
� ����T � x� + y� + � = z�

�[�&�
 Ω �0 �. f = z(�− x� − y�)/(�+ x� + y�)

*���M

Zg&1 �&���� �� �0 $���
 Z�' Ω �M ��.T .$ A�
z = b � z = a ����T �$ � x�+y� = b� � x�+y� = a�

�0 �. f = �/

√
x� + y� e0&� ���� �� �� < a < b �M �O&0

*���M �[�&�
 Ω

�q�0 �&	�S�+	� �0 $���
 Z�' Ω �M ��.T .$ AH
e0&� ���� �� ��O&0 y = � − x� − z� � y = x� + z�

*���M �[�&�
 Ω �0 �. f = |xyz|



=

(∫ �π

�

dθ

)(∫ π/�

�

sin� ϕdϕ

)(∫ �

�

ρ� dρ

)

=
[
θ
]�π

�

[
�




(
�ϕ− � sin(�ϕ) + sin(�ϕ)

)]π/�

�

[
ρ�

�

]�
�

=
�π

�
(�π − 
)

}

�8*J !VO

$���
 x� + y� + z� = �z ���M �0 Ω �M ��.T .$ A, .�8�
*���M �[�&�
 Ω �0 �. f ���� �� f =

√
x� + y� + z� � �O&0

�*J �&	B
�= � Ω : x� + y� + z� ≤ �z �0 �)� &0 �� 0� *!'
9Z��M�
 oL6
 �. &q=−ρϕθ .$ Ω �#j� ��*�*J .$

Ω′ : ρ� ≤ �ρ cosϕ : � ≤ ρ ≤ � cosϕ

&z
�cB� ���M >&j L
 ���v� .$ �&
� *� ≤ cosϕ �#&0 ]3
R#��0&�0 � � ≤ ϕ ≤ π/� ��� � .$ �� ≤ ϕ ≤ π

Ω′ : � ≤ θ ≤ �π , � ≤ ϕ ≤ π/� , � ≤ ρ ≤ � cosϕ

Z#.�$ �X���� R#� �0 *$O �)� �J*J !VO �0
∫∫∫
Ω

√
x� + y� + z� dV =

∫∫∫
Ω′

ρ ρ� sinϕdV ′

=

(∫ �π

�

dθ

)(∫ π/�

�

[∫ � cos ϕ

�

ρ� sinϕdρ

]
dϕ

)

= 
π

∫ π/�

�

cos� ϕ sinϕdϕ =



�
π

}

���M >&j L
 9�J*J !VO

��H*J �0C �O&0�
 A−π &# � �0��0 _z +U
C ��LB$ �$�, α �M
E� (�� >.&[, e0&� R#� �0M�W *A$O �)� %

J =
∣∣∣∣∂(x, y, z)
∂(ρ, ϕ, θ)

∣∣∣∣
=

∥∥∥∥∥∥
sinϕ cos θ ρ cosϕ cos θ −ρ sinϕ sin θ
sinϕ sin θ ρ cosϕ sin θ ρ sinϕ cos θ

cosϕ −ρ sinϕ �

∥∥∥∥∥∥
= ρ� sinϕ

A =
{

(ρ, ϕ, θ) | ρ = � &# ϕ = � &# ϕ = π
}

��,+�
 �0 �M
�*JC R#��0&�0 *�O&0�
 ��T Z�' &0 &q=−ρϕθ .$ �M (�� ��T
>&j L
 R#� *��M�
 G#�U� A�*J C �� �
�$ &0 ��v 
 ���v� N# A

*Z�
&��
 ���M �.
R#� .$ ��O&0 &q=−ρϕθ .$ Ω �#j� Ω′ �S� ̀+�
 .$

>.T∫∫∫
Ω

f(x, y, z) dV =
∫∫∫
Ω′

f
(
ρ sinϕ cos θ,

ρ sinϕ sin θ, ρ cosϕ
)
ρ� sinϕdV ′

�0 $���
 Z�' Ω ���M x�= A& �'�() �����&
Z�� .$ e1�� x� + y� + z� = � ���M � x� + y� = z� p��L

Ω �0 �. f = (x� + y�)�/� e0&� ���� �� *�O&0 � ≤ z �&q=

*���M �[�&�

9Z��M�
 5&�0 &	#�&"
&� N+M �0 �. Ω �� 0� *!'

Ω :
√
x� + y� ≤ z , x� + y� + z� ≤ �

z � y �x ���0 �&q=−ρϕθ .$ Ω �#j� Ω′ R =&# ���0 ]<�
9Z��M�
 �$&� �� �*�*J .$ A�*J C �&	B
�= E� X��� 0

Ω′ : ρ sinϕ ≤ ρ cosϕ , ρ� ≤ �
: sinϕ ≤ cosϕ , � ≤ ρ ≤ �

(�� ��U
 R#� �0 ��� ��&"
&� ]3 �� ≤ ϕ ≤ π (�� 4E_ &
�
E� (�� >.&[, Ω′ R#��0&�0 � � ≤ ϕ ≤ π/� �M

Ω′ : � ≤ ϕ ≤ π/� , � ≤ ρ ≤ �

Z#.�$ �$.��� $)� θ �0 � #$���
 5Q

Ω′ : � ≤ θ ≤ �π , � ≤ ϕ ≤ π/� , � ≤ ρ ≤ �

.$ !�Y "
 XUV
 !VO �0 �� �'&� N# Ω′ �M $O �)�
>.T R#� .$ *$O �)� �8*J !VO �0 *(�� &q=−ρϕθ∫∫∫

Ω

(x� + y�)�/� dV =
∫∫∫
Ω′

ρ� sin� ϕρ� sinϕdV ′



*Ω : (x� + y� + z�)� ≤ x� + y� − z� � f = |z| A�

*Ω : (x� + y� + z�)� ≤ �xyz � f = � A�I

� f = (x+ y + z)� A��
*Ω : x� + y� + z� ≤ �a� , x� + y� ≤ �az

x� + y� + z� = �z >_$&U
 �0 �&���M �0 $���
 Z�' A�;
*���M �[�&�
 �. x� + y� + z� = �y �

��Y� ��v 
 ���v� E� .h�
 ��?� @�PC\) �����&
!VO �0 (�� ���v 
 ���v�

⎧⎨
⎩

x = a��u+ a��v + a��w + a��
y = a��u+ a��v + a��w + a��
z = a��u+ a��v + a��w + a��

J =

∥∥∥∥∥∥
a�� a�� a��
a�� a�� a��
a�� a�� a��

∥∥∥∥∥∥ �= �

(["� ]�&�� �/&VU�� �5�.�$ ��&\ �� X)
 ���v 
 ���v� R��Q
*$$�S�
 ���T &# � y� N# �0 (["� ]�&�� &# � �Y\� N# �0
S �S� �M (�� 5F .$ ��&j L
 ���v� R��Q �S�#� R#����+,
4�$ ��).$ �� #� . &# � �@��L
 eY\
 ����T �y� ��Y\� N#
�M ��U
 R#� �0 *$0 ���� R��Q c�� S ��  =&# !#�[� �&��F ��O&0
� (�� 5S �q�0 N# S ��  =&# !#�[� �&��F ��O&0 ��M S �S� ?z a


*��b_

�M �O&0 �
�� Ω �M ��.T .$ A& �'�() �����&
c�� � $O�
 ��) ��� Z 6� N# E� x+ y+ z = � ����T y��
*���M �[�&�
 Ω �0 �. f ���� �� ��O&0 f = �/(x+ y+ z+�)�

w = x � v = x + y �u = x + y + z >&j L
 ���v� E� *!'
z = u− v �y = v−w �x = w >.T R#� .$ *Z��M�
 �$&� ��

��?U0 �

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ =

∥∥∥∥∥∥
� � �

� � −�
� −� �

∥∥∥∥∥∥ = | − �| = �

�0 �. Ω �� 0� �&q=−uvw .$ Ω �#j� Ω′ 5$�M oL6
 ���0
9Z��M�
 5&�0 &	#�&"
&� X"'

Ω : � ≤ x , � ≤ y , � ≤ z , x+ y + z ≤ �
: � ≤ x ≤ � , � ≤ y ≤ �− x , � ≤ z ≤ �− x− y

Z�"#��
 w � v �u X"' �0 �. z � y �x ]<� �

Ω′ : � ≤ w ≤ � , w ≤ v ≤ � , v ≤ u ≤ �

�0 $���
 ���M ��  �3 E� � +"1 Ω �M ��.T .$ A
 .�8�
N# .$ �M �O&0 ; � � X��� 0 `&UO � Ǳ��[
 cM�
 �0 �&���M
�0 f =

√
�+ (x� + y� + z�)�/� e0&� E� �$.�$ .��1 4�$ Z 6�

*�#���0 ���� �� Ω

�M $O �)� *!'

Ω : x ≤ � , � ≤ y , � ≤ z , � ≤ x� + y� + z� ≤ �

E� (�� >.&[, &q=−ρϕθ .$ Ω �#j� Ω′ ��� � .$

Ω′ :
{
ρ sinϕ cos θ ≤ � , � ≤ ρ sinϕ sin θ ,
� ≤ ρ cosϕ , � ≤ ρ� ≤ �

: cos θ ≤ � , � ≤ sin θ , � ≤ ρ cosϕ , � ≤ ρ ≤ �
: π/� ≤ θ ≤ π , � ≤ ϕ ≤ π/� , � ≤ ρ ≤ �

�R#��0&�0∫∫∫
Ω

√
�+ (x� + y� + z�)�/� dV =

=
∫∫∫
Ω′

√
�+ ρ�.ρ� sinϕdV ′

=

(∫ π/�

�

dθ

)(∫ π

π/�

sinϕdϕ

)(∫ �

�

ρ�
√
�+ ρ� dρ

)

=
π

�
× �× �

�
(�	− �

√
�) =

π

�
(�	− �

√
�)

9Z#���0 ���� �� Ω �0 f E� $.
 �� .$ �0���� �����&
*(�� $���
 x� + y� + z� = �z ���M �0 Ω � f = z A�

� Ǳ��[
 cM�
 �0 �&���M �0 Ω � f = (x� + y� + z�)−�/� A;
*� < a < b �M �(�� $���
 b � a `&UO

���M E� � +"1 �0 Ω � f =
√
�− x� − y� − z� A�

.��1 ��� Z 6� N# .$ � (�� $���
 x� + y� + z� = �

*$.�$

� x� + y� = z� p��L
 �0 Ω � f =
√
x� + y� + z� A�

*(�� $���
 z = � ����T

x� + y� = z� p��L
 �0 Ω � f = �/
√
x� + y� + z� AH

*� < a < b �M �(�� $���
 z = b � z = a >&��T �

� x� + y� + z� = R� �&���M �0 Ω � f = z� A8
*(�� $���
 x� + y� + z� = �Rz

x� + y� + z� = �y ���M �0 Ω � f = y/
√
x� + y� + z� AJ

*(�� ��O $���


���M E� � +"1 �0 Ω � f = ln(x� + y� + z� + �) A7
*$.�$ .��1 4�$ Z 6� N# .$ �M (�� x� + y� + z� = �



×
(∫ π

�

sin� ϕdϕ
)(∫ �

�

ρ� dρ

)

=

π

�

∫ �π+π/�

−π/�

|cos θ + sin θ| dθ

=
��π

�

∫ �π/�

−π/�

(cos θ + sin θ) dθ =
��π

�

√
�

}

�3 .$ �3 >&j L
 ���v� �$ 9��*J !VO

�M �O&0 ��� Z 6� N# E� � +"1 Ω �M ��.T .$ A
 .�8�
9���M �[�&�
 �. Ω Z�' �(�� ��O ��) S �� #� . y��

S :
(
x�/a� + y�/b� + z�/c�

)� = (xyz)/(abc)

� v = y/b �u = x/a >&j L
 ���v� N+M �0 �� 0� _>�
Ω′ X���� R#� �0 *Z��M�
 mn' �. c � b �a �&�� 
�.&3 w = z/c

E� $0 ���� >.&[, &q=−uvw .$ Ω �#j�

Ω′ : � ≤ u , � ≤ v , � ≤ w , (u� + v� + w�)� ≤ uvw
J =

∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ = abc

��� � .$ �

Vol(Ω) =
∫∫∫

Ω

dV =
∫∫∫
Ω′

abc dV ′ = abc

∫∫∫
Ω′
dV ′

Ω′′ ��� � .$ �Z��M�
 �$&� �� ���M >&j L
 ���v� E� 5�M�
E� (�� >.&[, &q=−ρϕθ .$ Ω′ �#j�

Ω′′ :
{
� ≤ ρ sinϕ cos θ , � ≤ ρ sinϕ sin θ ,
� ≤ ρ cosϕ , ρ ≤ sin� ϕ cosϕ sin θ cos θ

:
{
� ≤ cos θ , � ≤ sin θ , � ≤ cosϕ ,
ρ ≤ sin� ϕ cosϕ sin θ cos θ

:
{
� ≤ θ ≤ π/� , � ≤ ϕ ≤ π/� ,
� ≤ ρ ≤ sin� ϕ cosϕ sin θ cos θ

R#��0&�0 �

Vol(Ω) = abc

∫∫∫
Ω′′

ρ� sinϕdV ′′

= abc

∫ π/�

�

[∫ π/�

�

[∫ sin� ϕ cos ϕ sin θ cos θ

�

ρ� dρ

]
sinϕdϕ

]
dθ

= abc

∫ π/�

�

[∫ π/�

�

�

�
sin� ϕ cos� ϕ sin� θ cos� θ dϕ

]
dθ

Z#.�$ ���� � .$∫∫∫
Ω

�

(x+ y + z + �)�
dV =

∫∫∫
Ω′

�

(u+ �)�
× � dV ′

=
∫ �

�

[∫ �

w

[∫ �

v

du

(u+ �)�

]
dv

]
dw

=
�

�

∫ �

�

[∫ �

w

(
�

(v + �)�
− �

)
dv

]
dw

=
�

�

∫ �

�

(
�

w + �
+ w − �

�

)
dw = ln�− �

*$O �)� �7*J !VO �0
}

���M >&j L
 ���v� 9�7*J !VO

5S�q�0 �0 $���
 Z�' Ω �M ��.T .$ A, .�8�
(x+�)�+�(x+�y+�)�+�(x+�y+�z+�)� = ��

*���M �[�&�
 Ω �0 �. f ���� �� �f = |�x+ �y + �| � �O&0
� v = �(x + �y + �) �u = x + � Z��M x�= *!'
.$ Ω �#j� Ω′ >.T R#� .$ *w = �(x + �y + �z + �)

.$ *Ω′ : u�+ v�+w� ≤ �� �S E� (�� >.&[, &q= −uvw
��� �

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v, w)
∂(x, y, z)

∣∣∣∣
= �÷

∥∥∥∥∥∥
� � �

� � �

� � �

∥∥∥∥∥∥ =
�

��∫∫∫
Ω

f dV =
∫∫∫
Ω

|�x+ �y + �| dV =
∫∫∫
Ω′

|u+ v| �
��

dV ′

R#� .$ �Z��M�
 �$&� �� Ω′ ���0 ���M >&j L
 ���v� E� 5�M�
E� (�� >.&[, &q=−ρϕθ .$ Ω′ �#j� Ω′′ >.T

Ω′′ : −π/� ≤ θ ≤ �π − π/� , � ≤ ϕ ≤ π , � ≤ ρ ≤ �

��� � .$ *$O �)� ��*J !VO �0∫∫∫
Ω

f dV =
�

��

∫∫∫
Ω′

|u+ v| dV ′

=
�

��

∫∫∫
Ω′′

ρ� sin� ϕ |cos θ + sin θ| dV ′′

=
�

��

(∫ �π−π/�

−π/�

|cos θ + sin θ| dθ
)



>_$&U
 �0 p��L
 � 5S�q�0 �0 $���
 Z") Z�' A�
x�/a�+y�/b� = z�/c� � x�/a�+y�/b�+z�/c� = �

*���M �[�&�
 �.

|x|+ |y|+ |z| = � �� #� . �0 $���
 Z�' Ω �M ��.T .$ A;
*���M �[�&�
 Ω �0 �. f = |x|+ |y| e0&� ���� �� ��O&0

�� B$&U
 �0 ��  "0 ��[) �� #� . �0 $���
 Z") Z�' A�

*���M �[�&�
 �.
(
x�/a� + y�/b� + z�/c�

)�
= x/h

x�/a�+y�/b�+z�/c� = � �� #� . �0 $���
 Z") Z�' A�
*��0&�0 �.

�� B$&U
 �0 ��  "0 ��[) �� #� . �0 $���
 Z�' �0 AH
Z 6� N# .$ e1�� � (x/a+ y/b+ z/c)� = x/h− y/k

*�#���0 ���� �� f = |x| e0&� E� ����

��b >&j L
 ���v� �M (�� RO�. �78����� �$���&
&	�� �#E �&	B&a
 �/&�� R�+� �0 *(�� ̀� 
 .&�"0 $.���& ��
����� �M �.@ 5&+� *�� "� &	�F E� ijL0 �#&���+�
�0 �(�� r.&V 0�s �$&� �� $.
 .�c0� &	�� &	�F %&L �� .$ ��#$
���v� ��
F $)� �0 (�U-� �0 � "0 ���B&�"
 �� .$ �M ��U
 R#�

*Z��M�
 �'��@ �. X�&�
 >&j L


uO �0 $���
 Z�' Ω ���M x�= A& �'�() �%���&
x = z� �z = �y� �z = y� �y = �x� �y = x� �� �� ��
Ω �0 f E� >.T R#� .$ *f = �/(xyz) � (�� x = �z� �

*�#���0 ���� ��
Z�"#��
 �#E !VO �0 �. Ω ��,+�
 *!'

Ω : x� ≤ y ≤ �x� , y� ≤ z ≤ �y� , z� ≤ x ≤ �z�

: � ≤ y/x� ≤ � , � ≤ z/y� ≤ � , � ≤ x/z� ≤ �

� v = z/y� �u = y/x� �M $O x�= (�� X�&�
 �R#��0&�0
>.&[, &q=−uvw .$ Ω �#j� Ω′ �>.T R#� .$ *w = x/z�

.$ *Ω′ : � ≤ u ≤ � , � ≤ v ≤ � , � ≤ w ≤ � E� (��
Z#.�$ ���� �

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v, w)
∂(x, y, z)

∣∣∣∣
= �÷

∥∥∥∥∥∥
−�y/x� �/x� �

� −�z/y� �/y�

�/z� � −�x/z�

∥∥∥∥∥∥ =
�

	
(xyz)�

Z#.�$ �R#��0&�0∫∫∫
Ω

�

xyz
dV =

�

	

∫∫∫
Ω′

�

uvw
dV ′

=
�

	

(∫ �

�

du

u

)(∫ �

�

dv

v

)(∫ �

�

dw

w

)
=

(ln�)�

	

=
�

�
abc

(∫ π/�

�

sin� ϕ cos� ϕdϕ

)

×
(∫ π/�

�

sin� θ cos� θ dθ

)

(�)
=
�

�
abc

(∫ �

�

s�(�− s�) ds
)(∫ �

�

t�(�− t�) dt
)

=
abc

����

t = sin θ � s = sinϕ >&j L
 ���v� E� A�C .$ �V�#� ^�-�
*Z#��$+� �$&� ��

p��L
 �0 $���
 Z�' Ω �M ��.T .$ A� .�8�
���� �� ��O&0 y + z = � ����T � x� + xy + xz = yz

*���M �[�&�
 Ω �0 �. f = y + z

(x+y)�+(x+z)� = (y+z)� !VO �0 �. p��L
 �� B$&U
 *!'
�f e0&� � ���T �� B$&U
 �0 �h� !�B$ R�+� �0 �(O� 5���

R#� .$ *w = y + z � v = x + z �u = x + y Z��M�
 x�=
�Ω : (x+y)�+(x+z)� ≤ (y+z)� , y+z ≤ � 5Q >.T

&q=−uvw .$ Ω �#j� Ω′ R#��0&�0

Ω′ : u� + v� ≤ w� , w ≤ � :
√
u� + v� ≤ w ≤ �

5Q ���?U0 *(��

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v, w)
∂(x, y, z)

∣∣∣∣
= �÷

∥∥∥∥∥∥
� � �

� � �

� � �

∥∥∥∥∥∥ =
∣∣∣∣−��

∣∣∣∣ =
�

�

Z#.�$ ̀+�
 .$
∫∫∫
Ω

f dV =
∫∫∫
Ω

(y + z) dV =
∫∫∫
Ω′

w
�

�
dV ′

Ω′′ ��� � .$ *Z��M�
 �$&� �� ����� �� >&j L
 ���v� E� 5�M�
E� (�� >.&[, &q=−rθz .$ Ω′ �#j�

Ω′′ : r ≤ z ≤ � : � ≤ θ ≤ �π , � ≤ r ≤ � , r ≤ z ≤ �

Z#.�$ �R#��0&�0
∫∫∫
Ω

f dV =
�

�

∫∫∫
Ω′

w dV ′ =
�

�

∫∫∫
Ω′′

zr dV ′′

=
�

�

(∫ �π

�

dθ

)(∫ �

�

[∫ �

r

zr dz

]
dr

)

= π

∫ �

�

r

�
(�− r�) dr =

π




�0���� �����&



� v = r sin θ �u = r cos θ ����� �� >&j L
 ���v� E� 5�M�
&q=−rθz .$ Ω′ �#j� Ω′′ ���� � .$ �Z��M�
 �$&� �� w = z

E� $0 ���� >.&[,

Ω′′ : � ≤ r� ≤ � , −� ≤ z ≤ �
: � ≤ θ ≤ �π , � ≤ r ≤ � , −� ≤ z ≤ �

��� � .$∫∫∫
Ω

f dV =
∫∫∫
Ω′

|w| dV ′ =
∫∫∫
Ω′′

|z|r dV ′′

=

(∫ �π

�

dθ

)(∫ �

�

r dr

)(∫ �

−�
|z| dz

)
= �π

���M uO �0 $���
 ��,+�
 �0 f = �/xyz e0&� E� A� .�8�
�A = c′x � A = cx �A = b′x �A = bx �A = a′x �A = ax

� � < b < b′ �� < a < a′ �A = x� + y� + z� 5F .$ �M
*�#���0 ���� �� � < c < c′

�&���v 
 w = A/z � v = A/y �u = A/x Z��M x�= *!'
>.T R#� .$ *��O&0 �#�)

A = x� + y� + z� =
(
A

u

)�

+
(
A

v

)�

+
(
A

w

)�

= A�
(
�

u�
+
�

v�
+

�

w�

)

��?U0 *A = �÷
(
�/u� + �/v� + �/w�

)
��� � .$

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣
=

∥∥∥∥∥∥
A(�A − u)/u �A�/uv� �A�/uw�

�A�/vu� A(�A − v)/v �A�/vw�

�A�/wu� �A�/wv� A(�A − w)/w

∥∥∥∥∥∥
=

A�

u�v�w�

>.&[, ���T−uvw .$ Ω ��O �$�$ ��,+�
 �#j� Ω′ �=�@ E�
��� � .$ � Ω′ : a ≤ u ≤ a′ , b ≤ v ≤ b′ , c ≤ w ≤ c′ E� (��∫∫∫

Ω

dV

xyz
=

∫∫∫
Ω′

u

A

v

A

w

A

A�

u�v�w�
dV ′

=

(∫ a′

a

du

u

)(∫ b′

b

dv

v

)(∫ c′

c

dw

w

)

= ln
(
a′

a

)
ln

(
b′

b

)
ln

(
c′

c

)

�� .$ *�� [a
 $��,� c � b �a ���M x�= �0���� �&���&
9���M �[�&�
 �. ��O �$�$ �� #� . �0 $���
 Z�' �$.


�)
x�

a�
+
y�

b�
+
z�

c�
= � �)

(
x�

a�
+
y�

b�

)�

+
z�

c�
= �

�#&q= ��g�� �F �0 $���
 Z�' Ω ���M x�= A, .�8�
e0&� ���� �� *�O&0 x�/� + y�/� + z�/� = a�/� �� B$&U
 �0

*���M �[�&�
 Ω �0 �. f = (xyz)−�/�

>.T �0 �. S ��O �$�$ �� #� . �� B$&U
 *!'
{
(x/a)�/�

}�
+

{
(y/a)�/�

}�
+

{
(z/a)�/�

}�
= �

� v = (y/a)�/� �u = (x/a)�/� x�= &0 �(O� 5���

Ω′ e1�� .$ �$$�S�
 !#�[� ��M N# �0 S �� #� . �w = (z/a)�/�

*Ω′ : u�+v�+w� ≤ � E� (�� >.&[, &q=−uvw .$ Ω �#j�
>.T R#� .$ &
�

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ =

∥∥∥∥∥∥
�au� � �

� �av� �

� � �aw�

∥∥∥∥∥∥
= �	a�u�v�w�

Z#.�$ ���� � .$
∫∫∫
Ω

f dV =
∫∫∫
Ω

(xyz)−�/� dV

=
∫∫∫
Ω′

(au�av�aw�)−�/�
�	a�u�v�w� dV ′

= �	a

∫∫∫
Ω′

dV ′ = �	aVol(Ω′) = ��aπ

�0 �� #� . .&	Q �0 $���
 Z�' Ω �M ��.T .$ A
 .�8�
�z� = x + � �(x� − y)� + (y� − z)� = � >_$&U


���� �� ��O&0 z� = x − � � (x� − y)� + (y� − z)� = �

*���M �[�&�
 �. Ω �0 f =
∣∣∣(z� − x)(
xyz − �)

∣∣∣ e0&�
>_$&U
 .$ z�− x � y�− z �x� − y !
�, �V�#� !�B$ �0 *!'
R#� .$ *Z#��S�
 w � v �u X��� 0 �. &	�F ������O .��V� ��O �$�$

E� >.&[, &q=−uvw .$ Ω �#j� Ω′ >.T

Ω′ : � ≤ u� + v� ≤ � , −� ≤ w ≤ �

��?U0 � (��

J =
∣∣∣∣ ∂(x, y, z)
∂(u, v, w)

∣∣∣∣ = �÷
∣∣∣∣∂(u, v, w)
∂(x, y, z)

∣∣∣∣
= �÷

∥∥∥∥∥∥
�x −� �

� �y −�
−� � �z

∥∥∥∥∥∥ =
�

|
xyz − �|

R#��0&�0∫∫∫
Ω

f dV =
∫∫∫
Ω

f

|
xyz − �| dV
′

=
∫∫∫
Ω′

|z� − x| dV ′ =
∫∫∫
Ω′

|w| dV ′



R O�$ ��
E&�� ��&S�� ���� �� �&�$�0.&M E� �.&�"0 Z	= �M (��
*(�� 4�, �#&� .$ ojL�

���M x�= �h�# Q�DR� /MJ � .	�!) ��$�&
�0 !�Y "
 XUV
 (�=�� >.T R#� .$ �q ∼= � � Ω ⊆ R�

Z�' &z\�1$ �M (�� ΔxiΔyjΔzk �0��0 Δzk � Δyj �Δxi $&U0�
R#� E� �#&	B&a
 ?z [1 *Vol(Ω) =

∫∫∫
Ω

dV �R#��0&�0 *(�� 5F
�M{ E� �nB � Z#��$+� ���&6
 �. 5F &0 p&[�.� .$ >&�#�+� � $�0.&M

*Z��M�
 �.�$$� &	�F

�9��fC) �	 �V�3	� Y�
�) <� �	=C) � .	�!) ��$�&
A�$�, (�+MC �B&V�� 5���
 N# q � Ω ⊆ R� ���M x�=
XUV
 �0 q .��\
 �>.T R#� .$ *$$�S�
 G#�U� Ω �0 �M �O&0
*(�� ΔxiΔyjΔzk �0��0 Δzk � Δyj �Δxi $&U0� �0 !�Y "

.$ *�O&0�
 Vol(Ω) =

∫∫∫
Ω

dV �0��0 Ω !M �0 q .��\
 �R#��0&�0
(�=�� (+"1 :.&� E� (�� >.&[, Ω �0 q .��\
 y� 
 ��� �

��U# �!M Z�' �0 !M

qmean := mean
Ω

(q) =

⎛
⎝∫∫∫

Ω

q dV

⎞
⎠÷

⎛
⎝∫∫∫

Ω

dV

⎞
⎠

E� (x, y, z) ��Y\� �&
$ ���M x�= A& �'�() ��$�&
.$ *(�� T = |z|

√
x� + y� �0��0 Ω : x�+y�+z� ≤ � �S

&� Z��$ .��1 �#&
�S �B�c#� y��
 N# .$ �. Z") R#� �M ��.T
*���M �[�&�
 �. �#&	� (0&f �&
$ ����0 .��#&3 �&
$ �0

�&
$ R =&# ���0 R#��0&�0 ��#&
�S �W��� y� 
 ��U# &
$ *!'
�S� *Z��M �[�&�
 �. Ω �0 T y� 
 (�� �=&M T� �#&	� �B$&U�

&0 (�� �0��0 �h� $.
 �&
$ ��O&0 &q=−ρϕθ .$ Ω �#j� Ω′

Tmean =

⎛
⎝∫∫∫

Ω

T dV

⎞
⎠÷

⎛
⎝∫∫∫

Ω

dV

⎞
⎠

=
(
�

�
π × ��

)−� ∫∫∫
Ω

|z|
√
x� + y� dV

=
�

��π

∫∫∫
Ω′

| cosϕ| sin� ϕρ� dV ′

=
�

��π

(∫ �π

�

dθ

)(∫ π

�

| cosϕ| sin� ϕdϕ
)(∫ �

�

ρ� dρ

)

=
�

��π
(�π)

(
�

∫ π/�

�

cosϕ sin� ϕdϕ

)(
��

�

)
=
�

�

�. .�
−z &� Ω �3� �� �� �� p&\� �� �T&= y� 
 A, .�8�
*Ω : x� + y� ≤ �x , � ≤ z ≤ � 9���M �[�&�


�)

(
x�

a�
+
y�

b�
+
z�

c�

)�

=
x�

a�
+
y�

b�

�)

(
x�

a�
+
y�

b�
+
z�

c�

)�

=
x�

a�
+
y�

b�
− z�

c�

�)
(x
a

+
y

b
+
z

c

)�
=
xyz

abc
, � ≤ x, � ≤ y, � ≤ z

�)
xm

am
+
yn

bn
+
zp

cp
= �

m,n, p ∈
{
�,�, · · ·

}
, � ≤ x, � ≤ y, � ≤ z

�A ≤ �αx �S �� R�0 w� 6
 �� �'&� Ω �M ��.T .$ A5
*A = x� + y� + z� �M ��O&0 A ≤ �γz � A ≤ �βy

�0��0 �M ���$ 5&6� � �$�M �[�&�
 Ω �0 �. f = xyz ���� ��
*(�� (�/��)(�/α� + �/β� + �/γ�)

F	B� !����F� ����	N +�2

��-&#. �&	 +"1 �#&� .$ ������= �&�$�0.&M ��&S�� ���� ��
��T� ��[
 *$.�$ �&+ '� � .&
F .$ � ' � ����	
 �N#c�=
�$O�
 ��&� ��&S�� ���� �� &	�F .$ �M �#&	B
�= :��L ��
��&S �$ ���� �� (B&' �0 ��[O ?z 
&M �M (�� ���/�FH� q��

*A$O �)� �*H*8 �0C �O&0�


� �+M q(x, y, z) ���M x�= ����B���V� K+� ��$�&
��E� �0 �M (�� z � y �x ��  ��3 !\ "
 �&���v 
 &0 �$�,
�0 �. Ω �l�&�Q *$$�S�
 G#�U� �� (x, y, z) ∈ Ω ��
���T−yz � ���T−xz ����T−xy �E�
 >&��T N+M
(�=�� �� [�&�
 ���0 �Z��M Z�"\� NQM �&	��Y "
 XUV
 �0
��&S��) �. &	��Y "
 XUV
 R#� E� N# �� (�=�� Ω !M
9$�M e+) Z� &0 �. !T&' $��,� ]<� � $+� �[�&�
 Z�����

.��\
 5$.�F (��0 ���0 *Q ≈

∑
i,j,k

q(xi, yj, zk)ΔxiΔyjΔzk

�M Z#���0 �' ��.T .$ (��. (+� >.&[, E� �=&M Q �U1��
*��#���0 ��T �0 Δzk � Δyj �Δxi � (#&	��0 �0 >&+�"\� $��U�

&0 (�� �0��0 Q e1�� �0

lim
n,m,�→∞

Δxi,Δyj,Δzk→�

n∑
i=�

m∑
j=�

	∑
k=�

q
(
xijk , yijk, zijk

)×ΔxiΔyjΔzk

*Q =
∫∫∫

Ω

q dV ���&S�$ ���� �� G#�U� �0&�0 ���� � .$ �
)� )*"9 )� Ω ��J� )+ )* ��� >� 7�<�p )* $+�(� ���� r ��U#
m7+� q(x, y, z) !��F� !H�/� ����� L� B� (x, y, z) M�U�V�
�&�$�0.&M E� ��+� ��Q �
�$� .$ s_`���3!� .��/�� Ω �� q B�
�	#�0 *Z��M�
 K�Y
 �. ��.�$ �
+, �� [�) �M ��&S�� ���� ��



�0���� $�$�&
9���M �[�&�
 Ω �0 �. f y� 
 �$.
 �� .$

� >&j L
 >&��T �0 $���
 4�� Ω � f = x + y + z A�
*(�� x+ y + z = �

*(�� Ω : � ≤ x, y, z ≤ � �'�� XUV
 Ω � f = xyz A;

��Q.&<V# 5S �BBn� �0 Ω � f =
√
x� + y� A�∗

*(�� $���
 z = ±� >&��T � x� + y� = �+ z�

$���
 x�+y�+z� = �z ���M �0 Ω � f = x�+y�+z� A�
*(��

��Y\� �M ��.T .$ �E1n 4L�) + Q�R � .	�!) %�$�&
m 4�) �&��F ��O&0 δ(x, y, z) 4�) �B&�Q ��.�$ (x, y, z) ∈ Ω

5���
 �#E D�. �0 �. Ω Z") C = (x�, y�, z�) !\f cM�
 �
9$+� �[�&�


z� =
�

m

∫∫∫
Ω

zδ dV. y� =
∫∫∫

Ω

yδ dV,

x� =
�

m

∫∫∫
Ω

xδ dV, m =
∫∫∫

Ω

δ dV,

$���
 (�� �+") Ω ���M x�= A& �'�() &�$�&
.$ e1�� y = �/� ����T � z = � − x� �+	� ��� �� �0
E� (x, y, z) ��Y\� �
�) �B&�Q �M ��.T .$ *��� Z 6� N#

*���M �[�&�
 �. 5F !\f cM�
 � 4�) ��O&0 y �0��0 5F
9(O� 5���
 �#E >.T �0 �. Z�' R#� *!'

Ω : −� ≤ x ≤ � , � ≤ y ≤ �

�
, � ≤ z ≤ �− x�.

&0 (�� �0��0 Ω 4�) �X���� R#� �0

m =
∫ �

−�

[∫ �/�

�

[∫ �−x�

�

y dz

]
dy

]
dx

=
∫ �

−�

[∫ �/�

�

y(�− x�) dy
]
dx

=
�




∫ �

−�
(�− x�) dx =

�

�

��� � .$

x� =
�

m

∫∫∫
Ω

xδ dV =
∫ �

−�

[∫ �/�

�

[∫ �−x�

�

xy dz

]
dy

]
dx

=
∫ �

−�

[∫ �/�

�

xy(� − x�) dy
]
dx

Ω′ R#��0&�0 *Z��M�
 �$&� �� ����� �� >&j L
 ���v� E� *!'
E� $0 ���� >.&[, &q=−rθz .$ Ω �#j�

Ω′ : r� ≤ �r cos θ , � ≤ z ≤ �
: −π/� ≤ θ ≤ π/� , � ≤ r ≤ � cos θ , � ≤ z ≤ �

�[�&�
 �. .�
−z &� ��T&= f =
√
x� + y� e0&� y� 
 5�M�

9Z��M�


fmean =

⎛
⎝∫∫∫

Ω

f dV

⎞
⎠÷

⎛
⎝∫∫∫

Ω

dV

⎞
⎠

=
�

π × �� × �
∫∫∫
Ω

√
x� + y� dV =

�

��π

∫∫∫
Ω′

r� dV ′

=
�

��π

∫ π/�

−π/�

[∫ � cos θ

�

[∫ �

�

r� dz

]
dr

]
dθ

=
�

��π

∫ π/�

−π/�

[∫ � cos θ

�

�r� dr

]
dθ

=
��

�π

∫ π/�

−π/�

cos� θ dθ =
��

�π

4�� !VO �0 (�� ��cL
 Ω ���M x�= A
 .�8�
x� + �y� + �z� = �� �� B$&U
 �0 5S�q�0 �0 $���

i�� �T.$ ��.�$ 5F E� (x, y, z) >&j L
 �0 ��Y\� �M

�. Ω � �
 i�� y� 
 *(�� q = |y|
√
x� + �z�

*���M oL6

.h�
 R#� ���0 *Z��M �[�&�
 Ω �0 �. f y� 
 (�� �=&M *!'

>&j L
 ���v� E�

x = �ρ sinϕ cos θ, z = �ρ sinϕ sin θ, y = �ρ cosϕ

(�� >.&[, !#�[� R#� R�0M�W �>.T R#� .$ *Z��M�
 �$&� ��
E� (�� >.&[, &q=−ρϕθ .$ Ω �#j� Ω′ � J = ��ρ� sinϕ E�

Ω′ : � ≤ ρ ≤ � , � ≤ ϕ ≤ π , � ≤ θ ≤ �π

E� (�� >.&[, ��O � ��� y� 
 ���� � .$

qmean =
�

Vol(Ω)

∫∫∫
Ω

q dV

=

⎛
⎝∫∫∫

Ω′

|�ρ cosϕ| (�ρ sinϕ)��ρ� sinϕdV ′

⎞
⎠

÷
(
�

�
π × �× �× �

)

=
�	

�π

∫∫∫
Ω′

ρ� sin� ϕ| cosϕ| dV ′

=
�	

�π

(∫ �π

�

dθ

)(∫ π

�

sin� ϕ| cosϕ| dϕ
)(∫ �

�

ρ� dρ

)

=
�	

�
× �

∫ π/�

�

sin� ϕ cosϕdϕ =
�


�



�=&M 5�M� *C = (�,�, z�) ���U# *$�$ .��1 .�
−z �0 5F
�$&� �� ���M >&j L
 E� .h�
 R#� ���0 *Z�0&�0 �. z� (��

>.T R#� .$ ��O&0 &q=−ρϕθ .$ Ω �#j� Ω′ �S� *Z��M�


Ω′ : � ≤ ρ cosϕ , a� ≤ ρ� ≤ b�

: � ≤ ϕ ≤ π/� , � ≤ θ ≤ �π , a ≤ ρ ≤ b

��� � .$ �

z� =
�

m

∫∫∫
Ω

zδ dV =
�

Vol(Ω)× δ�

∫∫∫
Ω

zδ� dV

=
(
�

�π
b� − �

�π
a�

)−� ∫∫∫
Ω

z dV

=
�

�π(b� − a�)
∫∫∫
Ω′

ρ cosϕρ� sinϕdV ′

=
�

�π(b� − a�)

(∫ �π

�

dθ

)

×
(∫ π/�

�

cosϕ sinϕdϕ

)(∫ b

a

ρ� dρ

)

=
�(b� + b�a+ ba� + a�)
��(b� + ab+ a�)

z = xy �� #� . �0 $���
 �M Ω X�T Z") 4�) A� .�8�
�B&�Q ��.�$ � z = � � y = � �x = � >&��T �

*���M �[�&�
 �. �O&0�
 δ =
√
x� + y�

E� >.&[, Ω ��$���
 *Z��M�
 �[�&�
 �. Ω 4�) �� 0� *!'
Ω : � ≤ x ≤ � , � ≤ y ≤ � , � ≤ z ≤ xy

Z#.�$ ���� � .$ *(��

m =
∫∫∫
Ω

δ dV =
∫ �

�

[∫ �

�

[∫ xy

�

√
x� + y� dz

]
dy

]
dx

=
∫ �

�

[∫ �

�

xy

√
x� + y� dy

]
dx

=
∫ �

�

x

�

(
(x+ �)�/� − x�

)
dx =

�

��

(
�
√
�− �

)

�� �� �� �0 $���
 !VO �@1 Z") Ω �M ��.T .$ A� .�8�
��Y\� � �O&0 z = � ����T � ���T−xy �x� + y� = �x

� 4�) ��O&0 δ = x + y + z �
�) �B&�Q ��.�$ (x, y, z) ∈ Ω

*��0&�0 �. 5F !\f cM�

(B&' R#� .$ �M (�� RO�. *!'

Ω : x� + y� ≤ �x , � ≤ z ≤ �

!VO �0 ����� �� >&j L
 .$ 5F �#j� �M

Ω′ : −π/� ≤ θ ≤ π/� , � ≤ r ≤ � cos θ , � ≤ z ≤ �

=
�




∫ �

−�
(�x − x�) dx = �

y� =
�

m

∫∫∫
Ω

yδ dV =
∫ �

−�

[∫ �/�

�

[∫ �−x�

�

y� dz

]
dy

]
dx

=
∫ �

−�

[∫ �/�

�

y�(�− x�) dy
]
dx

=
�

��

∫ �

−�
(�− x�) dx =

�

�

z� =
�

m

∫∫∫
Ω

zδ dV =
∫ �

−�

[∫ �/�

�

[∫ �−x�

�

yz dz

]
dy

]
dx

=
�

�

∫ �

−�

[∫ �/�

�

y(�− x�)� dy
]
dx

=
�

��

∫ �

−�
(�− x�)� dx =

��

��

*�O&0�
 (�,�/�,��/��) �0��0 Ω !\f cM�
 �R#��0&�0

5S�+	� �$ �0 $���
 Z") Ω �M ��.T .$ A, .�8�
��Y\� � �$0 z = x� + y� � z = � − x� − y� �q�0
4�) ��O&0 δ =

√
x� + y� �
�) �B&�Q ��.�$ (x, y, z) ∈ Ω

*���M �[�&�
 �. 5F
>.T �0 �. Z�' R#� *!'

Ω : x� + y� ≤ z ≤ �− x� − y�

: x� + y� ≤ � , x� + y� ≤ z ≤ �− x� − y�

�Z#�[0 ����� �� >&j L
 �0 �. 5F �l�&�Q *$+� 5&�0 5���

Z#.�$

Ω′ : � ≤ θ ≤ �π , � ≤ r ≤ � , r� ≤ z ≤ �− r�.

&0 (�� �0��0 Ω 4�) ���� �.$

m =
∫∫∫
Ω

δ dV =
∫∫∫
Ω

√
x� + y� dV =

∫∫∫
Ω′

r� dV ′

=

(∫ �π

�

dθ

)
.

(∫ �

�

[∫ �−r�

r�
r� dz

]
dr

)

= �π.

∫ �

�

(r� − r�) dr =



��
π

�B&� � ���V+�� N# !VO �0 ��� �3 Ω ���M x�= A
 .�8�
���?U0 *(�� a 5F ����$ `&UO � b 5F �).&� `&UO �M (��
A(0&f �B&�Q &0 ���U#C �&�Q ]�) N# E� Ω �M ���M x�=

*���M oL6
 �. Ω !\f cM�
 ��O&0 ��O � �&�
�0��0 p&\� ��+� .$ Ω 4�) �B&�Q �M Z��M x�= Z�����
 *!'
!VO �0 �. Ω �M Z��M x�= Z�����
 ���?U0 *(�� δ = δ�

R#� �0 *Z#��S�
 �h� .$ Ω : � ≤ z , a� ≤ x�+y�+z� ≤ b�
!\f cM�
 ��� � .$ � (�� 5.&\ 
 .�
−z �0 (["� Ω �X����



+
�

�
cos� θ sin θ

)
dθ=

�

��

z� =
�

m

∫∫∫
Ω

zδ dV =
�


π

∫∫∫
Ω

z(x+ y + z) dV

=
�


π

∫∫∫
Ω′

z
(
r cos θ + r sin θ + z

)
r dV ′

=
�


π

∫ π/�

−π/�

[∫ � cos θ

�

[∫ �

�

(
zr� cos θ

+zr� sin θ + z�r
)
dz

]
dr

]
dθ

=
�

�π

∫ π/�

−π/�

[∫ � cos θ

�

(
r� cos θ + r� sin θ + r

)
dr

]
dθ

=
�

�π

∫ π/�

−π/�

(
cos� θ + cos� θ sin θ + cos� θ

)
dθ=

�

�


*(�� Ω !\f cM�
 C = (�/��,�/��,�/��) ��� � .$

�0���� *�$�&

� y� = x�+z� p��L
 �0 $���
 Z") Ω �M ��.T .$ A�
�B&�Q ��.�$ 5F E� (x, y, z) ��Y\� � �O&0 y = � ����T

*��0&�0 �. Ω !\f cM�
 � 4�) ��O&0 δ = y
√
x� + z�

x� + y� + z� = �z ���M �0 $���
 Z") Ω �M ��.T .$ A;
cM�
 � 4�) ��O&0 δ =

√
x� + y� + z� �B&�Q e0&� &0 �

*��0&�0 �. Ω !\f

�0 5S�q�0 y�� �M �O&0 ��� Z 6� N# E� �6L0 Ω �S� A�
]�) E� � ��O ��) x�/a�+ y�/b�+ z�/c� = � �� B$&U

oL6
 �. Ω !\f cM�
 �&��F �(�� ��O � �&� �&�Q

*���M

�z = x� − y� �� #� . �0 $���
 Z") Ω �M ��.T .$ A�
δ = z 5F �B&�Q e0&� � �$0 y = � ����T � ���T−xy

*��0&�0 �. Ω !\f cM�
 � 4�) ��O&0

*(�� R `&UO � Ǳ��[
 cM�
 �0 ����M Ω ���M x�= AH
Ω 4�) � ["� �Q �0 z = x� + y� �q�0 5S�+	�
x�= δ =

√
x� + y� �. �B&�Q e0&� *��M�
 Z�"\� �.

*�#���0

�� B$&U
 �0 ��  "0 �� #� . �0 �&�Q Z") N# Ω �M ��.T .$ A8∗

�. 5F 4�) ��O&0 �(x�/a� + y�/b�
)� + z�/c� = �

*���M �[�&�


�� B$&U
 �0 ��  "0 �� #� . �0 $���
 �&�Q Z") !\f cM�
 AJ
�. ��� Z 6� N# .$ e1�� (

x/a + y/b
)�

+ z�/c� = �

*��0&�0

E� (�� >.&[, Ω 4�) ���� � .$ *�O&0�

∫∫∫
Ω

δ dV =
∫∫∫
Ω

(x+ y + z) dV

=
∫∫∫
Ω′

(
r cos θ + r sin θ + z

)
r dV ′

=
∫ π/�

−π/�

[∫ � cos θ

�

[∫ �

�

(
r� cos θ+r� sin θ+rz

)
dz

]
dr

]
dθ

= �

∫ π/�

−π/�

[∫ � cos θ

�

(
r� cos θ + r� sin θ + r

)
dr

]
dθ

= �

∫ π/�

−π/�

(



�
cos� θ +




�
sin� θ + � cos� θ

)
dθ = 
π

&0 (�� �0��0 x� �Z�
&�0 C = (x�, y�, z�) �. Ω !\f cM�
 �l�&�Q

x� =
�

m

∫∫∫
Ω

xδ dV =
�


π

∫∫∫
Ω

x(x + y + z) dV

=
�


π

∫∫∫
Ω′

r cos θ
(
r cos θ + r sin θ + z

)
r dV ′

=
�


π

∫ π/�

−π/�

[ ∫ � cos θ

�

[∫ �

�

(
r� cos� θ

+r� cos θ sin θ + r�z cos θ
)
dz

]
dr

]
dθ

=
�

�π

∫ π/�

−π/�

[ ∫ � cos θ

�

(
r� cos� θ

+r� cos θ sin θ + r� cos θ
)
dr

]
dθ

=
�

π

∫ π/�

−π/�

(
cos� θ + cos� θ sin θ +

�

�
cos� θ

)
dθ=

�

��

��?U0 �

y� =
�

m

∫∫∫
Ω

yδ dV =
�


π

∫∫∫
Ω

y(x+ y + z) dV

=
�


π

∫∫∫
Ω′

r sin θ
(
r cos θ + r sin θ + z

)
.r dV ′

=
�


π

∫ π/�

−π/�

[∫ � cos θ

�

[∫ �

�

(
r� sin θ cos θ

+r� sin� θ + r�z sin θ
)
dz

]
dr

]
dθ

=
�

�π

∫ π/�

−π/�

[∫ � cos θ

�

(
r� sin θ cos θ

+r� sin� θ + r� sin θ
)
dr

]
dθ

=
�

π

∫ π/�

−π/�

(
sin θ cos� θ + cos� θ sin� θ



>.T R#� .$ ��O&0 δ� �0��0 � (0&f Ω �B&�Q � (�� ��O ��)
����T−xy �.�
−z �.�
−y �.�
−x �' Ω ��&
 .�& 6S

*���M �[�&�
 �. Ǳ��[
 � ���T−yz ����T−xz
�B&�"
 R#� .$ �M Z#�$ �)� *!'

Ω : x�/a� + y�/b� + z�/c� ≤ � , � ≤ x , � ≤ y , � ≤ z

z = ct � y = br sin θ �x = ar cos θ >&j L
 ���v� E�
�' Ω �#j� Ω′ � J = abcr >.T R#� .$ *Z��M�
 �$&� ��

9Z��M�
 �[�&�
 �. ���T−xy

Ixy =
∫∫∫
Ω

z�δ dV

= δ�

∫∫∫
Ω

z� dV = δ�

∫∫∫
Ω′

c�t�abcr dV ′

= abc�δ�

∫ π/�

�

⎡
⎣∫ �

�

⎡
⎣∫
√
�−t�

�

t�r dt

⎤
⎦ dr

⎤
⎦ dθ

=
abc�δ�
�

∫ π/�

�

[∫ �

�

(�− r�)�/�r dr

]
dθ

=
abc�δ�
��

∫ π/�

�

dθ =
π

��
abc�δ�

Z�����
 �[�&�
 5��0 �$.�$ $)� Ω � δ .$ �M ��.&\� !�B$ �0
Iyz =

π

��
a�bcδ� � Ixz =

π

��
ab�cδ� Z�"#�0

Z#.�$ �*H*J .$ �&	B
�= N+M �0 �

Ix = Ixy + Ixz =
π

��
abcδ�(b

� + c�)

Iy = Ixy + Iyz =
π

��
abcδ�(a

� + c�)

Iz = Ixz + Iyz =
π

��
abcδ�(a

� + b�)

IO = Ixy + Ixz + Iyz =
π

��
abcδ�(a

� + b� + c�)

�B&�Q e0&� &0 X�T Z") Ω �M ��.T .$ A, .�8�
�x + y = ±� >&��T �0 $���
 δ = z(x� + y�)−�

�z = x� + y� � z = x� + y� 5S�+	� �$ � x − y = ±�
*���M �[�&�
 �. .�
 −z �' Ω ��&
 .�& 6S ��O&0

*Ω �� � ��M�
 ���v� δ �� −y �0 y &# � −x �0 x �#U� &0 *!'
.��1 ��� Z 6� N# .$ �M Ω E� � +"1 Ω� E� Ω �&�0 ���� � .$
5���
 ��O&0�
 $���
 x = � � y = x >&��T R�0 � � O�$

9$�M �0��0 (6� �. %�) ]<� � $+� �$&� ��

Ω� :
{
� ≤ x , � ≤ y , y ≤ x ≤ � ,
(x� + y�)/� ≤ z ≤ x� + y�

:
{
� ≤ x ≤ � , � ≤ y ≤ x ,
(x� + y�)/� ≤ z ≤ x� + y�

Z 6� N# .$ e1�� �&�Q X�T Z") N# Ω �M ��.T .$ A7
��O&0 �

√
x/a+ �

√
y/b+ �

√
z/c = � �� #� . �0 $���
 � ���

*���M �[�&�
 �. 5F 4�)

�[�T Z") Ω ���M x�= �
��) �+�CcG � .	�!) ��$�&
*(�� δ(x, y, z) 4�) �B&�Q ��.�$ 5F E� (x, y, z) ��Y\� �M (��
*(�� &q=−xyz .$ ���T &# � y� ��Y\� N# S ���M x�=

E� >.&[, S �' Ω ��&
 .�& 6S �G#�U� �0&�0

IS(Ω) :=
∫∫∫

Ω

d�(x, y, z)δ(x, y, z) dV

*�O&0�
 S &� (x, y, z) ��Y\� �� �T&= d(x, y, z) 5F .$ �M �(��
Ǳ��[
 �' Ω ��&
 .�& 6S �&��F �Z#���0 Ǳ��[
 �. S �l�&�Q

IO(Ω) =
∫∫∫

Ω

(
x� + y� + z�

)
δ(x, y, z) dV

.$ �Z#���0 .�
−z � .�
−y �.�
−x �. S �S� *�O ����

.�
−z � .�
−y �.�
−x �' Ω ��&
 .�& 6S >.T R#�
�0��0 X��� 0

Ix(Ω) =
∫∫∫

Ω

(
z� + y�

)
δ(x, y, z) dV

Iy(Ω) =
∫∫∫

Ω

(
x� + z�

)
δ(x, y, z) dV

Iz(Ω) =
∫∫∫

Ω

(
x� + y�

)
δ(x, y, z) dV

���T−xz � ���T−yz ����T−xy �. S �l�&�Q *�O ����
����T−xy �' Ω ��&
 .�& 6S >.T R#� .$ �Z#���#

&0 �0��0 X��� 0 ���T−xz � ���T−yz

Ixy(Ω) =
∫∫∫

Ω

z�δ(x, y, z) dV

Ixz(Ω) =
∫∫∫

Ω

y�δ(x, y, z) dV

Iyz(Ω) =
∫∫∫

Ω

x�δ(x, y, z) dV

�M $$�S�
 ��� � .@ R#� _&0 G#.&U� E� *�O ����

Ix = Ixy + Ixz , Iy = Ixy + Iyz , Iz = Ixz + Iyz

IO = Ixy + Ixz + Iyz =
�

�
(Ix + Iy + Iz)

G#�U� RS :=
√
IS/m >.T �0 �. S �' Ω u��Q `&UO

N# (,�� &0 �M Ω Z") �6[�) �W��� �>.T R#� .$ *Z��M�

�0 �M m 4�) �0 ���Y\� �W��� &0 ���Q�
 S �' ���&f .$ .�$
*(�� �0��0 ����Q�
 ���#��E (,�� 5&+� &0 � S E� RS �� �T&=

N# E� � +"1 Ω �M ��.T .$ A& �'�() ���$�&
5S�q�0 y�� �M �O&0 ��� Z 6�

x�/a� + y�/b� + z�/c� = �



& � 	 � & �

=
δ�

a� + b� + c�

{
ac�b�

�
+
a�bc�

�
+
a�b�c

�

}

=
abcδ�
�
× a�b� + a�c� + b�c�

a� + b� + c�

�0���� ���$�&

�� B$&U
 �0 �� #� . �0 $���
 �&�Q Z") ��&
 .�& 6S A�
*��0&�0 �. .�
−y �' (x� + y� + z�)� = a�y

� x� + y� + z� = 
 �0 $���
 �&�Q Z") ��&
 .�& 6S A;
*���M �[�&�
 �. .�
−z �' x� + y� = z�

�� B$&U
 �0 ��  "0 �� #� . �0 $���
 �&�Q Z") ��&
 .�& 6S A�
*���M �[�&�
 �. Ǳ��[
 �' (x� + y� + z�)� = x� + y�

� >&j L
 >&��T �0 $���
 Z") Ω �M ��.T .$ A�
�' Ω ��&
 .�& 6S ��O&0 x + y + z = a ����T
����T−xz ����T−xy �.�
−z �.�
−y �.�
−x
�B&�Q e0&� 5$0 (0&f x�= &0 �. Ǳ��[
 � ���T−yz

*���M �[�&�
 δ = δ�

�O&0 R `&UO � Ǳ��[
 cM�
 �0 �S E� � +"1 Ω ���M x�= AH∗

(x, y, z) ��Y\� �B&�Q � $.�$ .��1 ��� Z 6� N# .$ �M
`&UO � ��&
 .�& 6S *�O&0 δ =

√
x� + y� + z� 5F E�

*���M �[�&�
 �. x = y = z y� �' Ω u��Q

� Ǳ��[
 cM�
 �0 ���M �0 $���
 �&�Q �S Ω ���M x�= A8
X� = (a, b, c) ��Y\� �' Ω ��&
 .�& 6S *�O&0 R `&UO
� R G� L
 �&	 �U-� 9�#&+���.� *���M �[�&�
 �.

�*�#���0 �h� .$ �. ‖X�‖

/��	F D F	B� !����F� 0�2
∫∫∫

Ω

f dV ���� �� �l�&�Q ��O � �S J*�*J .$ �M �.@ 5&+�
��b .$ � �$&, �. ���� �� 5F ���M ��T H*�*J �� �q1 y#��O .$
5$�$ 5&6� uL0 R#� E� m�� *Z�
&��
 ���&� �. 5F >.T R#�

*(�� &	B��� �� ����#� �� [�&�
 ����Q

&# � �O&[� .�����M � � "0 Ω ��,+�
 �S� ������ ��%�&
G#�U� &# � ��M !�
 (#&	��0 �# Ω ��,+�
 p&\� E� ���0 �0 f
��b Z�' ��.�$ Ω �0 f �&	�� ��3&� ��,+�
 �V�#� &# � $$���
*Z�
&��
 ��+� �.

∫∫∫
Ω

f dV ���� �� >.T R#� .$ ��O&0 ��T

&0 (�� �0��0 ��O � ��� .�& 6S ���� � .$ �

Iz =
∫∫∫
Ω

(
x� + y�

)
δ dV =

∫∫∫
Ω

z
(
x� + y�

)−�
dV

=
∫ �

�

[∫ x

�

[∫ x�+y�

(x�+y�)/�

z
(
x� + y�

)−�
dz

]
dy

]
dx

=
�




∫ �

�

[∫ x

�

dy

]
dx =

�

��

>&��T �0 $���
 !�Y "
 XUV
 ��&
 .�& 6S A
 .�8�
�. D�Y1 �' z = c � y = b �x = a >&��T � ��&j L


*���M �[�&�

��6� �$.�F �B&�Q e0&� E� ��L� �B&�"
 >.T .$ 5Q *!'
�Y� XUV
 R#� �Y1 *(�� (0&f δ = δ� Z��M�
 x�= �(��
O �. 5F �&S�[V� ]3 *$.nS�
 (a, b, c) ��Y\� � ���[
 E� �M (��
��Y\� �� �T&= *$+� %&L �� 5���
 −−−−→(a, b, c) �. 5F �$&� .�$�0 �

E� (�� >.&[, y� R#� &� (x, y, z) ��LB$

h =

∥∥∥−−−→X�X × �v
∥∥∥

||�v|| =

∥∥∥−−−−−−−−−−−−−−−→(x− �, y − �, z − �)×−−−−→(a, b, c)
∥∥∥∥∥∥−−−−→(a, b, c)

∥∥∥
=

∥∥∥−−−−−−−−−−−−−−−−−−−→(yc− zb, za− xc, xb− ya)
∥∥∥√

a� + b� + z�

=

√
(yc− zb)� + (za− xc)� + (xb− ya)�√

a� + b� + z�

E� (�� >.&[, �h� $.
 �� �'&� ���?U0

Ω : � ≤ x ≤ a , � ≤ y ≤ b , � ≤ z ≤ c

&0 (�� �0��0 I ��O � ��� .�& 6S ���� � .$ �∫∫∫
Ω

h�δ dV =

= δ�

∫∫∫
Ω

(yc− zb)� + (za− xc)� + (xb− ya)�
a� + b� + c�

dV

=
δ�

a� + b� + c�

∫ a

�

[∫ b

�

[∫ c

�

{
(yc− zb)�

+(za− xc)� + (xb− ya)�
}
dz

]
dy

]
dx

=
δ�

a� + b� + c�

∫ a

�

[∫ b

�

{ c�
�b

(b− y)� +
c�y�

�b

+
c�

�a
(a− x)� +

c�x�

�a
+ c(xb− ya)�

}
dy

]
dx

=
δ�

a� + b� + c�

∫ a

�

{
c�b�

�
+
c�b

�a
(a− x)�

+
c�b

�a
x� +

cb�

�a
(a− x)� +

cb�

�a
x�

}
dx



� & � & � 	

=
�

�
lim

a→∞

∫ a

�

[∫ a

w

{
�

(v + �)�
− �

(a+ �)�

}
dv

]
dw

=
�

�
lim

a→∞

∫ a

�

{
−�

�(a+ �)�
− a

(a+ �)�

+
�

�(w + �)�
+

w

(a+ �)�

}
dw

=
�

�
lim

a→∞

{
−a

�(a+ �)�
− �

�(a+ �)

+
�

�
− a�

�(a+ �)�

}
=
�

�

� (�� ([a
 �$�, p ���M x�= A
 .�8�

Ip :=
∫∫∫

x�+y�+z�≤�

dV

(�− x� − y� − z�)p

$)� ���U#C (�� ���+� Ip ���� �� �p E� �#$&\
 4��M Ǳ�E� �0
*��0&�0 $)� >.T .$ �. 5F .��\
 � A$.�$

��VO �0 �. Ωa R#��0&�# �(�� �'�� �S �� [B .$ Ip !V6
 *!'
���M �� [B �V�#� Z� � ��O&0 ���+� Ω �0 Z� �M Z��M�
 %&L ��
Z��M�
 G#�U� �� < a < � ��E� �0 9�O&[� &	�F .$ �'��
�M $$�S�
 �h'?
 �>.T R#� .$ *Ωa : x� + y� + z� ≤ a�

9Z#.�$ ���M >&j L
 ���v� N+M �0 � lim
a→�−

Ωa = Ω

Ip =
∫∫∫

x�+y�+z�≤�

dV

(�− x� − y� − z�)p

= lim
a→�−

∫∫∫
Ωa

dV

(�− x� − y� − z�)p

= lim
a→�−

∫∫∫
Ω′

a

ρ� sinϕ
(�− ρ�)p

dV ′

= lim
a→�−

(∫ �π

�

dθ

)(∫ π

�

sinϕ
)(∫ a

�

ρ�

(�− ρ�)p
dρ

)

= lim
a→�−

�π

∫ a

�

ρ�(�− ρ�)−p dρ

(�)
= �π lim

a→�−

∫ √
a

�

u�/�(�− u)−p du

= �π

∫ �

�

u�/�(�− u)−p du

(�)
= �πB

(
�

�
,�− p

)
= �π

Γ (�/�) Γ(�− p)
Γ (�/�− p)

= �π
(�/�)Γ (�/�) (�− p)Γ(−p)

(�/�− p) (�/�− p) Γ (�/�− p)

=
�π�/�(�− p)

(�− �p)(�− �p) ×
Γ(−p)

Γ (�/�− p)

��O �$&� �� 8*8*H E� (�) .$ � u = ρ� >&j L
 ���v� E� (�) .$
�#���+� ���0 �M $$�S�
 �h'?
 �&
&S �� �
�$ �0 �)� &0 *(��

x�= �9�	�� ��OV��BC�� � .	�!) �B�=B] ��%�&
�.@ �. Ωa �&��,+�
 *�O&0 ���&� ���� ��

∫∫∫
Ω

f dV ���M
�$&, Ωa ��,+�
 �0 f ���� �� �� a �� Ǳ�E&0 �M Z��M�
 %&L ��
R#� .$ *a → a� �M ��O&0 &� Ωa ��' (B&' Ω ��&f .$ � �O&0

9Z�"#��
 (B&'

Ω = lim
a→a�

Ωa ⇒
∫∫∫
Ω

f dV := lim
a→a�

∫∫∫
Ωa

f dV

R� �0 exp(−(x� + y� + z�)�/�) E� A& �'�() ��%�&
*�#���0 ���� ��

cM�
 �0 ����M �. Ωa ��,+�
 ���LB$ a > � �� ��E� �0 *!'
R#� .$ *Ω : x� + y�+ z� ≤ a� 9Z#��S�
 �h� .$ a `&UO � O

Z#.�$ ���M >&j L
 ���v� N+M �0 �>.T∫∫∫
Ω

exp
(
− (x� + y� + z�)�/�

)
dV =

= lim
a→∞

∫∫∫
Ωa

exp
(
− (x� + y� + z�)�/�

)
dV

= lim
a→∞

∫∫∫
Ω′

a

e−ρ�ρ� sinϕdV ′

= lim
a→∞

(∫ �π

�

dθ

)(∫ π

�

sinϕdϕ
)(∫ a

�

ρ�e−ρ� dρ

)

= lim
a→∞(�π)(�)

(−�
�
e−a� +

�

�

)
=
�

�
π

*(�� &q=−ρϕθ .$ Ω �#j� Ω′
a &��#� .$ �M

��� Z 6� N# �0 f = �/(x+ y + z + �)� e0&� E� A, .�8�
*�#���0 ���� ��

y�� ��� Z 6� N# E� ��O ��) 4�� �. Ωa .h�
 R#� ���0 *!'
9Z��M�
 G#�U� x+ y + z = a ����T

Ωa : � ≤ x , � ≤ y , � ≤ z , x+ y + z ≤ a

�$&� �� w = x � v = x+ y �u = x+ y + z >&j L
 ���v� E�
&q= −uvw .$ Ω�#j� Ω′

a � J = � >.T R#� .$ *Z��M�

*Ω′

a : � ≤ w ≤ a , w ≤ v ≤ a , v ≤ u ≤ a E� (�� >.&[,
Z#.�$ ���� � .$∫∫∫

��� Z 6� N#

dV

(x+ y + z + �)�
=

= lim
a→∞

∫∫∫
Ωa

dV

(x + y + z + �)�
= lim

a→∞

∫∫∫
Ω′

a

dV ′

(u + �)�

= lim
a→∞

∫ a

�

[∫ a

w

[∫ a

v

du

(u+ �)�

]
dv

]
dw



:

�)
∫∫∫
Ω

f(x+ y + z)xp−�yq−�zr−� dV =

=
Γ(p)Γ(q)Γ(r)
Γ(p+ q + r)

∫ �

�

f(u)up+q+r−� du
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�� e0&� ���� �� �� [�&�
 ���0 ����G�	 '��BC�� ��&�&
x���
 Zh�
−xy ��,+�
 �0 f(x, y, z) ����v 


Ω : a ≤ x ≤ b , h(x) ≤ y ≤ l(x) , u(x, y) ≤ z ≤ v(x, y)|

. �$ E�
int(int(int(f(x,y,z),z=u(x,y)..v(x,y)),

y=h(x)..l(x)),x=a..b)

*Z��M�
 �$&� ��
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 ���� �� ��[1 . �$ ���)� &0 (��
evalf . �$ E� >.T R#� .$ A�O&[� 5F ������ !' �0 .$&1

9Z��M�
 �$&� �� 5F �[#�\� .��\
 �� [�&�
 ���0
evalf(int(int(int(f(x,y,z),z=u(x,y)..v(x,y)),
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*(�� ��O $.�F �MnB� �= d'&[
 �0 p0�
 e0&�
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���
 � ^��T �

�
− p � −p $��,� E� 4��M ��� (�� 4E_ Ip

*�O&[�

.$ �. �#E �&	B��� �� E� N# �� .��\
 �0���� ��%�&
9���M �[�&�
 $)� >.T

�)
∫∫∫

��� Z 6� N#

dV

(x� + y� + z� + �)�

�)
∫∫∫

x�+y�+z�≥�

dV

(x� + y� + z�)a

�)
∫∫∫
R�

exp
{
−(x� + �y� + �z�)�/�

}
dV

�)
∫∫∫

��� Z 6� N#

zdV

(x+ y + z + �)�

�)
∫∫∫

�≤x,y,z≤�

dV

xpyqzr
�)

∫∫∫
−�≤x,y,z≤�

dV

x+ y − z

�O&0 5.&\ 
 �\�\' � × � ]#��&
 [aij ] �M ��.T .$ AJ
� Aaij = aji ��U#C∣∣∣∣∣∣

a�� a�� a��
a�� a�� a��
a�� a�� a��

∣∣∣∣∣∣ > �,

∣∣∣∣ a�� a��
a�� a��

∣∣∣∣ < �,

9(�� ���+� �#E ���� �� �&��F �a�� > � �∫∫∫
R�

exp

⎛
⎝− �∑

j=�

�∑
i=�

aijxixj

⎞
⎠ dV

$���
 � ��� Z 6� N# .$ e1�� 4�� Ω �S� �M ���$ 5&6� A7
�&��F ��O&0 x+ y + z = � ����T �0

�)
∫∫∫
Ω

xpyqzr dV =
Γ(p+ �)Γ(q + �)Γ(r + �)

Γ(p+ q + r + �)
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(�� �0��0 C ����
 E� r(ti) &� r(ti−�) ��UY1 �0 f .��\
 &0 &z[#�\�
�M ��Q �A$O �)� GB���*7 !VO �0C

ΔQi ≈ f
(
r(ti)

)
Δsi

≈ f
(
r(ti)

)
dsi

= f
(
r(ti)

) ‖r′(ti)‖Δti

}

*����
 /1 �@ AGB� 9�*7 !VO
��� ̀� y� ���� �� A%

� 
�.&3 %&L �� E� !\ "
 �*�*7 G#�U� ���� ����*
���0 �. ∫

C f ds 5$.�F (��0 ���0 >&[�&�
 �S� ��U# *(��
*(�� �V# ��F ���� � �Z��$ 4&��� &�� 
�.&3 E� %&L �� �$

f� �f �����
 C� � C� �C ���M x�= ���� ����*
R#� .$ *��O&0 ��LB$ $��,� a� � a� � ���v 
 ��Q e0�� f� �

>.T

*
∫

C

(
a�f� + a�f�

)
ds = a�

∫
C

f� ds+ a�

∫
C

f� ds A�

�&��F �f�(X) ≤ f�(X) �� X ∈ C �� ��E� �0 �S� A;
*
∫

C

f� ds ≤
∫

C

f� ds

�>.T R#� .$ *�O&0 �Y\� ��Q &# � �	� C� ∩ C� �S� A�
Z#.�$ � B&' R��Q .$ *C� +C� : = C� ∪C� Z�"#��
∫

C�+C�

f ds =
∫

C�

f ds+
∫

C�

f ds

�� � 
�$ � M Z #��$�$ .�� 1 � �.� 0 $. 
 �. � #& 	 B�� �  �� & � � #� & �
���� �� Z�+U� !j= R#� E� m�� *$0 m&T &	�F ����B��� ��
*(��&�����
 �0 ���� �� �0 A&��E&0 �0 ����v 
 N# e0�� E�C R�U

�&	����
 $.
 .$ ��� ̀� ���� �� *(�� ̀� �$ �0 y� ���� ��
��U0 N# Ǳ&�O� (�=�� �� [�&�
 ���0 5F E� � (�� ��B&V��
�.�$�0 �&	����
 $.
 .$ 4�$ ̀� ���� �� *$+� �$&� �� 5���

(�� w�� 
 y�� ��O 4&��� .&M �� [�&�
 ���0 ?z +, � (��
�0 ����
 G#�U� ����&6
 ���0 *$� .�
 .&V0 �.�$�0 5���
 ��f&��

*$O �U)��
 � !j= E� ; uL0

!�� G̀F �� !����F� ��4

N# C : r(t) ; a ≤ t ≤ b ���M x�= ������ ����*
�0&6
 >.T �0C �O&0 R� �&q= .$ � 
�.&3 N# &	�� &0 ����

f : R� → R ���M x�= *A�O&0 �����
 c�� R� ���T .$
G#�U� C �0 �M (�� A&q= .$ �B&V�� 5���
 � C ���v 
 �� �U0&�

!VO �0 �. C �0 f ���� �� >.T R#� .$ *$$�S�
∫
C

f ds : =
∫ b

a

f
(
r(t)

) ‖r′(t)‖ dt
��O �=�U
 � 
�.&3 N# E� u�0 &0 C ����
 �S� *Z��M�
 G#�U�
�Z�
&�0 Cn � *** �C� �C� �. 5F �&�� 
�.&3 E� N# �� $�0 � �O&0

Z��M�
 G#�U� �#E !VO �0 �. C �0 f ���� �� >.T R#� .$∫
C

f ds : =
∫

C�

f ds+
∫

C�

f ds+ · · ·+
∫

Cn

f ds

�	� Z� &0 &� Ci E� &� �$ �� w�� O� �M (�� 5F 4E_ p�O &	��
�@ �V�#� &# � �O&0 �Y\� ��&� 
 �$��U� ��.�$ �V�#� &# � �$0
�����&+B� D�. �h� �Y\� E� *�O&0 ��T &	�F E� &� �$ �� w�� O�

�A$O �U)��
 N# �
+, �-&#. %& M E� 8 !j= �0C

ΔQi = f
(
r(ti)

) ‖r′(ti)‖Δti

���



& � 	 a

Zg&1 p��L
 E� ��O ��) (+"1 S ���M x�= A
 .�8�
Z 6� N# .$ z = � � z = � >&��T y�� x� + y� = z�

�0 �. f = x(y + z) ���� �� *�O&0�
 S �� #� . �� [B C � (�� ���
*���M �[�&�
 C

C *Z#��$�$ 5&6� %��*7 !VO .$ �. C ����
 � S �� #� . *!'
�����#�$ e0. C� � C� *Z��M�
 Z�"\� C� &� C� uL0 .&	Q �0 �.
9Z��M�
 �� 
�.&3 �#E !VO �0 �. &	�F *�� "� y� �.&3 C� � C� �

C� :

⎧⎪⎪⎨
⎪⎪⎩

x� + y� = z�

z = �

� ≤ x, y
��&a�a
 (	) &0

:

⎧⎪⎪⎨
⎪⎪⎩

x� + y� = �

z = �

� ≤ x, y
��&a�a
 (	) &0

: r(t) =
−−−−−−−−−−→(
cos t, sin t,�

)
; � ≤ t ≤ π

�

C� : (�,�,�)(�,�,�) y� �.&3

: r(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
=
−−−−−−−−−−−→(
�, t+ �, t+ �

)
; � ≤ t ≤ �

C� :

⎧⎪⎪⎨
⎪⎪⎩

x� + y� = z�

z = �

� ≤ x, y
��&a�a
 ]V, (	) &0

:

⎧⎪⎪⎨
⎪⎪⎩

x� + y� = �

z = �

� ≤ x, y
��&a�a
 ]V, (	) &0

: r(t) =
−−−−−−−−−−−−→(
� sin t,� cos t,�) ; � ≤ t ≤ π

�

C� = (�,�,�)(�,�,�)

: r(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
=
−−−−−−−−−−−→(
�− t,�,�− t) ; � ≤ t ≤ �

Z#.�$ ̀+�
 .$ ]3

∫
C

f ds =
∫

C�

f ds+
∫

C�

f ds+
∫

C�

f ds+
∫

C�

f ds

=
∫ π/�

�

f
(
cos t, sin t,�

) ‖−−−−−−−−−−−−→(− sin t, cos t,�
)‖ dt

+
∫ �

�

f
(
�, t+ �, t+ �

) ‖−−−−−→(
�,�,�

)‖ dt
+

∫ π/�

�

f
(
� sin t,� cos t,�

) ‖−−−−−−−−−−−−−→(
� cos t,� sin t,�

)‖ dt
+

∫ �

�

f
(
�− t,�,�− t) ‖−−−−−−−−−→(− �,�,−�)‖ dt

*(�� ����
 �@ �0��0
∫

C

ds A�
��3.&
 N# E� � +"1 C ���M x�= A� �'�() ����*

!VO �0 �M (��

C : r(t) =
−−−−−−−−−−−−−−−−−−−−→(
� cos t+ �,�t− �,� sin t

)
; −π ≤ t ≤ π

f ���� �� *f = (x−�)� + (y+�)� + z� � (�� ��O �� 
�.&3
*���M �[�&�
 �. C �0

Z#.�$ �*�*7 G#�U� N+M �0 *!'∫
C

f ds =
∫ π

−π

f
(
r(t)

) ‖r′(t)‖ dt
=

∫ π

−π

{
(� cos t)� + (�t)� + (� sin t)�

}
√

(−� sin t)� + (�)� + (� cos t)� dt

= �

∫ π

−π

{
��+ �t�

}
dt

= ��π(��+ �π�)

� (�,�,�) �(�,�,�) /g. &0 d�a
 C ���M x�= A, .�8�
�[�&�
 �. C �0 f ���� �� *f = x − y + �z � (�� (�,�,�)

*���M
�� � (�� y� �.&3 �� `&+ )� C �M Z��M�
 �)� �� 0� *!'

9Z��M�
 �� 
�.&3 ��&S��) �. &	Y� �.&3 R#� E� N#

C = C� + C� + C�

C� = (�,�,�)(�,�,�)

: r(t) = (�− t)i + tj ; � ≤ t ≤ �
C� = (�,�,�)(�,�,�)

: r(t) = (�− t)j + tk ; � ≤ t ≤ �
C� = (�,�,�)(�,�,�)

: r(t) = (�− t)k + ti ; � ≤ t ≤ �

&0 (�� �0��0 ��O � ��� ���� �� �R#��0&�0∫
C

f ds =
∫

C�

f ds+
∫

C�

f ds+
∫

C�

f ds

=
∫ �

�

f
(
�− t, t,�) ‖−−−−−−−−→(− �,�,�)‖ dt
+

∫ �

�

f
(
�,�− t, t) ‖−−−−−−−→(

�,−�,�)‖ dt
+

∫ �

�

f
(
t,�,�− t) ‖−−−−−−−→(

�,�,−�)‖ dt
=

∫ �

�

(�− �t)
√
� dt+

∫ �

�

(�t− �)
√
� dt

+
∫ �

�

(�− t)
√
� dt

=
√
�

∫ �

�

� dt

= �
√
�



a & � 	

�M �O&0 y� + z� = � �� �� �� E� � +"1 S �M ��.T .$ A8
C � (�� ��O ��) ��� Z 6� N# .$ x = � ����T y��
�[�&�
 C �0 �. f = x(y�+z�) e0&� ���� �� ��O&0 5F �� [B

*���M

�M ���M %&"' ��.T .$ �. ∫
C |y| ds y� ���� �� AJ

C : (x� + y�)� = x� − y�

C : y = a cosh
(x
a

)
5F .$ �M �.

∫
C

ds

y�
y� ���� �� A7

*���M �[�&�


� 
�.&3 &0 C ����
 �0 �. f = xy + z e0&� ���� �� A�

r(t) =

−−−−−−−−−−−−−−−−−−−−−−−−−−→(
t sin t+ cos t, t cos t− sin t,

√
�

�
t�
)

*� ≤ t ≤ π �M ����M �[�&�


����
 �0 �. f = xz + yz e0&� ���� �� A�I

r(t) =

−−−−−−−−−−−−−−−−−→( t�
�

+ ln t,
t�

�
− ln t,�t

)
, � ≤ t ≤ �

*���M �[�&�


!�� G̀F �� !����F� ����	N ��4

.&0 �&
�S �4�) ��h� �V#c�= (�+M N# �B&�Q f �S� ��M .@ �0
�$$�S�
 G#�U� C ����
 ����� �0 �M �O&0 ***&# � �V#� VB�
�0 *$0 ���� C ����
 !M (�=�� E� >.&[,

∫
C

f ds �&��F
&# � ��&S �$ ���� �� �0&6
 �&�$�0.&M �0 �)� &0 �/&�� R�+�

9$+� K�Y
 5���
 �. �#E K�O �0 �&	B
�= ���&S��

(x, y, z) ��Y\� �S� �E1n 4L�) + Q�R �.	�!) ����*
>.T R#� .$ ��O&0 δ(x, y, z) �
�) �B&�Q ��.�$ C ����
 E�
5���
 �#E D�. �0 ���F P = (x�, y�, z�) !\f cM�
 � C 4�)

9$+� �[�&�


m =
∫

C

δ ds, x� =
�

m

∫
C

xδ ds,

y� =
�

m

∫
C

yδ ds, z� =
�

m

∫
C

zδ ds

�� B$&U
 �0 ���#�$ Z�� C ���M x�= A& �'�() ����*
E� (x, y) ��Y\� �M (�� .�
−x �_&0 .$ e1�� x� + y� = R�

C !\f cM�
 � 4�) *�O&0�
 δ = y
√
x� + y� �B&�Q ��.�$ 5F

*��0&�0 �.
9Z��M�
 �� 
�.&3 �. C �� 0� *!'

C : r(t) =
−−−−−−−−−−−→
(R cos t, R sin t),� ≤ t ≤ π

=
∫ π/�

�

cos t(�+ sin t) dt+
∫ �

�

� dt

+
∫ π/�

�

� cos t(�+ � sin t) dt+
∫ �

�

(�− t)�
√
� dt

=
�

�
+ �+ ��+

	

�

√
�

=
�	

�
+
	

�

√
�

�M (�� y = x� �+	� E� � +"1 C ���M x�= A� .�8�
����
 �0 �. f = xy/(�+ �x�)�/� ���� �� *� ≤ x ≤ �

*���M �[�&�
 C
!VO �0 �. ����
 R#� *!'

C : r(t) =
−−−→(
t, t�

)
; � ≤ t ≤ �

���� � .$ � Z��M�
 �� 
�.&3
∫

C

f ds =
∫ �

�

f
(
t, t�

) ‖−−−−→(
�,�t

)‖ dt
=

∫ �

�

(t)(t�)
(�+ �(t�))�/�

√
�+ �t� dt

=
∫ �

�

t� dt

�+ �t�

(�)
=

∫ �

�

u−�
�

�



du

u

=
�

��
(�− ln�)

*u = �+ �t� (�� ��O x�= A�C .$ �M

�0���� $���*
�(�,�,�) /g. &0 d�a
 �0 f = x + y + z e0&� E� A�

*�#���0 ���� �� (�,�,�) � (�,�,�)

!VO �0 C ����
 � f = x + y �M ��.T .$ A;
e0&� ���� �� ��O&0 r(t) =

−−−−−−−−→(
�t,�− t, t) ; −� ≤ t ≤ �

*���M �[�&�
 C ����
 �0 �. f

����
 �0 �. f = x sin z e0&� ���� �� A�

C : r(t) =
−−−−−−−−−→(
cos t, sin t, t

)
; −π ≤ t ≤ �π/�

*���M �[�&�


� x� + y� + z� = � ���M $.��0 !�
 C �M ��.T .$ A�
C ����
 �0 �. f = |z| e0&� ���� �� ��O&0 x = y ����T

*���M �[�&�


�O&0 x� + y� + z� = �z ���M E� � +"1 S �M ��.T .$ AH
�� [B C � (�� ��O ��) z = � � z = � >&��T y�� �M
*���M �[�&�
 C �0 �. f = z(x− y) e0&� ���� �� ��O&0 5F



& � 	 a

z� =
�

m

∫
C

zδ ds

=
�

��πδ�

∫ �π

�

�
√
�

�
tδ� dt

=
��
√
�

�
π

*
(
−�
√
�

�π
,−�

√
�

�π
,
��
√
�

�
π

)
E� (�� >.&[, C !\f cM�
 ]3

& ��. N# .$ e1�� ��b ��Y\� �� C � B �A ���M x�= A
 .�8�
*��0&�0 �. ABC d�a
 !\f cM�
 ���O&0 &q= .$

Z��M�
 x�= �(�� ��
&�� �
�) �B&�Q E� ��L� 5Q *!'
9Z��M�
 �� 
�.&3 �#E !V60 �. ΔABC d�a
 *δ = �

ΔABC = AB +BC + CA

AB : r(t) = (�− t)A + tB � ≤ t ≤ �

BC : r(t) = (�− t)B + tC � ≤ t ≤ �

CA : r(t) = (�− t)C + tA � ≤ t ≤ �

���� � .$ �

m =
∫

Δ

δ ds =
∫

Δ

ds = �Δ

= ‖−→AB‖+ ‖−→AC‖+ ‖−→CA‖
x� =

�

m

∫
Δ

xδ ds

=
�

m

∫
AB

xds+
�

m

∫
BC

xds+
�

m

∫
CA

xds

=
�

m

{∫ �

�

(
(�− t)xA + txB

)‖−→AB‖ dt
+

∫ �

�

(
(�− t)xB + txC

)‖−→BC‖ dt
+

∫ �

�

((�− t)xC + txA)‖−→CA‖ dt
}

=
�

m

{
‖−→AB‖xA + xB

�
+ ‖−→BC‖xB + xC

�

+‖−→CA‖xC + xA

�

}

!\f cM�
 ��� � .$ �(�� �[�&�
 !0&1 z� � y� �0&6
 >.T �0
E� (�� >.&[, Δ a�a
 P = (x�, y�, z�)

�

m

⎧⎨
⎩‖−→AB‖

−→
A +

−→
B

�
+ ‖−→BC‖

−→
B +

−→
C

�
+ ‖−→CA‖

−→
C +

−→
A

�

⎫⎬
⎭

���#$ 5&�0 �0

‖−→AB‖(−→A +
−→
B ) + ‖−→BC‖(−→B +

−→
C ) + ‖−→CA‖(−→C +

−→
A )

�(‖−→AB‖+ ‖−→AB‖+ ‖−→CA‖)
�0���� ����*

X���� R#� �0

m =
∫

C

δ ds

=
∫ π

�

δ(R cos t, R sin t)
∥∥∥∥−−−−−−−−−−−−→(−R cos t, R sin t)

∥∥∥∥ dt
=

∫ π

�

(R sin t)R .R dt

=
∫ π

�

R� sin t dt︸ ︷︷ ︸
δ ds

= �R�

x� =
�

m

∫
C

xδ ds

=
�

�R�

∫ π

�

R cos t . R� sin t dt = �

y� =
�

m

∫
C

yδ ds

=
�

�R�

∫ π

�

R sin t . R� sin t dt

=
π

�
R

*(�, πR/�) E� (�� >.&[, C cM�
 ���� � .$

� �&� �&�Q ]�) N# E� �#E ��3.&
 �M ��.T .$ A, .�8�
9��0&�0 �. 5F!\f cM�
 ��O&0 ��O

C : r(t) = (�
√
� cos t)

−−−−−→(
�,�,�

)
+ (�

√
� sin t)

−−−−−−−→(
�,−�,�)

+
�

�

√
�t
−−−−−→
(�,�,�) ; � ≤ t ≤ �π

>.T R#� .$ ��O&0 δ� �0��0 C (0&f �B&�Q Z��M x�= *!'

m =
∫

C

δds

=
∫ �π

�

δ�

∥∥∥(−�
√
� sin t)

−−−−−→
(�,�,�)

+(�
√
� cos t)

−−−−−−−→
(�,−�,�) +

�

�

√
�
−−−−−→
(�,�,�)

∥∥∥ dt
= δ�

∫ �π

� dt

= ��πδ�

x� =
�

m

∫
C

xδ ds

=
�

��πδ�

∫ �π

�

(
�
√
� cos t+ �

√
� sin t

)
�δ� dt

= −�
√
�

�π

y� =
�

m

∫
C

yδ ds

=
�

��πδ�

∫ �π

�

(
�
√
� cos t+ �

√
� sin t

)
�δ� dt

= −�
√
�

�π



a & � 	

�[�&�
 �. .�
−z �' C ��&
 .�& 6S *(�� δ = x�+y�+z�

*���M
>.T �0 �. C y� �.&3 *!'

C : r(t) = (�− t)−−−−−−−→(�,�,−�) + t
−−−−−→
(�,�,�)

=
−−−−−−−−−−−−→
(t,�− t,�t− �) ; � ≤ t ≤ �

��� � .$ *Z��M�
 �� 
�.&3

Iz =
∫

C

(
x� + y�

)
δ ds

=
∫ �

�

(
t� + (�− t)�

)(
t� + (�− t)� + (�t− �)�

)
×
∥∥∥−−−−−−−→(
�,−�,�)∥∥∥ dt

=
∫ �

�

(�t� − �t+ �)(�t� − �t� + �)
√
� dt

=
��

��

√
�

�. ���T−xy .$ e1�� x� + y� = R� �&�Q ���#�$ A, .�8�
�5F ��&
 .�& 6S R��U� R+- �Z��$�
 5�.�$ x = y = z �'

*���M oL6
 �. 5F u��Q `&UO
�. x = y = z y� &� ��LB$ ��Y\� N# �� �T&= (�� 4E_ *!'
5F �$&� .�$�0 � X� = (�,�,�) y� R#� �&S��V� 5Q *Z�0&�0

&0 (�� �0��0 .Mn
 �� �T&= �R#��0&�0 *(�� v =
−−−−−→
(�,�,�)

h =
‖−−−→X�X × v‖
‖v‖

=
‖−−−−−−−−−−−−−−→(y − z, z − x, x− y)‖√

�

=

√
(y − z)� + (z − x)� + (x− y)�

�

&0 (�� �0��0 ��O � ��� .�& 6S �R#��0&�0 �

I =
∫

C

h�δ ds

=
δ�
�

∫
C

{
(y − x)� + (y − z)� + (z − x)�} ds

=
δ�
�

∫ �π

�

{
(R sin t−R cos t)� + (R sin t− �)�

+(�−R cos t)�
}∥∥∥−−−−−−−−−−−−−−→(−R sin t, R cos t,�)

∥∥∥ dt
=

δ�
�
R�

∫ �π

�

(�− � sin t cos t) dt

=
�

�
πδ�R

�

�(�� �πR ��#�$ /1 �@ � (�� (0&f δ = δ� 5Q ���?U0
&0 (�� �0��0 C u��Q `&UO � �O&0�
 �πRδ� �0��0 C 4�)

*R =

√
I

m
=

√
�

�
R

�� B$&U
 �0 �+�� 4�) A�

C : r(t) =
−−−−−−−−→(
t� − �,�t) ; � ≤ t ≤ �

*���M �[�&�
 �. (�� δ = �y/� 5F �
�) �B&�Q �M

�� B$&U
 �0 �� ��
 !\f cM�
 � 4�) A;

C : r =

−−−−−−−−−−−−→(
t,
�
√
�

�
t�/�,

t�

�

)
; � ≤ t ≤ �

5&V
 .$ 5F �
�) �B&�Q �M ���M �[�&�
 ��.T .$ �.
*(�� q = �/(x+ �) �0��0 (x, y, z)

&0 x� + y� = � ���#�$ Z�� E� (x, y) ��Y\� �M ��.T .$ A�
cM�
 � 4�) ��O&0 δ = |x + y| 4�) �B&�Q ��.�$ � ≤ y

*���M oL6
 ���F !\f

�0 $���
 x� + y� = z� o1&� p��L
 S �M ��.T .$ A�
��Y\� �
�) �B&�Q � �O&0 z = −� � z = −� >&��T
!\f cM�
 ��O&0 δ = −z

√
x� + y� �0��0 5F E� (x, y, z)

*��0&�0 �. S �� [B

� x� + y� = � ���#�$ �0 $���
 i�1 Z�� D ���M x�= AH
��Y\� �S� *�O&0 D �� [B C � �$0 x ≤ y ����T Z�� .$ e1��
��O&0 δ =

√
x� + y� �
�) �B&�Q ��.�$ (x, y) ∈ D

*���M oL6
 �. C !\f cM�


� B = (�, b,�) �A = (a,�,�) ���M x�= A8∗

]�) N# E� ABC d�a
 �M ��.T .$ *C = (�,�, c)

�M ���M %&L �� �.@ �. c � b �a ��O&0 ��O � �&� �&�Q
*$���0 .��1 (�,�,�) 5&V
 .$ 5F !\f cM�


.$ ����] Z��8 + 
��) �+�CcG � .	�!) ����*
δ(x, y, z) �
�) �B&�Q ��.�$ C E� (x, y, z) ��Y\� �M ��.T
.�& 6S ��O&0 &q=−xyz .$ ���T &# � y� ��Y\� N# S � �O&0
�� �T&= h �M IS =

∫
C

h�δds E� (�� >.&[, S �' C

�.�
−x �o Ǳ��[
 �0��0 S �l�&�Q *(�� S &� X = (x, y, z)

&0 ���0��0 X��� 0 ���T−yz ����T−xy �.�
−z �.�
−y

IO =
∫

C

(x� + y� + z�)δ ds,

Ix =
∫

C

(y� + z�)δ ds, Iy =
∫

C

(x� + z�)δ ds,

Iz =
∫

C

(x� + y�)δ ds, Ixy =
∫

C

z�δ ds,

Ixz =
∫

C

y�δ ds, Iyz =
∫

C

x�δ ds.

G#�U� R =
√
I/m >.T �0 �. �#�� f�J@ �$.
 �� .$

*Z��M�


(�,�,−�) E� y� �.&3 C ���M x�= A& �'�() $���*
�
�) �B&�Q ��.�$ 5F E� (x, y, z) ��Y\� (�� (�,�,�) &�



& � 	 a

!VO �0 �. ����
 R#� *!'

C : r(t) = (�− t)−−−−−→(�,�,�) + t
−−−−−−−→
(�,−�,�)

=
−−−−−−−−−→
(�,�− �t, t) ; � ≤ t ≤ �

*Z��M �[�&�
 �. C �0 T y� 
 (�� �=&M *Z��M�
 �� 
�.&3
Z#.�$ �(�� 5F �� �$ R�0 !T�� ��E���� �0��0 y� �.&3 �@ 5Q

T� = mean
C

T

=
�

�C

∫
C

T ds

=

(∫ �

�

(�+ �t)
∥∥∥−−−−−−−→(
�,−�,�)∥∥∥ dt

)

÷
∥∥∥−−−−−−−→(
�,−�,�)−−−−−−→(

�,�,�
)∥∥∥

=
∫ �

�

(�+ �t) dt =
�

�

�0���� ����*
&� x�/� + y�/� = a�/� ��g�� �F �0 p&\� �� �T&= y� 
 A�

*���M �[�&�
 �. Ǳ��[


��3.&
 �0 f = z e0&� y� 
 A;

C : r(t)=
−−−−−−−−−−−−−−−−−−−−→(
� cos t+�,� sin t−�,�−�t),� ≤ t ≤ �π

*���M �[�&�
 �.

x� + y� ≤ �x + �y + � �� B$&U
 �0 i�1 D ���M x�= A�
x + y �0��0 (x, y) ∈ D �&
$ �S� *(�� D �� [B C � (��
�[�&�
 �. C �&
$ y� 
 c�� � D �&
$ y� 
 ��O&0

����0��0 &#F ����M

� (�� �k � �j �i .$ /g. &0 d�a
 C ���M x�= A�
�[�&�
 �. C ����
 �0 f e0&� y� 
 *f = x�+y�+z�

*���M
<� :� E#�J � 2o�R �+��� � .	�!) �����*
��.�$ C E� (x, y, z) ��Y\� ���M x�= ��?1� <� �2 �U!U)
4�) �0 ���Y\� P�(x�, y�, z�) � (�� δ(x, y, z) �
�) �B&�Q
F =

−−−−−→
(α, β, γ) ����� .�$�0 &0 P� >.T R#� .$ *�O&0�
 m�

5F .$ �M �$O�
 ���6M C (+� �0

α = Gm�

∫
C

δ(x, y, z)(x− x�) ds
((x − x�)� + (y − y�)� + (z − z�)�)�/�

β = Gm�

∫
C

δ(x, y, z)(y − y�) ds
((x − x�)� + (y − y�)� + (z − z�)�)�/�

γ = Gm�

∫
C

δ(x, y, z)(z − z�) ds
((x − x�)� + (y − y�)� + (z − z�)�)�/�

*(�� ����� u���S (0&f G = ����×��−��m�/(kg.s�) �
E� (�� >.&[, c�� C ����� �� 0{&) 5���
 !�"�& 3

U =
∫

C

Gm�δ(x, y, z) ds
((x− x�)� + (y − y�)� + (z − z�)�)�/�

`&UO � ��&
 .�& 6S �H &� � >&�#�+� .$ �0���� %���*
9���M �[�&�
 �. Ǳ��[
 �' C u��Q

�) C : x� + y� = � , � ≤ x, δ = |xy|

�) C : r(t) =
−−−−−−−−−−−−−−−−−→(
� sin t,�t− �,� cos t

)
,

−π/� ≤ t ≤ π/�, δ = |z|

�) C : |x|+ |y| = �, δ = |x|

�) C : max{|x|+ |y|} = a, δ = �

�) C : x� + y� + z� = � , z = �, δ = z

√
x� + y�

C : r(t) =
−−−−−−−−−−−→(
t cos t, t sin t, t

)
; π ≤ t ≤ �π �S� A4

�' C 5F ��&
 .�& 6S �δ = �/z 5F �B&�Q e0&� � �O&0 ��3.&

*���M �[�&�
 �. ���T−xy

���M x�= ��U!U) �2 a2�� �	=C) � .	�!) &���*
y� 
 >.j�#� .$ *$$�S G#�U� C ����
 �0 f(x, y, z) e0&�
�@ �0 C (�=�� !M (+"1 :.&� E� (�� >.&[, C �0 f .��\


*mean
C

f =
�

�C

∫
C

f ds 9C /1

f = x+ �y + �z e0&� .��\
 y� 
 A& �'�() *���*
x�+z� = �x �� �� �� &0 y = � ����T $.��0 E� !T&' ���#�$ �0

*���M �[�&�
 �.
9Z��M�
 �� 
�.&3 �. C �� 0� *!'

C :
{
x� + z� = �x
y = �

:
{

(x− �)� + z� = �

y = �

: r(t) =
−−−−−−−−−−→(
cos t,�, sin t

)
� ≤ t ≤ �π

���#E * �C = �π × � = �π �M $$�S�
 �h'?
 >.T R#� .$
��?U0 *(�� � `&UO �0 ����#�$ C ����


mean
C

f =
�

�π

∫
C

f ds

=
�

�π

∫ �π

�

{
cos t+ �+ � sin t

}
×

∥∥∥∥−−−−−−−−−−−→(− cos t,�, sin t)
∥∥∥∥ dt

= �

�.&3 !VO �0 �� ��
 E� (x, y, z) ��Y\� �&
$ ���M x�= A, .�8�
���
 R#� *�O&0 T = xy+z �0��0 C = (�,�,�)(�,−�,�) y�
�B$&U� �&
$ �0 &� Z��$�
 .��1 �#&
�S �� B�c#� y��
 N# .$ �.

*���M �[�&�
 �. �#&	� �&
$ ����0



a & � 	

R#� ��.�#$ ('&"
 *(�� h = �/�+y/
 ��E���� �0 5F E� (x, y)

*���M �[�&�
 �. .&j'
�� 0� *Z#���0 ���� �� C ��g�� �F �0 h E� (�� �=&M *!'

9Z��M�
 �� 
�.&3 �. ��g�� �F

C :
(
x�/�

)�
+

(
y�/�

)�
=

(


�/�

)�
: r(t) =

−−−−−−−−−−−−→(

 cos� t,
 sin� t

)
; � ≤ t ≤ �π

&0 (�� �0��0 .&j' �[�&) ('&"
 ���� � .$

A =
∫

C

h ds

=
∫ �π

�

(
�

�
+
�




 sin� t

)

×
∥∥∥∥−−−−−−−−−−−−−−−−−−−−−−−−→(− �� sin t cos� t,�� cos t sin� t

)∥∥∥∥ dt
= ��

∫ π

�

∣∣ sin t cos t
∣∣ dt

= ��

∫ π/�

�

sin t cos t dt = ��

�0���� �����*

��"
 �0 �#&+�3�� A�

C : r =

−−−−−−−−−−−−→(
t,
�
√
�

�
t�/�,

t�

�

)
; � ≤ t ≤ �

5&V
 .$ 5F (�� m�j
 5�c�
 � ��M�
 (M�'
.$ &+�3�� R#� *(�� q = �/(x + �) ��E���&0 (x, y, z)

���M�
 m�j
 (�� .��\
 �Q ��"
 !M

��3.&
 !VO �0 ����3 A;

C : r =
−−−−−−−−−−−−−−−→(
� cos t,−� sin t,�t

)
; � ≤ t ≤ �π

h = � + z/
 �0��0 (x, y, z) ��Y\� .$ 5F `&��.� �M �(��
*���M �[�&�
 �. �$�� ^Y� !M ('&"
 *�O&0�


!VO �0 �c�= �����
 A�

C : r =

−−−−−−−−−−−−−−−−−−→(
t cos t, t sin t,

�
√
�

�
t�/�

)
; � ≤ t ≤ �π

5F E� (x, y, z) 5&V
 .$ �V#� VB� .&0 �B&�Q �M �(��
�. ���
 R#� �0 $)
 .&0 !M .��\
 *(�� q = x ��E���&0

*���M �[�&�


*F =
−−−−−−−−−−−−−→(
∂U

∂x�
,
∂U

∂y�
,
∂U

∂z�

)
>.T R#� .$ �M (�� RO�.

�� ��
 E� !T&' ����� �� 0{&) 5���
 !�"�& 3 �'�() �����*
�
�) �B&�Q ��.�$ 5F E� x, y, z ��Y\� �M (�,�,�)(�,�,�)

*���M �[�&�
 �. (�� δ = x+ y

(x�, y�, z�) 5&V
 .$ m� 4�) �0 ���Y\� P� Z��M x�= *!'
����
 m��@� ����� �� 0{&) 5���
 !"�& 3 >.T R#� .$ *�O&0

E� (�� >.&[, C

U(x�, y�, z�) =

=
∫ �

�

Gm�((�− t) + t)
√
� dt

(�− t− x�)� + (t− y�)� + (�− z�)�)�/�

= Gm�

√
�

∫ �

�

(
�t� − �(x� + y� − �)t

+(x�
�

+ y�
�
+(�− z�)�)

)−�/�

dt

= Gm�

∫ �

�

(
�

�
(�t−y�−�+x�)

�

+
�

�
(x�+y�−�)�+�(z�−�)�

)−�/�

dt

= Gm� ln
∣∣∣∣
(
�−y�+x�

+
√

(�−y�+x�)�+(x�+y�−�)�+
(z�−�)�
)

÷
(
�+y�−x�

+
√

(�+y�−x�)�+(x�+y�−�)�+
(z�−�)�
)∣∣∣

���� �� �&�$�0.&M �M (�� RO�. �78����� �����*
�0 ��+� 5��, �0 *$O�+� �T?� _&0 $.�
 �0 ��� ̀� y�

9���M �)� �#E �&a


��Y0&- &0 5&
E X"' �0 �#&+�3�� A& �'�() �����*
(�� 5�c�
 �S� *��M�
 (M�' r(t) =

−−−−−−−−−−−−→(
t,�+ t�, t+ t�

)
(,�� V � (�� (0&f N# A �M �O&0 q = AV �0��0 5F �=�j

��h�B E� &+�3�� (�� m�j
 !M 5�c�
 �(�� &+�3�� ���h�B

*���M oL6
 �. t = � &� t = �

9Z#���0 ���� �� C &+�3�� ��"
 �0 q E� (�� �=&M *!'

Q =
∫

C

q ds

=
∫ �

�

A

√
(�)� + (�t)� + (�+ �t)�

∥∥∥∥−−−−−−−−−−→(�,�t,�+ �t)
∥∥∥∥ dt

= A

∫ �

�

(
t� + �t+ �) dt = �
A

�.& � ���U#C ��g�� �F !VO �0 ���,&1 &0 �.&j' A, .�8�
��Y\� .$ `&��.� �M (�� .&� �� .$ x�/� + y�/� = 
�/� A!VO



& � 	 E a

�&��F �Z#���0 �h� .$ (	) R#� &0 �. C �S� *$+� �� 
�.&3 5���

(O� 5���
 �#E !VO �0 �. −C

−C : m(t) =
−−−−−−−−−−−→(
� sin t,� cos t

)
; −�π/� ≤ t ≤ π/�

��Y0&- &0 h : [−�π/�;π/�] −→ [�;�π] �S� �M $O �)�
;*7 !VO �0 *m(t) = r(h(t)) �&��F ��O&0 h(t) = π/� − t

*$O �)�

}
����
 N# �0 (	) 9;*7 !VO

>.T �$ �0 �. C = (�,�,�)(�,�,�) y� �.&3 A, .�8�
D�. �#E .$ ��� �0 ��F E� &# ��F �0 ��� E� �$�M .�� 	) 5���


9Z#��$.�F �. �$ �� 5$�M �� 
�.&3

C : r(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
=
−−−−−→(
t,�,�t

)
; � ≤ t ≤ �

C : m(t) = (�− t)−−−−−→(
�,�,�

)
+ t
−−−−−→(
�,�,�

)
=
−−−−−−−−−−−−→(
�− t,�,�− �t) ; � ≤ t ≤ �

�#U� ���U# *m(t) = r(� − t) (B&' R#� .$ �M $O �)�
h(t) = �− t ��Y0&- &0 h : [�;�] −→ [�;�] �h� $.
 � 
�.&3

*(��
� (�,�,�) �(�,�,�) /g. &0 d�a
 C Z��M x�= A
 .�8�
��U
 R#� �0 �(�� �V� �� C >.T R#� .$ *�O&0 (�,�,�)

�0 �. C !�B$ R�+� �0 *$O�
 E&�� � 
�.&3 �� !1��' �0 �M
*A$O �)� �*7 !VO �0C $�M .�� 	) 5���
 >.T 
 = ��

� C� = −C� �C� = −C� �C
 = −C� �M $O�
 �h'?

*C� = −C�}

d�a
 N# �0 G� L
 �&	 	) 9�*7 !VO

�0���� $���*

A�� G̀F �� !����F� $�4

5���
 4	�
 �#&0 &z 
�\
 �4�$ ̀� y� ���� �� G#�U� ���0
*Z��M K�Y
 �. �.�$�0

�U0&� &q= .$ �.�$�0 5���
 N# E� .h�
 ������ ����*
���v 
 �� e0&� �� ���#$ 5&�0 �0 *F : R� −→ R� !VO �0 (��

�M ��.�$ $)� 5&�Q F ����B
 e0�� 4&�0

F(x, y) =
−−−−−−−−−−−−−−−−−−−−−−−−→(
P (x, y, z), Q(x, y, z), R(x, y, z)

)
= P (x, y, z)i +Q(x, y, z)j +R(x, y, z)k

5���
 �#E !VO �0 �. ���T .$ �.�$�0 5���
 �0&6
 >.T �0
$+� G#�U�

F(x, y) =
−−−−−−−−−−−−→(
P (x, y), Q(x, y)

)
= P (x, y)i +Q(x, y)j

e0�� $.
 .$ � �T&� H ���M x�= ������ ����*
��.T .$ A ***� ��#n3t 6
 ��� ��3 ��h�C (�� ���v 
 ��Q
�&���B�
 �M (�� H (�T&� ��.�$ F �.�$�0 5���
 Z�gS�


*��O&0 H (�T&� ��.�$ 5F

�M ���M x�= �� 0� ��U!U) �2 7OR ����� ����*
N# E� .h�
 ��O&0 &q= .$ ����
 N# C : r(t) ; a ≤ t ≤ b

�#n3!�"����#$ � �#n3/VU
 (�� �U0&� C ���0 ������I t��J	
>.T R#� .$ h : [c; d] −→ [a; b] ���&


C : m(t) : = r(h(t)) ; c ≤ t ≤ d

�(�� �#n<�VU
 h 5Q *Z�
&��
 h-+�	 C ������It��J	 �.
([a
 �.�+� &# � (�� ���
 �.�+� &# (c, d) �0 h′(t) R#��0&�0
u<�� ������I t��J	 h ��O&0 ([a
 (a; b) �0 h′(t) �S� *�O&0�

7�% ������It��J	 �. h ��O&0 ���
 (c; d) �0 h′(t) �S� � 7�%
%&L �� C ���0 ijL0 � 
�.&3 N# �l�&�Q *Z�gS L���3��
5�$�S�0 (	) �&�� 
�.&3 �#U� E� �M Z���� �E&)� � $O
!+, *Z�
&��
 �����% !�(�� N# �. C &z'?YT� �$O �$&� ��
(	) &0 C *Z�
&��
 !����% �. ����
 ���0 (	) %&L ��
&	�� �. �Q.&<V# �&�����
 *Z��$�
 5&6� −C $&+� &0 �. L����
�V� k &0 ����
 �� �M �B&' .$ $�M .�� 	) 5���
 >.T �$ �0

*$+� �� 
�.&3 5���
 t#�@ �k �0 �.

R#� *C : x� + y� = � ���M x�= A& �'�() ����*
t ∈ [�;�π] �M r(t) =

−−−−−−−−−−−→(
� cos t,� sin t

) >.T �0 �. ����




E a & � 	

�)
∫

C

(a�F� + a�F�) • dr

= a�

∫
C

F� • dr + a�

∫
C

F� • dr

�)
∫

C�+C�

F • dr =
∫

C�

F • dr +
∫

C�

F • dr

�)
∫
−C

F • dr = −
∫

C

F • dr

�0 ��� ̀� y� ���� �� �M $O �)� �78����� *���*
�� "0 4�$ ̀� y� ���� �� �M �B&' .$ $.��� �� "0 ��� 	)

*$.�$ 5F �0 4&�

�&�0 F = P i + Qj + Rk �l�&�Q �78����� ����*
(O� 5���
 ∫

C F • dr∫
C

P dx+Qdy +Rdz

T = r′/‖r′‖ ��V# �.�$�0 �$&� �&	���"M �S� ���?U0∫
C F • dr �&�0 �&��F �Z#���0 v = (cosα, cosβ, cos γ) �.

(O� 5���
∫
C

(P cosα+Q cosβ +R cos γ) ds

γ � β �α �M $O �)� *(�� ��� ̀� y� ���� �� N# �M
.�
−z � .�
−y �.�
−x &0 T �M �� "� ���#��E X��� 0

*$E&��


���M x�= A& �'�() �����*

F =
−−−−−−−−−−−−−−−−−−−−−−→(− y/(x� + y�), x/(x� + y�)

)
*(�� ��O .�� 	) ��&a�a
 (	) �0 �M �O&0 �'�� ���#�$ C �

*���M �[�&�
 �. C �0 F ���� ��
�(�� ��&a�a
 5F (	) � C : x� + y� = � 5Q *!'

Z�"#��

C : r(t) =

−−−−−−−−→(
cos t, sin t

)
; � ≤ t ≤ �π

E� (�� >.&[, C �0 F ���� �� ���� � .$
∫

C

F • dr =
∫ �π

�

F
(
cos t, sin t

)
•
−−−−−−−−−−→(− sin t, cos t

)
dt

=
∫ �π

�

−−−−−−−−−−→(− sin t, cos t
)

•
−−−−−−−−−−→(− sin t, cos t

)
dt

=
∫ �π

�

dt = �π

����
 �0 �. F =
−−−−−−−−→(
xy, yz, zx

) �.�$�0 5���
 ���� �� A, .�8�

C : r =
−−−−−→(
�, t, t�

)
; −� ≤ t ≤ �

��Y0&- &0 h : [−�;�] −→ [−π/�;π/�] ���$ 5&6� A�
*(�� � 
�.&3 �#U� h(t) = arcsin t

�C : r(t) =
−−−−−−−−−→(
sin t, cos t, t

)
, −π ≤ t ≤ �π �&S �� A;

]<� � (�� � 
�.&3 ���v 
 N# h(t) = πt �M ���$ 5&6�
*��"#�0 �. h y�� C � 
�.&3 �#���

>.T ��Q �0 �. R� .$ C : x� + �y� = � �q�0 A�
*���M 5&�0 �. N# �� �$�M .�� 	) 5���


y�� �M (�� x� + y� = � �� �� �� �� [B �$ C ���M x�= A�
��Q �0 �. C *�����O ��) z = � � z = x >&��T

*���M �� 
�.&3 �. N# �� �$�M .�� 	) 5���
 >.T

�M (�� x� + y� + z� = � ���M E� � +"1 S ���M x�= AH
��Q �0 �. C *�O&0 5F �� [B C � $.�$ .��1 ��� Z 6� N# .$

*���M �� 
�.&3 �. N# �� �$�M .�� 	) 5���
 >.T
(�� .�� 	) ����
 N# C ���M x�= ������ %���*

̀� y�C ���� �� >.T R#� .$ *�O&0�
 �.�$�0 �����
 F �
!VO �0 �. C �0 F A4�$

∫
C

F • dr =
∫ b

a

F
(
r(t)

)
•r′(t) dt

(�� ��O x�= &��#� .$ �M �Z��M�
 G#�U�

C : r(t) ; a ≤ t ≤ b

>.&[, �&�0 ��O&0 ��O �$�$ ^�-� � 
�.&3 ��Q y�� C �S�
�. ����Q R#� �&	�.&[, ̀+�
 �_&0 ��&"� .$ (��. (+�

9Z��M�
 �$&� ��∫
C

F • dr =
∫

C�

F dr +
∫

C�

F dr + · · ·+
∫

Cn

F dr

� r(t) =
−−−−−−−→
(x(t), y(t)) �M ��.T .$ ���&j L
 5&�0 �0

�&��F �F =
−−−−−−−−−−−−→
(P (x, y), Q(x, y))∫

C

F • dr=
∫ b

a

{
P
(
x(t), y(t)

)
x′(t)+Q

(
x(t), y(t)

)
y′(t)

}
dt

5���
 � r(t) =
−−−−−−−−−−−→
(x(t), y(t), z(t)) ����
 �M ��.T .$ ���?U0

Z#.�$ *�O&0 F =
−−−−−−−−−−−−−−−−−−−−−−−−→(
P (x, y, z), Q(x, y, z), R(x, y, z)

)
∫

C

F • dr =
∫ b

a

{
P
(
x(t), y(t), z(t)

)
x′(t)

+Q
(
x(t), y(t), z(t)

)
y′(t)

+R
(
x(t), y(t), z(t)

)
z′(t)

}
dt

�C� �C ��.�$�0 5���
 F� � F� �F �S� ���� &���*
>.T R#� .$ ���O&0 ��LB$ $��,� a� � a� � ����
 C�



& � 	 E a

*���M �[�&�
 C �0 �. F ���� �� � �$�M �� 
�.&3 �. C $.
 �� .$
9$O �)� RV+
 �&	 	) �0

�) F =
−−−−−−−→
(�/x,�/y), C =

−−−−−−−−→
(�,�)(�,�)

�) F =
−−−−−−−→
(z,�y,�x), C : x� + y� + z� = �, z = �,� ≤ y

	) F = yi + (x+ y)j, C : y = x�, y ≤ �


) F = (x+ y + z)
(
i + j− k

)
,

C : x = y = �z,� ≤ y ≤ �

C �0 �. F ���� �� � �$�M .j� S &# D �� [B �. C $.
 �� .$
9$O �)� RV+
 �&	 	) �0 *���M �[�&�


�) F = yi + j, D : x� + y� ≤ �,� ≤ x

��) F = x�j, D : x ≥ �, y ≥ �, x+ y ≤ �

��) F =
−−−−−−−−−−−−→(
x, y − z, x+ �z

)
, S : y ≥ x�, z = x+ �, y ≤ �

��) F =
−−−−−−−−−→(
z�, x+ y, z

)
, S : x� + y� + z� ≤ �, y =

√
�z

}

.h�
 �0 �&	����
 5$+� �� 
�.&3 9�*7 !VO
4�$ ̀� y� ���� �� �� [�&�


A�� G̀F �� !����F� ����	N (�4

�5F e[� �0 � N#c�= .$ �,� 
 �&�$�0.&M 4�$ ̀� y� ���� ��
*$O�
 �M{ &��#� .$ &	�F E� $.
 �� &	�� �M $.�$ ����	
 .$

���M x�= ���L � .	�!) �� ��2��L ����*

C : r(t) ; a ≤ t ≤ b

�.�$�0 �����
 F � (�� 5&
E X"' �0 �M�� 
 (M�' ��"

ti+Δti &� ti ��&
E ��E&0 �S� *$$�S�
 G#�U� C ����� �0 �M (��
Z�����
 $O � �&M d�0 (��M E� �V�#� 5��0 �Z#���0 �h� .$ �.
r(ti + Δti) &� r(ti) E� Z�\ "
 ��"
 �0 w�� 
 �M Z��M x�=

*���M �[�&�

Z#.�$ �G#�U� N+M �0 *!'

∫
C

F • dr =
∫ �

−�
F
−−−−−→(
�, t, t�

)
•
−−−−−−→(
�,�,�t

)
dt

=
∫ �

−�

−−−−−−→(
t, t�, t�

)
•
−−−−−−→(
�,�,�t

)
dt

=
∫ �

−�
�t� dt = �

(�,�,�) � (�,�,�) �(�,�,�) /g. &0 d�a
 A
 .�8�
(�,�,�) .�$�0 $�� ��. (	) &0 �M Z��M�
 .�� 	) �.@ �.
���� �� 5F �0 F =

−−−−−−−−−→(
z, x+ y,�z

) �.�$�0 5���
 E� *�O&0 .&SE&�
*�#���0

>.T �0 �. .Mn
 Δ d�a
 �#&0 GB���*7 !VO �0 �h� *!'
>.T R#� .$ &
� *Z��M �#c�� Δ = i j + j k + k i

i j : r(t) =
−−−−−−−−→(
�− t, t,�) ; � ≤ t ≤ �

j k : r(t) =
−−−−−−−−→(
�,�− t, t) ; � ≤ t ≤ �

k i : r(t) =
−−−−−−−−→(
t,�,�− t) ; � ≤ t ≤ �

&0 (�� �0��0 �h� $.
 ���� ��∫
Δ

F • dr =
∫
i j

F • dr +
∫
jk

F • dr +
∫
k i

F • dr

=
∫ �

�

F
−−−−−−−−→(
�− t, t,�) •

−−−−−−−−→(− �,�,�) dt
+

∫ �

�

F
−−−−−−−−→(
�,�− t, t) •

−−−−−−−→(
�,−�,�) dt

+
∫ �

�

F
−−−−−−−−→(
t,�,�− t) •

−−−−−−−→(
�,�,−�) dt

=
∫ �

�

−−−−−→(
�,�,�

)
•
−−−−−−−−→(− �,�,�) dt

+
∫ �

�

−−−−−−−−→(
t,�− t,�t) •

−−−−−−−→(
�,−�,�) dt

+
∫ �

�

−−−−−−−−−−−−→(
�− t, t,�− �t) •

−−−−−−−→(
�,�,−�) dt

=
∫ �

�

dt+
∫ �

�

(�t− �) dt+
∫ �

�

(t− �)dt = �

9�#���0 ���� �� C �0 F E� �$.
 �� .$ �0���� �����*

�) F =
−−−−−−→(
x, x− y), C : r(t)=

−−−−−−−−→(
t+�, t�−t);� ≤ t ≤ �

�) F =
−−−−−−−−→(
x, yz, xyz

)
, C : r(t) =

−−−−−−→(
t�, t�, t

)
;−� ≤ t ≤ �

�) F = yi + xj, C : r(t) = ti + t�j ; −� ≤ t ≤ �

�) F = zi + yj + xi,

C : r(t) = sin ti + cos tj + tk ; � ≤ t ≤ �π



E a & � 	

= n

∫ �π

�

F
(
a sin t, a cos t

)
•
−−−−−−−−−−−→(
a cos t,−a sin t

)
dt

= n

∫ �π

�

�

a�

−−−−−−−−−−−−−−−−−−−−−−−→(
a sin t+ a cos t, a cos t− a sin t

)
•
−−−−−−−−−−−→(
a cos t,−a sin t

)
dt

= n

∫ �π

�

dt = �nπ

A = (�,�,�) ��Y\� E� C� ��"
 E� .&[V# �M�� 
 A
 .�8�
�0C C� ��"
 E� ��#$ .&0 � $�.�
 B = (�,�,�) ��Y\� �0
x�= �0 �. $.
 �� .$ ��O 4&��� .&M A$O �)� %��*7 !VO

*���M �[�&�
 F = yi− xj + k

(�� �q�0 C� ��"
 *!'

C� :

⎧⎨
⎩

x� + y� = �

y = z
� ≤ x, y

:

{
r(t) =

−−−−−−−−−−−−−−−−→(
� cos t,� sin t,� sin t

)
� ≤ t ≤ π/�

9(�� y� �.&3 �$ `&+ )� C� �

C�

�
: r(t) = (�− t)−−−−−→(

�,�,�
)

+ t
−−−−−→(
�,�,�

)
; � ≤ t ≤ �

C�

�
: r(t) = (�− t)−−−−−→(

�,�,�
)

+ t
−−−−−→(
�,�,�

)
; � ≤ t ≤ �

��� � .$

W� =
∫

C�

F • dr

=
∫ π/�

�

−−−−−−−−−−−−−−→(
� sin t,−� cos t,�

)
•
−−−−−−−−−−−−−−−−−−→(− � sin t,� cos t,� cos t

)
dt

= �

∫ π/�

�

(cos t− �) dt = −π

W� =
∫

C�

F • dr

=
∫

C�

�

F • dr +
∫

C�

�

F • dr

=
∫ �

�

−−−−−−−−−→
(�,�t− �,�) •

−−−−−−−→
(−�,�,�) dt

+
∫ �

�

−−−−−−→
(�t,�,�) •

−−−−−→
(�,�,�) dt

=
∫ �

�

� dt = �

�$O �)� ��O 4&��� �&�.&M >�&�� �0

�0���� ����*
�.�$�0 5���
 ���0 �. ��*�*7 �&a
 E� � (+"1 A�

*���M !' F = xi + j + z�k

*(�� F(r(ti)) �0��0 �UY1 R#� ����� �0 c�� F � ��M�
 (M�'
�0��0 �UY1 R#� .$ ��O 4&��� .&M �X���� R#� �0

ΔWi

(�)≈ −−−−−−−−−−→
r(ti)r(ti + Δti) •F

−−−−→(
r(ti)

)
=

(
r(ti + Δti)− r(ti)

)
•F

(
r(ti)

)
(�)
= F

(
r(ti)

)
•r(ξi)Δti

≈ F
(
r(ti)

)
•r′(ti)Δti

�M � B&' .$ ��O 4&��� .&M �N#c�= t0&Y
 �V�#� ^�-� *(��
����$ %�q�T&' �0��0 �(�� (0&f 5���
 � �Y� 5&V
 ���v�
����S_ �� �q1 E� A;C .$ *(�� A�C ���� .�$�0 .$ 5&V
 ���v� .�$�0
ti+Δti � ti R�0 �$�, ξi �M Z#��$�M �$&� �� �.�$�0 e0�� ���0
��O 4&��� .&M !M ������&+B� D�. �0&�0 �R#��0&�0 *�O&0�


�0��0 F 5���
 ��f&� (�� w�� 
 y��

W = lim
Δti→�

n→∞

n∑
i=�

ΔWi

=
∫ b

a

F
(
r(t)

)
•r′(t) dt =

∫
C

F • dr

*Z#���0 ���� �� C �0 F •dr E� (�� �=&M � ̀+�
 .$ ]3 *(��

��"
 �0 �M�� 
 ���M x�= A& �'�() ����*
C : r(t) =

−−−−−−−−−→
(�+ t�, t, t�) ; −� ≤ t ≤ �

F = zi + (x − y)k �.�$�0 5���
 ��f&�� (�� � ��M�
 (M�'
*���M �[�&�
 �. ��O 4&��� .&M *$�$ .��1

Z#.�$ ��B&�"
 �&��$�$ �0 �)� &0 *!'

W =
∫

C

F dr =
∫ �

−�
F
(
�+ t�, t, t�

)
•
−−−−−−−→(
�t,�,�t

)
dt

=
∫ �

−�

−−−−−−−−−−−−→(
t�,�,�+ t� − t) •

−−−−−−−→(
�t,�,�t

)
dt

=
∫ �

−�

(
�t+ �t� − �t�) dt = ��

x� + y� = a� ���#�$ $�S �0 .&0 n �M�� 
 ���M x�= A, .�8�
�.�$�0 5���
 ��f&�� (�� � ���Q�
 ��&a�a
 ]V, (	) �

F =
(
(x+ y)i + (y − x)j)/(x� + y�)

*���M �[�&�
 �. w�� 
 y�� ��O 4&��� .&M *$�$ .��1
>.T �0 �. ����
 R#� *C : x� + y� = a� Z��M x�= *!'

C : r(t) =
−−−−−−−−−−→(
a sin t, a cos t

)
; � ≤ t ≤ �π

.&0 n w�� 
 5Q *$�M �� 
�.&3 5���
 /VU
 (	) .$
�. !
&M .�$ N# .$ ��O 4&��� .&M (�� �=&M �(�� �����Q

�R#��0&�0 *Z��M %�- n .$ �. !T&' ]<� � �$+� �[�&�


W = n

∫
C

F • dr



& � 	 E a

��3.&
 $�� 
� .$ �.[, 5&#�) .��\
 A, .�8�
C : r(t) =

−−−−−−−−−−−−−→
(� cos t,�t,� sin t) ; � ≤ t ≤ �π

*���M �[�&�
 �. F = zi + �j− xk �.�$�0 5���
 y��
&0 (�� �0��0 �h� $.
 .&O .��\
 �G#�U� N+M �0 *!'

Fn =
∫

C

F • dr

=
∫ �π

�

F
(
� cos t,�t,� sin t

)
•
−−−−−−−−−−−−−−−→(− � sin t,�,� cos t

)
dt

=
∫ �π

�

−−−−−−−−−−−−−−→(
� sin t,�,−� cos t

)
•
−−−−−−−−−−−−−−−→(− � sin t,�,� cos t

)
dt

=
∫ �π

�

−dt = −�π

C $�� 
� .$ F ����.nS 5&#�) �$.
 �� .$ �0���� %���*
9���M �[�&�
 �.

�) F =
−−−−−→(
x, y, z

)
, C : r(t) =

−−−−−−→(
t�, t�, t

)
; −� ≤ t ≤ �

�) F =
−−−→(
x, y

)
/

√
x� + y�, C : x� + y� = �

�) F =
−−−−−−−−→(
yz, xz, xy

)
, C : y = x� = z� , y ≤ �

�) F =
−−−−→(
x,�y

)
, C : x�/� + y�/� = �

�U!U) <� :� 9
��IG ��8 � .	�!) �� ��2��L &���*
����� �0 �M (�� �.�$�0 �����
 F ���M x�= ��!"# ��
.$ ����
 N# C : r(t) ; a ≤ t ≤ b � ��O G#�U� Ω �� �'&�
*Z��M�
 �[�&�
 �. C ����
 E� F y�� ���.nS .&O *(�� Ω

C �&�0 � �$+� �$&� �� �����&+B� D�. E� �.h�
 R#� ���0
E� �V�#� 5��0 *Z#��S�
 �h� .$ �. r(t + dt) &� r(t) E� �� UY1
>.&[, �UY1 R#� �M Z��M x�= Z�����
 $O � �&M d�0 (��M
*dr(t) = r(t+ dt)− r(t) 9(�� r(t+dt) &� r(t) E� y� �.&3 E�
� (0&f dr(t) ����� �0 F 5���
 �M Z��M x�= Z�����
 R��l+�
y�� dr(t) E� ���.nS .&O �X���� R#� �0 *(�� F

(
r(t)

) �0��0
�0 $+, $�� 
� .$ F

(
r(t)

) �#j� �@ &0 (�� �0��0 F(r(t))

Z#.�$ ���#$ >.&[, �0 dr(t) �@ .$ %�- dr(t)

dFn ≈ F
−−−→(
r(t)

)
•

(
dr(t)
‖dr(t)‖

)⊥
‖dr(t)‖

= F(r(t)) • (dr(t))⊥

=
−−−−−−−−−−−−−→(
P
(
r(t)

)
, Q

(
r(t)

))
•
−−−−−−−−−−−→(
d y(t),−d x(t))

=
(
P
(
x(t), y(t)

)
y′(t)−Q(

x(t), y(t)
)
x′(t)

)
dt

9E� (�� >.&[, F y�� C E� �.[, .&O !M �R#��0&�0

Fn =
∫

C

dFn =
∫

C

P dy −Qdx

!VO �0 ��3.&
 C ���M x�= A;

C : r(t) =
−−−−−−−−−−−−−−−−−→(
� cos t,� sin t,�t+ �

)
; −π ≤ t ≤ π

�. F ��f&� C y�� ��O 4&��� .&M $.
 �� .$ ��O&0
���M �[�&�


GB�C F = xi + j + k %C F = x� + y�j + z�k

:C F =
−−−−−−−−−−−−−−→(
x, x + y, x+ y + z

)
$C F = (x + y + z)

(
i + j + k

)
<� ��
C)� �� Y���R � .	�!) �� ��2��L ����*
�� �'&� ����� .$ �M (�� �.�$�0 �����
 F ���M x�= ��U!U)
N# C : r(t) ; a ≤ t ≤ b ���M x�= *(�� ��O G#�U� Ω

C $�� 
� .$ F ����.nS 5&#�) Z�����
 *(�� Ω .$ e1�� ����

F 5&#�) E� �+�' �Q �M Z��M oL6
 ��U# *Z��M �[�&�
 �.
4&��� �����&+B� D�. �0 �. .&M R#� *��M�
 (M�' C $�� 
� .$
.$ r(t + dt) &� r(t) E� �� UY1 C !M �&�0 Z��M x�= *Z��$�

Z��M x�= Z�����
 d�0 (��M E� ��O � �&M 5��0 *(�� .&� ��
� dr(t) = r(t + dt) − r(t) (�� y� �.&3 N# �UY1 R#� �M
.$ *�O&0�
 F(r(t)) �0��0 � (0&f �UY1 R#� ����� �0 F ��?U0
.$ F(r(t)) �#j� �@ �0��0 �UY1 $�� 
� .$ 5&#�) �>.T R#�

���#$ 5&�0 �0 *(�� dr(t) �@ .$ %�- dr(t) $�� 
�

dFn = F(r(t)) • dr(t)

E� (�� >.&[, C $�� 
� .$ 5&#�) !M ���� � .$

Fn =
∫ b

a

dFn

=
∫ b

a

F
(
r(t)

)
• dr(t)

=
∫

C

F • dr

����
 $�� 
� .$ 5&#�) .��\
 A& �'�() $���*
C : r(t) =

−−−−−−−−−→(
�t, t� + �, t

)
; � ≤ t ≤ �

*���M �[�&�
 �. F =
−−−−−−−→(
x�, y�, z�

) �.�$�0 5���
 y��
&0 (�� �0��0 �h� $.
 5&#�) .��\
 �G#�U� N+M �0 *!'

Fn =
∫

C

F • dr

=
∫ �

�

F
(
�t, t� + �, t

)
•
−−−−−−→(
�,�t,�

)
dt

=
∫ �

�

−−−−−−−−−−−−−−−−→(
�t�, t� + �t� + �, t�

)
•
−−−−−−→(
�,�t,�

)
dt

=
∫ �

�

{
�t� + �t� + �t� + �t

}
dt =

��

�



�

B &	�F �&	 �� � A &	�F ��� 0� �M ��O&0 Ω .$ ����
 �$ C� �
�M �M�� 
 y�� ��O 4&��� .&M &#F �M (�� R#� ���� *�� "�
�M (�� �M�� 
 y�� ��O 4&��� .&M �0��0 ��M�
 (M�' C� �0
y�� ��O 4&��� .&M &#F �j L
 5&�0 �0 ���M�
 (M�' C� �0
�� "0 ��"
 %&L �� �0 ��.�$ .��1 F ��f&� (�� �M Ω .$ &	M�� 

�0 F Z�gS�
 ��O&0 ���
 ��� R#� ��&3 �l�&�Q ���� &# �$.�$
*Z#E�$�3�
 4	�
 R#� t�1$ �� UB&Y
 � 5&�0 �0 ?z #{ *(�� �#&\0� Ω

�M (�� �.�$�0 �����
 F ���M x�= �� ����� ��$�*
(�� !��9�� Ω �0 F Z�gS�
 ��.T .$ *$$�S�
 G#�U� Ω �0
e1�� C� � C� ����
 �$ �� � Ω E� B � A �Y\� �$ �� Ǳ�E&0 �M
�0 F ���� �� �0��0 C� �0 F ���� �� �B �&	 �� � A ��� 0� &0 Ω .$

*A$O �)� GB��H*7 !VO �0C �O&0 C�

*�O&0 Ω �0 �.�$�0 5���
 F ���M x�= �� ����� ��$�*
����
 �� Ǳ�E&0 �M (�� !��9�� Ω �0 F Z�gS�
 ��.T .$
�0C

∫
C

F •dr = � 9�O&0 ��T C �0 F ���� �� �Ω .$ C ��  "0
*A$O �)� GB��H*7 !VO

}

�#&\0� 5���
 G#�U� G�T� 9H*7 !VO

*��B$&U
 ; � � G#.&U� ���� ��$�*
� �O&0 �g&\0� Ω �0 � G#�U� .$ ��[U� �0 F Z��M x�= ������
R#� .$ *Z��M�
 %&L �� �. Ω .$ e1�� C ��LB$ ��  "0 ����

Z��M %&L �� C �0 �. B � A !a
 >�&� 
 ��Y\� �$ �S� �>.T
�M C = C� + C� �&��F �Z�
&�0 C� � C� �. !T&' ��UY1 �$ �
��O E&bF B E� C� � ���M�
 ���3 Z � B �0 � ��O E&bF A E� C�
E� −C� � C� ����
 �$ �� ���� � .$ *��M�
 ���3 Z � A �0 �
&	�F �0 F ���� �� �nB � ����M�
 ���3 Z � B �0 � ��O E&bF A

R#��0&�0 *(�� ��&"
∫
C

F •dr =
∫

C�

F •dr−
∫
−C�

F •dr = �

*�O&0�
 �g&\0� Ω �0 ; G#�U� .$ ��[U� �0 F �nB �
�$ � �O&0 �g&\0� Ω �0 ; G#�U� .$ ��[U� �0 F Z��M x�=
A ��� 0� &0 Ω .$ e1�� C� � C� ����
 �$ � Ω E� B � A �Y\�

x� + y� = � ����
 E� ���.nS .&O A& �'�() *���*
�. F =

−−−−−−−−−−−−−−−−−−−−−→(
x/(x� + y�),�y/(x� + y�)

)
�.�$�0 5���
 y��

*���M �[�&�

>.T �0 �. ����
 R#� *!'

r(t) =
−−−−−−−−−−−→(
� cos t,� sin t

)
; � ≤ t ≤ �π

E� (�� >.&[, C E� ���.nS .&O ���� � .$ *Z��M�
 �� 
�.&3

Fn =
∫

C

P dy −Qdx

=
∫ �π

�

{
(� cos t)

(� sin t)� + (� cos t)�
d(� sin t)

− �(� sin t)
(� sin t)� + (� cos t)�

d(� cos t)
}

=
∫ �π

�

{
(� cos t)(� cos t dt)− �(� sin t)(−� sin t dt)

}
=
�

�

∫ �π

�

(�+ � sin� t) dt = �π

����
 E� ���.nS .&O A, .�8�

C : r(t) =
−−−−−−→
(�− t, t�) ; −� ≤ t ≤ �

*���M �[�&�
 �. F = x�i + �yi �.�$�0 5���
 y��
Z#.�$ J*�*7 �0 �)� &0 *!'

Fn =
∫

C

P dy −Qdx

=
∫ �

−�

{
(�− t)� d(t�)− (�t�) d(�− t)

}

=
∫ �

−�

{
(�− t)�(�t)− (�t�)(−�)

}
dt = −��

�

y�� C E� �.[, 5&#�) �$.
 �$ �� .$ �0���� ����*
9���M �[�&�
 �. F �.�$�0 5���


*C : r(t)=
−−−−−−−−−→(
t sin t,t cos t

)
;� ≤ t ≤ π � F=

−−−−−−→(
y�,−x�) A�

(	) &0 C : x� + y� = � � F =
−−−→
(x, y)/

√
x� + y� A;
*��&a�a


(	) &0 C : x�/� + y�/� = � � F=
−−−−−−−−−−−→(
x+ y,x� + y�

) A�
*��&a�a


*C : r(t) =
−−−−−→(
t�,sin t

)
;−π ≤ t ≤ π � F=

−−−−−−−−→(
xy,x�+y�

) A�

��	#�� )���' +�4

Ω ��,+�
 ����� �0 �M (�� �.�$�0 5���
 N# F ���M x�=
C� � �� "� Ω E� �Y\� �$ B � A Z��M x�= *$O�
 G#�U�



�

��O �$.�F H !j= .$ ?z [1 A�C � A;C 4&V'� 5$0 �$&U

(�) � (�� �$&U
 (�) &0 (�) �M Z��M�
 >&[f� &��#� .$ *(��

*(�� �$&U
 (�) &0 c��

e0&� � �$0 �g&\0� Ω �0 F Z��M x�= �(�) ⇒ (�) ����� �����
f(A) �M Z��M�
 G#�U� >.T R#� �0 Ω �0 �. f �\�\' .��\
 &0
A �0 H E� HA (��. y� �.&3 �0 F y�� ��O 4&��� .&M �0��0

��#$ >.&[, �0 ��O&0

f(A) :=
∫ �

�

F((�− t)H + tA) dt

� A .$ ��� 0� &0 Ω .$ ��LB$ ����
 N# C Z��M x�= �&'
C� = HA+C−HB ����
 >.T R#� .$ *�O&0 B .$ �&	 ��

��� � .$ *(�� ��T 5F �0 F ���� �� �nB � (�� � "0 Ω .$

� =
∫

C�

F •dr

=
∫

HA

F •dr +
∫

C

F •dr−
∫

HB

F •dr

= f(A) +
∫

C

F •dr− f(B)

*�O >&[f� AH*7 C ��&"� R#��0&�0 �

C� � C� � �O&0 .��1�0 A�C Z��M x�= �(�)⇒ (�) ����� �����
R#� .$ ���O&0 Ω .$ e1�� B .$ �&	 �� � A .$ ��� 0� &0 ����
 �$
w� 6
 .��\
 &0 ∫

C�

F •dr � ∫
C�

F •dr ���� �� �$ �� >.T
*(�� .��1�0 A�C �nB � ���0��0 f(B)− f(A)

��T A;C .$ Ω � f �F Z��M x�= �(�) ⇒ (�) ����� �����
����
 �$ Ai = �,� &0C Ci : ri ; a ≤ t ≤ b Z��M x�= *���M

>.T R#� .$ *��O&0 w� 6
 �&	 �� � ��� 0� &0 Ω .$ ��LB$
∫

C

F •dr =
∫ b

a

P (r(t))x′(t) dt

+
∫ b

a

Q(r(t)) y′(t) dt+
∫ b

a

R(r(t)) z′(t) dt

=
∫ b

a

∂f

∂x
(r(t)).

dx

dt
+
∂f

∂y
(r(t)).

dy

dt
+
∂f

∂z
(r(t)).

dz

dt

(�)
=

∫ b

a

d

dt
f(r(t)) dt = f(r(t))

∣∣∣b
a

= f(B)− f(A).

*(�� ��O �$&� �� t 6
 �������E ���,&1 E� A�C .$ �V�#� ^�-�
*(�� .��1�0 A�C R#��0&�0

��Y\� *�O&0 .��1�0 A�C Z��M x�= �(�) ⇒ (�) ����� �����
���&
 5F �0 N#$c� .&�"0 ��Y\� � Ω E� A = (x, y, z) ��LB$
�S� �>.T R#� .$ *Z#��S�
 �h� .$ �. B = A + (ε,�,�)

�>.T R#� .$ *Z��M�
 %&L �� ��LB$ >.T �0 B �&	 �� �
R#��0&�0 � �(�� Ω .$ � "0 ����
 N# C = C� − C� ����


��� � .$ *(�� ��T C �0 F ���� ��∫
C�

F •dr−
∫

C�

F •dr =
∫

C

F •dr = �

� *�O&0�
 �g&\0� Ω �0 � G#�U� .$ ��[U� �0 F ��B �

4&�0 ����q1 �0 E&�� �.�$�0 5���
 5$0 �#&\0� t�\�� ���0
)*T�FC� K?YT� ��q1 R#� .$ 9Z#.�$ �#&\0� �&	����
 �� �q1

*(�� ��O ^#�6� ��*�;*H .$ �M �$.�$ $)� >?@ ����+

� !VO �.& � ���,+�
 Ω ���M x�= ���� ��$�*
*�O&0�
 �#n<\ 6
 Ω �0 �M (�� �.�$�0 �����
 F =

−−−−−−→(
P,Q,R

)
9��B$&U
 �#E 4&V'� �>.T R#� .$

��U# �(�� �g&\0� Ω ��,+�
 �0 F �.�$�0 5���
 A�
��"
 E� !\ "
 �Ω .$ e1�� �&	����
 �0 F E� ����B��� ��

*(��

Ω �0 F •dr = P dx + Qdy + Rdz ���"����#$ >.&[, A;
$.�$ $)� 5&�Q Ω �0 �#n<\ 6
 f �U0&� ��U# �(�� !
&M

��#$ >.&[U0 *df = F •dr �M
∂f

∂x
= P,

∂f

∂y
= Q,

∂f

∂z
= R. A�*7 C

�$&U
 5&�0 �0 &#

f =
∫
P dx, f =

∫
Qdy, f =

∫
Rdz. A;*7 C

(��0 �. f 5���
 ����� �� �� R#� .��\
 ��"#&\
 &0 �M
*$.�F

Ω �0 F •dr = P dx + Qdy + Rdz ���"����#$ >.&[, A�
>.&[U0 *(�� ��T Ω �0 5F !�"����#$ ��U# �(�� t�1$

��#$
∂P

∂y
=
∂Q

∂x
,
∂P

∂z
=
∂R

∂x
,
∂Q

∂z
=
∂R

∂y
. A�*7 C

�0 �M $.�$ $)� ����S �0 Ω �0 �#n<��"����#$ f �U0&� A�
�B �&	 �� � A ��� 0� &0 Ω .$ C ��LB$ ����
 �� ��E�

Z#.�$∫
C

F •dr = f(B)− f(A) A�*7 C

*Z�
&��
 F ������ L���� >�E��I �. _&0 .$ f e0&�

�S� �M �O&0 ���Y\� H � �$0 !VO �.& � Ω Z��M x�= ������
!T�� y' �.&3 �Z��M !T� 5F �0 �. A !a
 Ω E� ��LB$ ��Y\� ��

*$���0 &) Ω .$ &z
&+�



�

�0 �M $.�$ $)� ����S �0 Ω �0 �#n<��"����#$ f �U0&� A�
�B �&	 �� � A ��� 0� &0 Ω .$ C ��LB$ ����
 �� ��E�

Z#.�$
∫

C

F •dr = f(B)− f(A) AH*7 C

*Z�
&��
 F ������ L���� >�E��I �. _&0 .$ f e0&�

��Y0&- &0 F �.�$�0 5���
 A& �'�() %�$�*
R� �0 F _z �� ���#E *(�� �#&\0� R� �0

−−−−−−−−−−−−−−−→(
ey − y, xey − x− �)

��&f .$ � $O�
 G#�U�

∂P

∂y
=

(
ey − y)

y
= ey − � =

(
xey − x+ �

)
x

=
∂Q

∂x

E� (�� >.&[, 5���
 R#� !�"�& 3 �X���� R#� �0

f = xey − xy − y + (0&f

��#E �("�� �#&\0� F =
−−−−−−−−−→(
x� + y�, xy

) 5���
 A, .�8�

∂P

∂x
=

(
xy

)
x

= y �= �y =
(
x� + y�

)
y

=
∂Q

∂y

*y = �y R#��0&�0 � �y = � 5F �0 �M .�
−x �0 ��

5���
 A
 .�8�

F=
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
yz+�xy+z�+�,xz+x�+�yz+�,xy+�xz+y�+�

)
G#�U� Ω �0 F � (�� !VO �.& � R� _z �� ��#E �(�� �#&\0� R� �0

��&f .$ � $O�


∂P

∂y
=

(
yz + �xy + z� + �

)
y

= z + �x

=
(
xz + x� + �yz + �

)
x

=
∂Q

∂x
∂P

∂z
=

(
yz + �xy + z� + �

)
z

= y + �z

=
(
xy + �xz + y� + �

)
x

=
∂R

∂x
∂Q

∂z
=

(
xz + x� + �yz + �

)
z

= x+ �y

=
(
xy + �xz + y� + �

)
y

=
∂R

∂y

E� (�� >.&[, 5���
 R#� !�"�& 3

f = xyz + x�y + y�z + z�x+ x+ y + z + (0&f

�-&#. E� ����S_ �� �q1 �0&�0 �&��F ��O&0 B �0 A E� y� �.&3 Cε

�M $.�$ $)� 5&�Q ε � I R�0 δ �$�, �� �
+,∫
C

F •dr = f(B)− f(A)

=
∂f

∂x
(x+ δ, y, z).ε

>.T �0 �. C ����
 �=�@ E�

r(t) = (�− t)A+ tB = (x+ tε, y, z)

��� � .$ *� ≤ t ≤ � �M �$+� �� 
�.&3 5���
∫
C

F •dr =
∫ �

�

P (x+ tε, y, z) dt

= P (x+ ε, y, z)− P (x, y, z)

(=&# � < δ < ε N# �� < ε �� ��E� �0 �M �O (0&f ]3
�M $O�


P (x+ ε, y, z)− P (x, y, z) =
∂f

∂x
(x+ δ, y, z).ε

�� (x, y, z) �� ��E� �0 �M Z#��S�
 ��� � �t 6
 �#& V# !�B$ �0
�$ �0&6
 >.T �0 *∂f

∂x
(x, y, z) = P (x, y, z) Z#.�$ �Ω E�

� *$$�S�
 ��� � A�*7 C .$ ��#$ ��&"�

���O&0 ���T .$ ����
 � �.�$�0 5���
 �S� �M $O �)�
9$+� 5&�0 5���
 �#E >.T �0 �. H*H*7 �� �q1 �&��F

!VO �.& � ���,+�
 Ω ���M x�= ���� $�$�*
Ω �0 �M (�� �.�$�0 �����
 F =

−−−−→(
P,Q

) � Oxy ���T .$
9��B$&U
 �#E 4&V'� �>.T R#� .$ *�O&0�
 �#n<\ 6


��U# �(�� �g&\0� Ω ��,+�
 �0 F �.�$�0 5���
 A�
��"
 E� !\ "
 �Ω .$ e1�� �&	����
 �0 F E� ����B��� ��

*(��

!
&M Ω �0 F •dr = P dx + Qdy ���"����#$ >.&[, A;
�M $.�$ $)� 5&�Q Ω �0 �#n<\ 6
 f �U0&� ��U# �(��

��#$ >.&[U0 *df = F •dr

∂f

∂x
= P,

∂f

∂y
= Q.

�$&U
 5&�0 �0 &#

f =
∫
P dx, f =

∫
Qdy.

(��0 �. f 5���
 ����� �� �� R#� .��\
 ��"#&\
 &0 �M
*$.�F

�(�� t�1$ Ω �0 F •dr = P dx+Qdy ���"����#$ >.&[, A�
��#$ >.&[U0 *(�� ��T Ω �0 5F !�"����#$ ��U#

∂P

∂y
=
∂Q

∂x
.



�

=
−xy

(x� + y� + z�)�/�

=

(
y√

x� + y� + z�

)
x

=
∂Q

∂x

∂P

∂z
=

(
x√

x� + y� + z�

)
z

=

=
−xz

(x� + y� + z�)�/�

=

(
z√

x� + y� + z�

)
x

=
∂R

∂x

∂Q

∂z
=

(
y√

x� + y� + z�

)
z

=

=
−yz

(x� + y� + z�)�/�

=

(
z√

x� + y� + z�

)
y

=
∂R

∂y

���0 *(�� �#&\0� F R#��0&�0 *����LB$ �U0�� C � B �A �M
9Z��M�
 !+, �#E D�. �0 F !�"�& 3 5$.�F (��0

f =
∫
P dx

=
x√

x� + y� + z�
dx

=
√
x� + y� + z� +A(y, z)

f =
∫
Qdy

=
y√

x� + y� + z�
dy

=
√
x� + y� + z� +B(x, z)

f =
∫
Rdz

=
z√

x� + y� + z�
dz

=
√
x� + y� + z� + C(x, y)

Z#.�$ $.
 �� R#� Ǳ�"#&\
 &0 �R#��0&�0 �

f =
√
x� + y� + z� + (0&f

��� � .$
∫ (�,�,�)

(�,�,�)

xdx+ y dy + z dz√
x� + y� + z�

= f(�,�,�)− f(�,�,�)

= �− � = �

5���
 �M ���M oL6
 $.
 �� .$ �0���� &�$�*
�$0 �#&\0� F �l�&�Q *(�� �#&\0� ���,+�
 �Q �0 ��O �$�$

9���M oL6
 �. 5F !�"�& 3

�("�� �#&\0� F =
−−−−−−−−−−−→(
x� − z�, xy, z) �.�$�0 5���
 A� .�8�

��#E
∂P

∂y
=

(
x� − z�)

y
= � �= y =

(
xy

)
x

=
∂Q

∂x

∂P

∂y
=

(
x� − z�)

z
= −�z �= � =

(
z
)
x

=
∂R

∂x

∂Q

∂z
=

(
xy

)
z

= � =
(
z
)
y

=
∂R

∂y

*(�� �#&\0� .�
 −x �0 &	�� 5���
 ��U# �y = z = � �V�F ��


�.
∫ (�,−�)

(�,�)

(
x+ y

)
dx +

(
x− y) dy ���� �� .��\
 A .�8�

*���M �[�&�

� (�� ��LB$ (�,−�) &� (�,�) E� C ��"
 &��#� .$ *!'
�0 F ���#E *(�� �#&\0� 5���
 R#� *(�� F =

−−−−−−−−−→(
x+ y, x− y)

R��l+� � (�� �#n<��"����#$ R� !VO �.& � ��,+�

∂P

∂y
=

(
x+ y

)
y

= � =
(
x− y)

x
=
∂Q

∂x

E� (�� >.&[, c�� F !�"�& 3 ���?U0

f =
∫
P dx

=
∫ (

x+ y
)
dx =

x�

�
+ xy +A(y)

f =
∫
Qdy

=
∫ (

x− y) dy = xy − y�

�
+B(x)

R#��0&�0 *����LB$ �U0�� B � A �M

f =
x�

�
+ xy − y�

�
+ (0&f

Z#.�$ ���[ � .$
∫ (�,−�)

(�,�)

(x+ y) dx+ (x− y) dy =
∫

C

F •dr

= f(�,−�)− f(�,�) = −��

Ǳ��[
 E� (�,�,�) &� (�,�,�) E� ��"
 �M ��.T .$ A4 .�8�

*���M �[�&�
 �.
∫ (�,�,�)

(�,�,�)

xdx + y dy + z dz√
x� + y� + z�

���� �� *$.n��

�0 (�,�,�) E� ��LB$ ����
 N# C �B&�"
 R#� .$ *!'
�������E �0 �. ����
 R#� *$.nS�+� Ǳ��[
 E� �M (�� (�,�,�)

.��1 � ≤ x �&q= Z�� .$ ?z M &# �M $�M �#c�� 5���
 &	����
 E�
Z�� R#� E� N# �� 5Q *x ≤ � �&q= Z�� .$ ?z M &# � ��.�$
F =

xdx+ y dy + z dz√
x� + y� + z�

�.�$�0 5���
 � ���VO �.& � &�&q=

5Q c�� � (�� �#n<\ 6
 &	�F E� N# �� �0

∂P

∂y
=

(
x√

x� + y� + z�

)
y

=



b � � & � 	

*$O �$.�F G#�U� ��Q

C : r(t) ; a ≤ t ≤ b ���M x�= ������ ��%�*
����
 Z�gS�
 ��.T .$ *�O&0 ��O 5&�0 � 
�.&3 N# &	�� &0
�. � "0 ����
 ��Q `&+ )� *r(a) = r(b) �M (�� )�E� C

��# L��� ��.T .$ �. C ����
 *Z�
&��
 � "0 ����
 c��
�&	 �� �$ c�0 �M $+� �� 
�.&3 �.@ ���F 5� 0 �M Z�gS !J":
� $6� �$+�3 .&0 �$ � 
�.&3 N# y�� ���Y\� ��� �� 
�.&3 ��
����
 *$6� �$+�3 �c�
 � 
�.&3 �$ y�� ���Y\� ��� ��?U0
*�O&0 �UY1 $� 5��0 � � "0 �M Z�gS L���k ��.T .$ �. C

.$ �� "� 5�$.W c � b �a $.�
 J*7 !VO .$ �'�() ��%�*
&	�F �M (�� 5F g � f �d !V6
 *�� "�� g � f �e �d �M �B&'

*("�� � "0 (e) ����
 � ��.�$ �UY1 $�
}

5�$.W ��b � 5�$.W ����
 9J*7 !VO

.$ 5�$.W ����
 N# C ���M x�= �Y���k � �� ��%�*
�� `&+ )� >.T �0 �. ���T !M >.T R#� .$ *�O&0 ���T
�M �.@ (O� 5���
 C∪Int(C)∪Ext(C) ��c�
 ��,+�


�0 /&+
 ��b � X E� E&bF &0 `&UO �� ⇔ X ∈ Int(C) AGB�
*��M eY1 �Y\� $�= �$��U� .$ �. C ��,+�
 �C

�0 /&+
 ��b � X E� E&bF &0 `&UO �� ⇔ X ∈ Ext(C) A%
Int(C) *��M eY1 ��Y\� :�E �$��U� .$ �. C ��,+�
 �C
7*7 !VO �0C Z�
&��
 C L���� �. Ext(C) �C L��� �.
�����0 ��Y\� N# X� � ���.$ ��Y\� N# X� �$O �)�

*A(�� C

5�.$ &0 5�$.W ����
 N# C ���M x�= ������ ��%�*
�M (�� � 	) C �� ������+� 7$8� 7�% E� .h�
 *(�� D
!VO �0 *$.�$ .��1 D ��,+�
 w�� 
 |Q (+� �.�+� 5F .$

*$O �)� �*7

�) F =
−−−−−−−−−−−−−−−→(
x� + y�, x�, y� + y

)

�) F =
−−−−−−−−−−−−−−−−−−−−→(
�/y − y/x�,�/x− x/y�

)
/

√
x� + y�

�) F=(xi+yj) /
√
x�+y� �) F = (yi− xj) /

√
x� + y�

�) F = (x+ y)i− xyj �) F = (x/y) i + j

	) F =
−−−−−−−→(
x, y�, z�

)

) F =

−−−−−−−−−−−−−−→
(yz − �, xz + �, xy)

�Q �M ���M oL6
 *���M �[�&�
 �. �#E �&	B��� �� E� N# ��
*(�� E&�
 ��O � ��� �&	 �� &� �� 0� E� ���"


�)
∫ (�,�,�)

(�,�,�)

xdx − y dy + z� dz

��)
∫ (�,�)

(�,−�)

(�xy − �) dx+ (x� + �) dy

��)
∫ (�,�)

(�,�)

(x− y)(dy − dx) ��)
∫ (�,
)

(�,�)

xdx + y dy√
x� + y�

��)
∫ (�,�)

(−�,−�)

(x� + �xy�) dx+ (�x�y� − �y�) dy

��)
∫ (�,�,�)

(�,�,�)

(x� − �yz) dx+ (y� − �xz) dy

+(z� − �xy) dz

��)
∫ (�,−�,�)

(�,�,�)

{
(x+ y − z) dx+ (x+ y − z) dy

+(x+ y + z) dz
}
/
{
x� + y� + z� + �xy

}

��)
∫ (−�,�,�)

(�,�,�)

(
�−�

y
+
y

z

)
dx+

(
x

z
+
x

y�

)
dy− xy

z�
dz

A cM�
&0 !VO �.& � ���,+�
 Ω �S� �M ���$ 5&6� A&5
�� X ∈ Ω �� Ǳ�E&0 �&��F ��O&0 �#&\0� Ω �0 F � �O&0

f(X) =
∫

AX

F •dr =
∫ �

�

F
(
(�− t)A + tX

)
•(X −A) dt

*f(X) =
∫ �

�

F
(
tX

)
•X dt �&��F ��O&0 ���[
 A = O �S�

a��B D �
� 0�4

�&	����
 �� �q1 Z�+U� R#�S �� �q1 �M (�S 5���
 .&j �� �0
y� ���� �� 5���
 ��q1 R#� N+M �0 *(�� 8*�*7 �#&\0�
*$+� !#�[� ��"
 5F !��$ �0 ��&S�$ ���� �� �0 �. � "0 ��"
 �0
%&"' ��$B&O /�&S � ]M �� �&#&q1 ���+� �0 ��q1 R#�
.$ ��F �� �q1 �$ *���$�
 !�V6� �. �.�$�0 ���� �� � !�"����#$
(�� 4E_ ���q1 R#� >.T 5&�0 E� ![1 *�
F ����� � !j=



& � 	 b � �

�. ��O �$�$ ����
 5�.$ $.
 �� .$ �0���� %�%�*
*���M 4�U
 �. 5F �0 $.���& �� ([a
 (	) � �$+� oL6


�) |x|+ |y| = � �) x� + �y� = �

�) ” max{|x|, |y|} = �” ∪ ” max{|x|, |y|} = �”

�) ”x� + y� = �” ∪ ”x� + y� = �x” ∪ ”|x|+ |y| = �”

�� [B C ���M x�= *$O�
 �=�U
 D ��,+�
 $.
 �� .$
C �0 $.���& �� ([a
 (	) � �$�M oL6
 �. C 5�.$ *(�� D

*���M oL6
 �.

�) x� + y� ≤ � �) � ≤ x� + y� ≤ �

	) x� + y� ≤ � , |x|+ |y| ≥ �


) � ≤ x , � ≤ y, x+ y ≤ �

�) ”� ≤ x� + y� ≤ �” ∪ ”(x− �)� + y� ≤ �”

∪”(x+ �)� + y� ≤ �”

��) x� + y� ≤ ��� , � ≤ y , � ≤ x ,

(x− �)� + (y − �)� ≥ �

�0��0 D � �$0 5�$.W ����
 C �S� ���� ��� &�%�*
C = ∂D Z�"#��
 �>.T R#� .$ *�O&0 C 5�.$ &0 C `&+ )�
([a
 (	) &0 5�$.W ����
 C �S� *Z�
&��
 D �� [B �. C �
�$&� ��

∮
C

F •dr $&+� E�
∫

C

F •dr �&�0 �&��F ��O&0 $.���& ��
*Z��M�


���T .$ ���,+�
D ���M x�= �0��G � �� *�%�*
([a
 (	) C �0 (	) � �O&0 5F �� [B C 5�$.W ����
 � (��
� �#n<\ 6
 F = P i + Qj ���M x�= R��l+� *�O&0 $.���& ��

>.T R#� .$ ��O&0 � ��3 D �0∮
C

P dx+Qdy =
∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dA

Z� D �M Z��M�
 >&[f� � B&' ���0 �. ��q1 �� 0� ������

�z.&j �� �. �#&��,+�
 R��Q *Zh�
−y Z� � (�� Zh�
−x
!VO .$ D �� �'&� Z��M x�= �R#��0&�0 *Z�
&��
 rZh�
s

9(O� 5� 0 �#E >.T �0 �. GB����*7

R : a ≤ x ≤ b , f(x) ≤ y ≤ g(x)

u#&+�3 5���
 �#E >.T �0 �. D �� �'&� E �
 >.T R#� .$
9$+�

C = AEB +BFA

−BFA : r(x) = (x, f(x)) ; a ≤ x ≤ b
AEB : r(x) = (x, g(x)) ; a ≤ x ≤ b

}

�����0 ��Y\� A% *���.$ ��Y\� AGB� 97*7 !VO

.$ *C : x� + y� = � ���M x�= A& �'�() $�%�*
��?U0 � (�� 5�$.W ����
 N# C >.T R#�

Int(C) : x� + y� < � , Ext(C) : x� + y� > �

�0 *(�� ��&a�a
 (	) 5&+� C �0 (M�' ([a
 (	)
*$O �)� GB���I*7 !VO

}
([a
 (	) � 5�$.W ����
 N# 5�.$ 9�*7 !VO

5F �0 $.���& ��

�(−�,−�) /g. &0 e0�
 !��$ D ���M x�= A, .�8�
x� + y� = �/� ���#�$ :.&� � (�,�) � (�,−�) �(−�,�)

*(�� 5�$.W ����
 N# C >.T R#� .$ *�O&0 D �� [B C � (��
`?-� �0 $.���& �� ([a
 (	) *$O �)� %���*7 !VO �0
m?� �!��$ ���#�$ �0 (	) &
� �(�� ��&a�a
 (	) 5&+� e0�


&��#� .$ *(�� ��&a�a


Int(C) : −� < x < � , −� < y < � , x� + y� > �/�

Ext(C) : ”|x| > � , |y| > �” &# x� + y� < �/�

}

([a
 (	) � 5�$.W �&	����
 5�.$ 9�I*7 !VO
5F �0 $.���& ��



b � � & � 	

9Z��M�
 Z�"\� Zh�
 �'�� �0 �.�
−y � .�
−x

D =
n⋃

i=�

Di

R#� E� N# �� Ci E�
 5�M� *$O �)� %���*7 !VO �0
(	) &0 &	�F (	) �M Z��M�
 .�� 	Q �.@ �. Di &��,+�

�� w� 6
 !j= .$ �>.T R#� .$ *�O&0 .&SE&� C �0 �0&L ��
�,+�
 d�' E� �M $.�$ $)� ����
 �$ �&��,+�
 R#� E� &� �$
5���
 ���� �� R#��0&�0 *����&� 
 (	) �h� E� �B� ��� "� �V#
���� � .$ *(�� ��T &	�F `&+ )� �0 F = (P,Q) �.�$�0

̀+�
 &0 ∮
C
P dx+Qdy

n∑
i=�

∮
Ci

P dx +Qdy

*�O&0�
 Zh�
 ���,+�
 &� Ci E� N# �� 5�.$ � �(�� �0��0
� *(�� (�.$ ��LB$ ����
 �� ���0 R#�S �� �q1 �R#��0&�0

}

*���*8*7 �&a
 AGB� 9�;*7 !VO
*;��*8*7 �&a
 A%

�.�$�0 5���
 ���0 �. R#�S �� �q1 A& �'�() ��%�*
� (�,�) �(�,�) /g. &0 C d�a
 � F =

−−−−−−−−−−−→(
x+ y, x� + y�

)
*���M t�\�� (�,�)

E� �y = � y� (�,�) � (�,�) p&\� E� �M Z��M�
 �)� *!'
y� (�,�) � (�,�) p&\� E� � x = � y� (�,�) � (�,�) p&\�
R#� �0 *A$O �)� GB���;*7 !VO �0C $.nS�
 �x+ y = �

([a
 (	) � (�� 5�$.W ����
 N# Ad�a
C C ����
 X����
(�,�) E� ���U# �(�� ��&a�a
 ([a
 (	) 5&+� 5F �0 $.���& ��
E� �,&+ )� >.T �0 �. C ����
 *(�,�) ]<� � (�,�) �0

Z�"#��
 y� �.&3 ��

C = C� + C� + C�

C� : r(t) = (�− t)(0) + t(i) ; � ≤ t ≤ �
C� : r(t) = (�− t)(i) + t(�j) ; � ≤ t ≤ �
C� : r(t) = (�− t)(�j) + t(0) ; � ≤ t ≤ �

�M $$�S�
 �h'?
 �X���� R#� �0∮
C

P dx =
∫

AEB

P dx−
∫
−BFA

P dx

=
∫ b

a

{
P (x, g(x)) − P (x, f(x))

}
dx

=
∫ b

a

[∫ f(x)

g(x)

−∂P
∂y

(x, y) dy

]
dx

=
∫∫
D

−∂P
∂y

dA

9(O� 5� 0 c�� �#E >.T �0 �. D Z��M x�= ��0&6
 >.T �0

R : c ≤ y ≤ d , m(y) ≤ x ≤ n(y)

u#&+�3 5���
 �#E >.T �0 �. D �� �'&� E �
 >.T R#� .$
9$+�

C = EBF + FAE

EBF : r(y) = (n(y), y) ; c ≤ y ≤ d
−FAE : r(y) = (m(y), y) ; c ≤ y ≤ d

�M $$�S�
 �h'?
 �X���� R#� �0∮
C

Qdy =
∫

EBF

Qdy −
∫
−FAE

Qdy

=
∫ d

c

{
Q(n(y), y)−Q(m(y), y)

}
dy

=
∫ d

c

[∫ n(y)

m(y)

∂Q

∂x
dx

]
dy

=
∫∫
D

∂Q

∂x
dA

E� i&� ̀� R#� ���0 R#�S �� �q1 _&0 >.&[, �$ e+) &0 �5�M�
*$$�S�
 >&[f� D �'��

}
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 Zh�
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 E�
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�E�
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& � 	 b � �

=
∫

C�

F •dr +
∫

C�

F • dr

=
∫ �π

�

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�+sin t−cos� t,− cos t+�+� sin t+sin� t

)
•
−−−−−−−−−→(
cos t,− sin t

)
dt

+
∫ �π

�

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
� cos t− � sin� t,−� sin t+ � cos� t

)
•
−−−−−−−−−−−−−→(− � sin t,� cos t

)
dt

=
∫ �π

�

(
�� cos� t+�� sin� t−�� sin t cos t

−� sin� t+cos t−sin t
)
dt

= −�
∫ �π

�

sin� t = −�π

�� [B C �M Z��M�
 �)� R#�S �
�= (��. (+� �� [�&�
 ���0
!-&�� >.T �0 ���F �M �(�� D : �x ≤ x� + y� ≤ � ��\�'

�M �(O� 5���
 D = D� −D�

D� : x� + y� ≤ �x � D� : x� + y� ≤ �
R#��0&�0∫∫

D

(
∂Q

∂x
− ∂P

∂y

)
dA =

∫∫
D

(
�x− (−�y)) dA

= �

∫∫
D

(
x+ y

)
dA

= �

∫∫
D�

(
x+ y

)
dA− �

∫∫
D�

(
x+ y

)
dA

= �− �
∫∫
D�

xdA

= −�
∫ �

�

⎡
⎣∫
√
�x−x�

−
√
�x−x�

xdy

⎤
⎦ dx

= −�
∫ �

�

�x
√
�x− x�dx

= −�
�

[
(�x� − x− �)

√
�x− x� + � arcsin(x− �)

]�
�

= −�π

�O&0 x� + y� = ax ���#�$ E� � +"1 C �M ��.T .$ A
 .�8�
�$O�
 �$+�3 (�,�) �� �0 ��&a�a
 (	) .$ (a,�) E� �M
�. I =

∫
C

(
ex sin y − �y

)
dx +

(
ex cos y + x

)
dy ���� ��

*���M �[�&�

�. C ����
 �$�M �$&� �� R#�S �� �q1 E� 5� 0 �V�#� ���0 *!'
!#�[� � "0 ����
 N# �0 (a,�) &� (�,�) E� C� y� �.&3 y��
����
 >.T R#� .$ *$O �)� GB����*7 !VO �0 *Z��M�

*(�� D : x� + y� ≤ ax,� ≤ y ���#�$ Z�� �� [B C + C� 5�$.W

9$+� �� 
�.&3 5���
 �#E >.T �0 �. C� ����
 ��?U0

C� : r(t) = (�− t)−−−→(�,�) + t
−−−→
(a,�) ; � ≤ t ≤ �

E� (�� >.&[, R#�S �
�= |Q (+� ���� � .$∮
C

P dx+Qdy =
∮

C

F •dr

=
∫

C�

F •dr +
∫

C�

F •dr +
∫

C�

F •dr

=
∫ �

�

−−−→(
t, t�

)
•
−−−→(
�,�

)
dt

+
∫ �

�

−−−−−−−−−−−−−−−→(
t+ �,�t� − �t+ �

)
•
−−−−−−→(− �,�) dt

+
∫ �

�

−−−−−−−−−−−−−−→(
�− �t,�(t− �)�

)
•
−−−−−→(
�,−�) dt

=
∫ �

�

t dt+
∫ �

�

(
��t� − �t+ �

)
dt− 


∫ �

�

(
t− �)� dt

=
∫ �

�

(�t� + ��t− 	) dt =
−�
�

(�� RO�. �Z��M�
 oL6
 �. C 5�.$ �� 0� ���U0 �� �'�
 .$
��,+�
 �� [B C �M

D : � ≤ x ≤ � , � ≤ y ≤ �(�− x)

E� (�� >.&[, R#�S �
�= (��. (+� �R#��0&�0 *(��∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dA =

∫∫
D

(
�x− �) dA

=
∫ �

�

[∫ �(�−x)

�

(
�x− �) dy

]
dx

=
∫ �

�

[
�xy − y

]y=�(�−x)

y=�
dx

=
∫ �

�

�
(
�x− �− �x�) dx =

−�
�

�.�$�0 5���
 ���0 �. R#�S �� �q1 A, .�8�

F =
−−−−−−−−−−−→(
x− y�, x� − y)

c�� � x� + y� = �x �#��$ `&+ )� E� !T&' C ����
 �
*���M t�\�� *x� + y� = �

��O&0�
 �#��$ R�0 �� �'&� 5F 5�.$ � (�� 5�$.W C ����
 *!'
R��l+� � ��&a�a
 (	) m?� .$ �. x� + y� = �x ��� � .$

�0 *Z��M .�� 	) �#&0 ��&a�a
 (	) .$ �. x� + y� = �

!VO �0 �. C ����
 ��� � .$ *$O �)� %��;*7 !VO
9Z��M�
 �� 
�.&3 �#E >.T �0 � �� O� C = C� + C� ̀+�


C� : r(t) =
−−−−−−−−−−−→(
�+ sin t, cos t

)
; � ≤ t ≤ �π

C� : r(t) =
−−−−−−−−−−−→(
� cos t,� sin t

)
; � ≤ t ≤ �π

E� (�� >.&[, R#�S �
�= (��. (+� ���� � .$∮
C

P dx+Qdy =
∫

C

F • dr



b � � & � 	

= �−
∫ �π

�

F(R cos t, R sin t) •
−−−−−−−−−−−−→
(−R sin t, R cos t) dt

= −
∫ �π

�

−−−−−−−−−−−−−−→(
−�
R

sin t,
�

R
cos t

)
•
−−−−−−−−−−−−→
(−R sin t, R cos t) dt

= −
∫ �π

�

dt = −�π

$.
 .$ �. R#�S �� �q1 �7 &� � .$ �0���� ���%�*
9���M t�\�� ��O �$�$ 5���
 � ����


�M (�� ��� "0 ����
 C � F =
−−−−−−−−−−−−−→
(�xy − x�, x+ y�) A�

*�O&0�
 x = y� � y = x� �+	� �$ �0 $���
 �� �'&� E �


e1�� `?-� &0 (�� �U0�
 C � F =
−−−−−−−−−−−−→
(x� − y,�x+ y�) A;

*y = � � y = � �x = � �x = � pY� �0

*C : x� + �y� = � � F =
−−−−−−→
(x, x + y) A�

*C : |x|+ |y| = � � F = (x+ y)�i− (x� + y�)�j A�

� (�,�) �(�,�) /g. &0 d�a
 C � F =
−−−−−→
(y�, x�) AH

*(�� (�,�)

� x� + y� = �x ���#�$ �$ `&+ )� C � F =
−−−−−→
(y�, x�) A8

*�O&0�
 x� + y� = �

pY� �0 $���
 �� �'&� �� [B C � F =
−−−−−−−−−→
(x� − y�, xy) AJ

*�O&0�
 x+ y = � � x+ y = � �y = � �x = �

� max
{|x|, |y|} = � e0�
 `&+ )� C � F =

−−−−−−→
(x+ y, y) A7

*(�� x� + y� = � ���#�$
E� R#�S �� �q1 E� �$&� �� &0 ��� &� � >&�#�+� .$
9�#���0 ���� �� ��O �$�$ ����
 �0 F �.�$�0 5���


C � F =
√
x� + y�i + (xy� + y ln(x+

√
x� + y�))j A�

*(�,�) � (�,�) �(�,�) �(�,�) /g. &0 (�� �U0�


�(�,�) /g. &0 (�� �a�a
 C � F =
−−−−−−−−−−−−→
(−y sec� x, tanx) A�I

*(π/�, π/�) � (π/�,�)

�0 $���
 ���#�$ e0. E�
 C � F = (y� − x�y)i + xy�j A��
*�O&0�
 4� e0. .$ e1�� x� + y� = �

pY� �0 $���
 d�a
 C � F =
−−−−−−−−−−−−−→
(y� − x�, x� + y�) A�;

*(�� y = x � x = � �y = �

�� �'&� E �
 C � F = arctan(y/x)i + ln(x� + y�)j A��
*(�� �[Y1 ����T .$ � ≤ θ ≤ π � � ≤ r ≤ �

Z#.�$ ���� � .$

I =
∫

C

F •dr

=
∮

C+C�

F •dr−
∫

C�

F •dr

=
∫∫
D

{(
ex cos y + �

)− (
ex cos y − �)} dA

−
∫ �

�

F
(
at,�

)
•
−−−→(
a,�

)
dt

= �

∫∫
D

dA−
∫ �

�

−−−−−−−−→(
�, at+ eat

)
•
−−−→(
a,�

)
dt

= �Area(D) =
�



πa�

Ǳ��[
 E� ���.nS ��b 5�$.W ����
 N# C ���M x�= A� .�8�
�0 �. I(C) =

∮
C

xdy − y dx
x� + y�

���� �� .��\
 �(�� >&j L

*���M �[�&�
 C G� L
 �&	 �U-� /&��

����
 5�.$ .$ Ǳ��[
 AGB� 9Z#��S�
 �h� .$ (B&' �$ *!'
� O�$ .��1 C ����
 5���0 .$ Ǳ��[
 A% ��O&0 � O��� .��1 C

*�O&0
��T I(C) ���� �� �R#�S �� �q1 N+M �0 �GB� (B&' .$
R#��0&�0 �� /∈ D 5Q �&��F ��O&0 C 5�.$ D �S� ��#E �(��

� (�� �#n3t 6
 D �0 F =
(
−y/(x� + y�), x/(x� + y�)

)

I(C) =
∫∫
D

{
y� − x�

(x� + y�)�
− y� − x�

(x� + y�)�

}
dA

=
∫∫
D

� dA = �

}

*���*8*7 �&a
 AGB� 9��*7 !VO
*���*8*7 �&a
 A%

C 5�.$ �(�� 5�$.W ����
 N# C 5Q �A%C (B&' .$ &
�
5���
 R ���&
 �$�, ���� � .$ � �O&0�
 E&0 ���,+�

.��1 D 5�.$ .$ ?z 
&M R `&UO � O cM�
 �0 ���#�$ �M �.@ �(=&#
R#� � C `&+ )� E� !T&' C+C� 5�$.W ����
 5�M� *$��S�

� ("�� t�U 
 C+C� 5�.$ �0 o ��#$ *Z#��S�
 �h� .$ �. ��#�$
*$O �)� %���*7 !VO �0 *$$�S�
 E&0 AGB�C (B&' �0 �nB

&0 (�� �0��0 I(C) ��� � .$∫
C

F •dr =
∮

C+C�

F •dr−
∫

C�

F •dr



& � 	 b � �

�,+�
 R#� E �
 *$+� �0��0 �$ �. !T&' � �$�M �[�&�
 �.
�M �C = C� + C� + C� E� (�� >.&[,

C� : r(t) =

−−−−−−−−−−−−−−→(
t� + �

t� + �
, t
t� + �

t� + �

)
; � ≤ t ≤ �

C� : r(t) = (�− t)−−−→(�,�) + t
−−−→
(�,�) ; � ≤ t ≤ �

C� : r(t) = (�− t)−−−→(�,�) + t
−−−→
(�,�) ; � ≤ t ≤ �

&0 (�� �0��0 Area(D) R#��0&�0 *$O �)� ��*7 !VO �0
∫ �

�

(t� + �)� dt
(t+ �)�(t� − t+ �)�

+
∫ �

�

dt+
∫ �

�

� dt

=
∫ �

�

{
�

�(�(t + �)�)
+

�

�(t� − t+ �)

+
t

�(t� − t+ �)�

}
dt

=
[ −�
�(t+ �)

+
�
√
�

�
arctan

(√
�

�
(�t− �)

)

+
�− t

�(t� − t+ �)

]�
�

=
�

�
+

�

��

√
�π

}

����
 y�� �M ��� e0. E� � +"1 9��*7 !VO
(�� ��O ��) x� + y� = x� + y�

�� �'&� ('&"
 �R#�S �� �q1 N+M �0 �0���� ���%�*
9���M �[�&�
 �. �#E �&�����
 E� N# �� �0 $���


�) (x− x�)�/a� + (y − y�)�/b� = �

�) r(t) =
−−−−−−−−−−−−−−−−−−−−−−−−→(
� cos t− cos�t,� sin t− sin�t

)
, � ≤ t ≤ �π

�) r(t) =

−−−−−−−−−−−−−−−→(
t� − �
t� + �

,
t(t� − �)
t� + �

)
, −� ≤ t ≤ �

�) r(t) =
−−−−−−−−−−−−−−−−→(
� cos t− sin�t, sin t

)
� ≤ t ≤ �π

�) (x/a)�/� + (y/b)�/� = �

�) (x� + y�)� = a�(x� − y�)

	) x� + y� = �axy


) (x+ y)n+m+� = axnym , � < a, n,m ∈ N

��.T .$ �.
∮

C

√
x� + y�dx+ y

(
x−

√
x� + y�

)
dy A��

� `&UO � Ǳ��[
 cM�
 �0 ���#�$ !��$ D �M ���M �[�&�

�$&� �� 5���
 R#�S �� �q1 E� &#F *�O&0 5F �� [B C � �$0

���Q �$+�

9Z#E�$�3�
 R#�S �� �q1 E� �$�0.&M �M{ �0 5�M�

5�.$ �M �O&0 ���T .$ ����'&� D �S� ���� ���%�*
E� (�� >.&[, D ('&"
 >.T R#� .$ �(�� C 5�$.W ����


Area(D) =
∮

C

xdy

= −
∮

C

y dx

=
�

�

∮
C

xdy − y dx

!VO ��g�� �F �� �'&� ('&"
 A& �'�() ���%�*
*���M �[�&�
 �. x�/� + y�/� ≤ a�/�

E� (�� >.&[, C 5�$.W ����
 &��#� .$ *!'

x�/� + y�/� = a�/�

�� 
�.&3 5���
 r(t) =
−−−−−−−−−−−−→(
a cos� t, a sin� t

)
!V60 �. 5F �M

�0��0 ��O � ��� ('&"
 ���� � .$ *� ≤ t ≤ �π �M �$+�
&0 (��

Area(D) =
�

�

∮
C

xdy − y dx

=
�

�

∫ �π

�

(
a cos� t

)(
�a cos t sin� t dt

)
−(a sin� t

)(− �a sin t cos� t dt
)

=
�

�
a�

∫ �π

�

(
sin� t cos� t

)
dt

=
�



a�

∫ �π

�

sin�(�t) dt =
�



πa�

� x� + y� = x� + y� ����
 �0 $���
 ('&"
 A, .�8�
*�#.�F (��0 �. ��&j L
 �&�.�


.$ 5$�$ .��1 E� ]3 �Z��M�
 �$&� �� y = xt � 
�.&3 ���v� E� *!'

*y =
t� + �

t� + �
t � x =

t� + �

t� + �
�#F�
 (��0 ���O �$�$ �� B$&U


Z��M x�= Z�����
 ��� "� 5.&\ 
 y � x �0 (["� �B$&U
 5Q
R#� .$ *� ≤ t ≤ � &# � ≤ xt ≤ x ��U# *� ≤ y ≤ x � � ≤ x

��O � ��� �� �'&� ('&"
 �&�0 >.T

D : � ≤ x , � ≤ y , x� + y� ≤ x� + y�

��'&� Gj� ('&"
 5���


D� : � ≤ x , � ≤ y ≤ x , x� + y� ≤ x� + y�



:

y�� C 5�$.W ����
 E� ���.nS .&O ���� �&�%�*
5���
 �#��S�� ���� �� &0 (�� �0��0 F = P i +Qj �.�$�0 5���


9C 5�.$ D �� �'&� �0 F
∮

C

P dy −Qdx =
∫∫

D

(
∂P

∂x
+
∂Q

∂y

)
dA

���M x�= �� 0��G � �� �3�4�� ��.�� �*�%�*
x�= *�O&0 ��O G#�U� ���T E� Ω �� �'&� �0 F �.�$�0 5���

R `&UO �0 ���#�$ N# C � (�� ��LB$ ���Y\� X� ∈ Ω ���M
���.nS .&O 5�c�
 *$.�$ .��1 Ω .$ &z
&+� �M (�� X� .$ cM�
 �
C !��$ �� �'&� ('&"
 �0 Z�"\� C ����
 $�� 
� .$ F y��
�. ��M�
 !�
 ��T �0 R �M �
&��� C �0 (["� F u��Q �.
�0 *Z��$�
 5&6� Curl(F) $&+� &0 � ���
&� X� .$ F u��Q

��#$ 5&�0

Curl(F)
∣∣∣
X�

:= lim
R→�

C$�� 
� .$F .&O
C!��$ ('&"


= � lim
R→�

(∮
C

P dx+Qdy

)
÷

(∮
C

−y dx+ xdy

)

��Y0�. >.T R#� .$ ��O&0 !�"����#$ F �S� �M $O�
 (0&f
�. R#�S �� �q1 5�M� *(�� .��1�0 Curl(F) = ∂Q/∂x−∂P/∂y

9$+� ��[U� 5���
 �#E >.T �0

.$ F �.�$�0 5���
 y�� ���.nS .&O ���� ���%�*
�� �'&� �0 F u��Q ���� �� &0 (�� �0��0 C 5�$.W ����
 �& ��.

9C 5�.$ D
∮

C

P dx+Qdy =
∫∫

D

(
∂Q

∂x
− ∂P

∂y

)
dA

58�' 9� /�	���� 2�4

;H7 ����T �0 �!<�
 .�c=� 4�� E� �$&� �� >&
�\
 ����&6
 ���0
*$O �U)��
 doc.pdf !#&= &# �

�B&V�� 5���
 ���M x�= �'+� Z=� �� '��BC�� ��&�*
�0 r := vector ( [X,Y,Z] ) >.T �0 �M C ����
 � f(x, y, z)

>.T �0 t �� �
�$ c�� � �O&0 .&� �� .$ �(�� ��O �� 
�.&3 t X"'
XB&Y
 .��V� E� ���S�) ���0 �>.T R#� .$ *�O&0 a ≤ t ≤ b

�) (x/a)n + (y/b)n = � , � < a, b, n ∈ N

��) (x/a)n + (y/b)n = (x/a)n−� + (y/b)n+�
,

� < a, b , n ∈ N`&UO �0 ����#�$ 5�.$ �. r `&UO �0 ����#�$ ���M x�= A��
����
 � Z#�����&��Q DcvB 5��0 An ∈ N �MC R = nr

�. ����
 R#� �0$���
 ('&"
 *(�� ��O !T&' C

*��
&��
 ��g�V�� �3� �. ������
 R��Q *���M �[�&�


�#&\0� ij� .$ 8*�*7 �� �q1 5���
 R#�S �� �q1 N+M �0
�#E G#�U� �0 Z�+U� R#� K�@ ���0 *$�$ Z�+U� �. &	����
 5$0

*(�� E&��

��.T .$ �. ���T E� D ��,+�
 �#E ������ ���%�*
N# y�� 5� 0 ���F E� �Y\� �$ �� _z �� �M Z�gS !��� ��$F�
����
 �� 5�.$ ��&f .$ � $+� !j 
 Z	0 ��&� 
 �Y0 ����

�)� �H*7 !VO �0 *$���0 .��1 D .$ &z
&+� �D .$ e1�� 5�$.W

*$O

}
�#&\0� 5���
 9�H*7 !VO

C ����
 �S� A8*�*7 )* �;: `�FJ	X ���� �$�%�*
� 4E_ p�O >.T R#� .$ ��O&0 D ���. ��[+� ��,+�
 �� [B
��Y0�. �M (�� 5F F = P i +Qj 5���
 5$0 �#&\0� ���0 �=&M

*�O&0 .��1�0 Int(D) �0 ∂Q/∂x = ∂P/∂y

���. ��[+� �B� �O&[� !VO �.& � D (�� RV+
 R#��0&�0
*�O&0 .��1�0 8*�*7 �� �q1 ZV' 5&�l+� � �$0

���M x�= �� 0��G � �� �3�4�� ��.�� �%�%�*
x�= *�O&0 ��O G#�U� ���T E� Ω �� �'&� �0 F �.�$�0 5���

� R `&UO �0 ���#�$ N# C � (�� ��LB$ ���Y\� X� ∈ Ω Z��M
C E� ���.nS .&O 5�c�
 *$.�$ .��1 Ω .$ &z
&+� �M (�� X� .$ cM�

(["� X� �� F !���3�� �. C !��$ ('&"
 �0 Z�"\� F y��
5&�0 �0 ���M !�
 ��T �0 R �M �B&' .$ �Z��M�
 G#�U� C �0

��#$

div(F) = lim
R→�

C E� F y�� !M .&O
C !��$ ('&"


= � lim
R→�

(∮
C

P dy −Qdx
)
÷

(∮
C

−y dx+ xdy

)
>.T R#� .$ ��O&0 �#n3!�"����#$ F �S� ��M $O�
 (0&f
>.T �0 �. R#�S �� �q1 5�M� *div(F) = ∂P/∂x + ∂Q/∂y

9$+� ��[U� 5���
 �#E



:

��O �� 
�.&3 t X"' �0 r:=vector([X,Y,Z])>.T �0 �M C
.$ *�O&0 a ≤ t ≤ b >.T �0 t �� �
�$ c�� � �O&0 .&� �� .$ �(��

9Z��M�
 G#�U� XB&Y
 .��V� E� ���S�) ���0 �>.T R#�
LinIntSecTyp:=proc(F,r,a,b) local INT ;

INT:=subs({x=r[1],y=r[2],z=r[3]},F) ;

INT:=linalg[dotprod](INT,map(diff,r,t)) ;

return(int(INT,t=a..b)) ;

end :

. �$ E� C �0 F ���� �� �� [�&�
 ���0 5�M�
LinIntSecTyp(F,r,a,b)

*Z��M�
 �$&� ��

� �� �#� /.$F .$ �78����� ��&�*
http://webpages.iust.ac.ir/m_nadjafikhah/r2.htm

*(�� ��O $.�F �MnB� �= d'&[
 �0 p0�
 e0&�
 � &	B&a


9Z��M�
 G#�U�
LinIntFirTyp:=proc(f,r,a,b) local INT ;

INT:=subs({x=r[1],y=r[2],z=r[3]},f) ;

INT:=linalg[norm](map(diff,r,t))*INT ;

return(int(INT,t=a..b)) ;

end :

. �$ E� C �0 f ���� �� �� [�&�
 ���0 5�M�
LinIntFirTyp(f,r,a,b)

*Z��M�
 �$&� ��

5���
 G#�U� ���0 ������2 Y�
�) ����� ��&�*
. �$ E� !<�
 y��
 .$ F =

−−−−−−→(
P,Q,R

) �.�$�0
F:=vector([P,Q,R])

*Z��M�
 �$&� ��

5���
 ���M x�= �Q+� Z=� �� '��BC�� ��&�*
����
 � [x,y,z] �&���v 
 &0 F:=vector([P,Q,R])�.�$�0



� ���

/�	 ,�
-$��

��,+�
 �&��F ��O&0 �#n<\ 6
 D ��,+�


S : z = f(x, y) ; (x, y) ∈ D

$O x�= �S� �M ��Q *(�� ���V� ��[) �� #� . N#
S : g(x, y, z) = � (O� 5���
 �&��F �g = f(x, y) − z

$.�
 �0 ���+� 5��, �0 *g′ =
−−−−−−−−−−−−−−→
(∂f/∂x, ∂f/∂y,−�) �= 0 �

9$O �)� �#E
*D : x� + y� ≤ � � f = x� + y� ���M x�= A& .�8�
S : z = x� + y� ; x� + y� ≤ � �� #� . �>.T R#� .$
�0 5F �#j� �M (�� z = x�+y� �q�0 5S�+	� E� � +"1
�)� GB���*� !VO �0 *�O&0�
 D ��,+�
 �0��0 ���T−xy

*$O

�>.T R#� .$ *f = �−
√
�− x� − y� ���M x�= A, .�8�

�� #� . ���?U0 *(�� D : x� + y� ≤ � ���#�$ f �� �
�$

S : z = �−
√
�− x� − y� ; x� + y� ≤ �

%��*� !VO �0 *(�� � `&UO � �k cM�
 �0 ���M ���g&3 ��+��
*$O �)�

}

;*�*� �&a
 E� ; � � (+"1 9�*� !VO

�$ �U0&� f ���M x�= �z + x :� ��2�� ���=�� �����
5�.$ �0 f �S� *�O&0 f �� �
�$ E� ���,+�
 �#E D � �$0 ���v 


E� y� ���� �� Z�+U� ^Y� ���� �� �M (�S 5���
 .&j �� �0
�M ��U
 R#� �0 *(�� ��#$ �� E� ��&S �$ ���� �� � � N#
���&+� ���� �� R#� �(�� yLB� ����
 ��U0 �$ Ǳ&�O� �0 ���� ��
�B&V�� 5���
 N# E� �M R#� �0 � "0 �(�� ̀� �$ �0 y� ���� ��
*�.�$�0 5���
 N# E� &# � $O � =�S ���� �� A���v 
 ��Q e0&�C

*Z��M RO�. �. �#� . 4	�
 �M (�� 4E_ �� 0�

b,� 	� �� � ��7

&��#� . X�b� *(�� ��U0 �� �&q= .$ ��U0 �$ Ǳ�O N# �#� .
.@ �0 *�� "� X�T Z") �).&� ^Y� E� � +"1 &# � 4&+�
��[) �&��#� . 9Z��M�
 Z�"\� ��M ��  �$ �$ �0 �. &��#� . ���M

*�� 
�.&3 �&��#� . �

S � (�� ���v 
 �� �U0&� f ���M x�= ������ �����
.&j �� �0 �(�� c $�, �0 ��h� f e0&� E��� ^Y�

S : f(x, y, z) = c

�0 � �$0 �#n<��"����#$ f �M Z�
&� ��$% )* �� � �. S ��.T .$
��E� �0 f ′(X) �= 0 �l�&�Q *f ′(X) �= 0 �� X ∈ S �� Ǳ�E�
)* �� � �. S ��O&[� .��1�0 S �0 e1�� �&	����
 &# � p&\� ���0
c�� �. ���V� ��[) �� #� . ��Q `&+ )� *Z�
&��
 ��)?	 ��$%

*Z�
&��
 ��)?	 ��$% )* �� �
���V� ��[) �&��#� . E� �#&	B&a
 �*��*H (+"1 .$
N# �� � ��.�$ ��M �&��[�) �#E �&	B&a
 *(�� ��O K�Y


*$.�$ ��+� (#&	��0 ?z +,

�$ �U0&� f ���M x�= �y + x :� ��2�� ���=�� �����
5�.$ �0 f �S� *�O&0 f �� �
�$ E� ���,+�
 �#E D � �$0 ���v 


;;�



c c

9$O �)� �#E
� f =

√
�+ y� − z� ���M x�= A& .�8�

D : y� ≤ � , y� − z� ≤ �

>.T R#� .$

S : x =
√
�+ y� − z� , y� ≤ � , y� − z� ≤ �

���T−yz �0 5F �#j� �M (�� ���V� ��[) �� #� . N#
*$O �)� GB���*� !VO �0 *(�� D �3� �BBn�

R#� .$ *D : y� ≤ � , z� ≤ � � f = y� ���M x�= A, .�8�
�� �� �� E� � +"1 S : x = y� , y� ≤ � , z� ≤ � �� #� . �>.T
D !�Y "
 ���T−xz �0 5F �#j� �M (�� x = y� �+	�

*$O �)� %��*� !VO �0 *�O&0�

}

�*�*� �&a
 E� ; � � (+"1 9�*� !VO
f ���M x�= �9��fC) �	 a2�� <� :��� p?	 $����
�O&0 &q= E� ���,+�
 �#E Ω � �O&0 �#n<\ 6
 � ���v 
 �� �U0&�
���M x�= ���?U0 *S : f(x, y, z) = a , (x, y, z) ∈ Ω c�� �
E� ��&� 
 $��U� &# � p&\� E� ��&� 
 �$��U� c�0C �+� Ǳ�E� �0 �M
p�O �M $O �)� *�O&0 ��T GB&L
 f t 6
 AS .$ &	����

S E� ����
 ��Q �0 p&\� &# � S E� �Y\� ��Q .$ �����
 f ′ �= 0

�. �O&[� .��1�0 f ′ �= 0 p�O 5F Ǳ�E� �0 �M �@&\� *�O&[� .��1�0
S >.T R#� .$ *Z�gS�
 `g�� �. p&\� �#&� � ��
&��
 j�?	
a .$ f E��� ^Y� eY\
 E� (�� >.&[, � (�� ���V� �� #� . N#

9$O �)� �#E $.�
 �0 ��+� 5��, �0 *Ω ��,+�
 &0
Ω : x�+y�+z� ≤ � �f = x�+y�−z� ���M x�= A& .�8�

>.T R#� .$ *a = −� �

S : x� + y� − z� = −� , x� + y� + z� ≤ �
: −x� − y� + z� = � , x� + y� ≤ �

� Ǳ��[
 cM�
 �0 ��Q.&3 �$ 5S�BBn� N# E� � +"1 �M
���#�$ ���T−xy �0 5F �#j� �M (�� .�
−z 5.&\� .�


*$O �)� GB���*� !VO �0 *�O&0�
 x� + y� ≤ �
Ω = R� �f = (

√
x� + y� − �)� + z� ���M x�= A, .�8�

�0 ��[) ���#� . S : f(x, y) = a >.T R#� .$ *a = � �
cM�
 � N# `&UO �0 ����#�$ 5�.�$ E� �M (�� %�� N# !VO

��,+�
 �&��F ��O&0 �#n<\ 6
 D ��,+�


S : y = f(x, z) ; (x, z) ∈ D

$O x�= �S� �M ��Q *(�� ���V� ��[) �� #� . N#
S : g(x, y, z) = � (O� 5���
 �&��F �g = f(x, z) − y

$.�
 �0 ���+� 5��, �0 *g′ =
−−−−−−−−−−−−−−→
(∂f/∂x,−�, ∂f/∂z) �= 0 �

9$O �)� �#E

� f = x� − z� ���M x�= A& .�8�

D : −� ≤ x ≤ � , −� ≤ z ≤ �

�� #� . >.T R#� .$

S : y = x� − z� , −� ≤ x ≤ � , −� ≤ z ≤ �

.�
−y �& ��. .$ y = x�−z� �BBn� 5S�+	� E� � +"1
GB��;*� !VO �0 *(�� D ���T−xz �0 5F �#j� �M (��

*$O �)�

� f = sin(x� + z�) ���M x�= A, .�8�

D : −� ≤ x ≤ � , � ≤ z ≤ �

>.T R#� .$

S : y = sin(x� + z�) , −� ≤ x ≤ � , � ≤ z ≤ �

D ���T−xz �0 5F �#j� �M (�� ���V� ��[) �� #� . N#
*$O �)� %�;*� !VO �0 *�O&0�


}

�*�*� �&a
 E� ; � � (+"1 9;*� !VO
�$ �U0&� f ���M x�= �z + y :� ��2�� ���=�� �����
5�.$ �0 f �S� *�O&0 f �� �
�$ E� ���,+�
 �#E D � �$0 ���v 


��,+�
 �&��F ��O&0 �#n<\ 6
 D ��,+�


S : x = f(y, z) ; (y, z) ∈ D

$O x�= �S� �M ��Q *(�� ���V� ��[) �� #� . N#
S : g(x, y, z) = � (O� 5���
 �&��F �g = f(y, z) − x

$.�
 �0 ���+� 5��, �0 *g′ =
−−−−−−−−−−−−−−→
(−�, ∂f/∂y, ∂f/∂z) �= 0 �



c c

Z��M G#�U� �S� A�

ru =
−−−−−−−−−−→(
∂x

∂u
,
∂y

∂u
,
∂z

∂u

)
rv =

−−−−−−−−−−→(
∂x

∂v
,
∂y

∂v
,
∂z

∂v

)

Z�O&0 � O�$ �� (u, v) ∈ IntD �� ��E� �0 �&��F
� �S &z'?YT� �(B&' R#� .$ *ru(u, v) × rv(u, v) �= 0

*(�� Zh�
 IntD �0 r �M $O�


*�O&0 N�[V# IntD �0 r AH
N# $�0 `&+ )� �0��0 �M ���,+�
 ������ *����
��,+�
 *$O�
 ���
&� �������I )* �� � ��O&0 �6\� ��Q &#
���� P'S� N# ���&O3�
 �. S �� #� . &	�F $�0 �M �#&��6\�
�������I �. �#� . N# ���0 ]�@� R��U� !+, *$O�
 ���
&� S

*Z�
&��
 S L���

�0 $���
 p��L
 Ω ���M x�= A& �'�() �����
5F �).&� ^Y� S � �$0 z = � � z =

√
x� + y� �&��#� .

�H*� !VOC (�� �#� . N# S �M Z��$ 5&6� Z�����
 *�O&0
*AGB�

*Z��M�
 Z�"\� S� � S� ��UY1 �$ �0 �. S .h�
 R#� ���0 *!'
�&��F D : x� + y� ≤ � �S�

S� : z = � ; (x, y) ∈ D
S� : z =

√
x� + y� ; (x, y) ∈ D

r(u, v) =
−−−−−−−−−−−−→(
u, v,

√
u� + v�

)
��6\� $�0 S� �M (�� RO�.

�$ �� .$ �M ��O&0�
 h(u, v) =
−−−−−→
(u, v,�) ��6\� $�0 S� �

S ���0 �"�@� A =
{
r,h

} >.T R#� .$ *(u, v) ∈ D

5���
 r �&�0 ?z a
 *(�� ���\��� �6\� %&L �� � [B� *�O&0�

�M r(u, v) =

−−−−−−−−−−−−→
(u cos v, u sin v, u) 9$�M �$&� �� ���#$ ��6\� E�

*� ≤ u ≤ � , � ≤ v ≤ �π 5F .$

XUV
 �).&� ^Y� S ���M x�= A, .�8�

Ω : � ≤ x ≤ �,� ≤ y ≤ �,� ≤ z ≤ �

!VO �0C (�� �#� . N# S �M Z��$ 5&6� Z�����
 *(��
uO �0 Ω �M Z��M�
 �)� �.h�
 R#� ���0 *A$O �)� H*�
z = � � y = � �x = � �z = � �y = � �x = � ����T
9Z��M�
 Z�"\� e0�
 uO �0 �. S /&�� R�+� �0 *(�� $���


�M S = S� ∪ S� ∪ S� ∪ S� ∪ S� ∪ S�
S� : x = � ; � ≤ y ≤ �,� ≤ z ≤ �

S� : x = � ; � ≤ y ≤ �,� ≤ z ≤ �

S� : y = � ; � ≤ x ≤ �,� ≤ z ≤ �

*$O�
 !T&' .�
−z �' ���T−xy .$ e1�� (�,�,�) .$
*$O �)� %��*� !VO �0

}

H*�*� �&a
 E� ; � � (+"1 9�*� !VO
N# �#E $.�
 E� N# �� �M ���$ 5&6� �0���� %����
*$$�S Z���� �#� . !VO $O �U� *(�� ���V� ��[) �� #� .

9�#���0 N+M ������
 !<�
 E� .&M R#� ���0

�) z = xy,−� ≤ x ≤ �,−� ≤ y ≤ �

�) y =
√
x� + z�, y ≤ �,� ≤ x

�) (x� + y�)� = x� − y� , z� ≤ �

�) x� + y� = �z , −� ≤ y ≤ �

�) z = x� + �y� , z ≤ � �) y = x+ z , x� + z� ≤ �

	) x = �+
√
�− y� − z� 
) x = z� , x ≤ � , y� ≤ �

�) x� + y� + �z� = � ��) xyz = ��

��) x�/�+y�/�+z�/�=� ��) |x|+ |y|+ |z| = �

��) (x� + y� + z�)� = x�y ��) max
{|x|, |y|, |z|} = �

��) x� + y� + z� = xyz ��)
√
x+
√
y +
√
z = �

�B$&U
 N+M �0 �#� . N# G#�U� 5&V
� $.�
 E� ���0 .$
�� 
�.&3 �&��0� . E� �$.�
 R��Q .$ X�b� *$.��� $)�

*Z#.�$ E&�� �6\� G#�U� �0 5F E� ![1 *$O�
 �$&� ��

!VO �0 (�� �U0&� �)�9 E� .h�
 ������ &����
r(u, v) = Z�"#�0 � Z�
&�0 D �. D���
�$ �S� �M �r : R� → R�

�&��F �
−−−−−−−−−−−−−−−−−→(
x(u, v), y(u, v), z(u, v)

)
*�O&0 .�����M � � "0 D �� �
�$ A�

D �0 z � y �x ����v 
 �$ e0�� ���U# *�O&0 � ��3 D �0 r A;
*��O&0 � ��3

�0 z � y �x ����v 
 �$ e0�� ���U# *�O&0 .�+� IntD �0 r A�
*��O&0 �#n3 t 6
 IntD



c c

+ {�− v sin(u/�)} sinu j + v cos(u/�)k

D : � ≤ u ≤ �π , −� ≤ v ≤ �

$.�$ � . N# &	�� �M ��U
 R#� �0 �(�� �#n3&� (	) �#�. R#�
*$O �)� �*�*� �0 *A���QC

}

�*�*� �&a
 E� � � � (+"1 98*� !VO

>.T R#� .$ *S : z = x� + y� ���M x�= A .�8�
�M f ′ =

−−−−−−−−−−→
(−�x,−�y,�) � f(x, y, z) = z − x� − y�

�. �#� . R#� *(�� �#� . S ]3 *(�� ��T GB&L
 �.�+�
���U#C 5��M�0 ���#� . �M �Z#����
&� �q�0 5S�+	� ?z [1
x = x�= &0 *A$O �)� GB��J*� !VO �0C (�� A$���
&�
�S� �R#��0&�0 *z = u� �M Z#��S�
 ��[ � y = u sin v � u cos v

�&��F �D : � ≤ u , � ≤ v ≤ �π $O x�=

S : r(u, v) =
−−−−−−−−−−−−−→
(u cos v, u sin v, u�) ; (u, v) ∈ D

� O� �� 
�.&3 !VO �0 ��U# ��O �������I S �� #� . �X���� R#� �0
*�O

Z#.�$ �>.T R#� .$ *S : y = x� ���M x�= A4 .�8�
GB&L
 �6�+� �M f ′ =

−−−−−−−−→
(−�x,�,�) � f(x, y, z) = y − x�

�. �#� . R#� *(�� �#� . S �+	� �� �� �� R#��0&�0 *(�� ��T
5���
 �#E S : r(u, v) =

−−−−−→
(u, u�, v) ; (u, v) ∈ D >.T �0

�� B$&U
 R =&# ���0 *A$O �)� %�J*� !VO �0C $+� �� 
�.&3
�&
�� .�$�0 �X� = (−�,�,�) ��Y\� .$ S �0 /&+
 ����T

n = f ′(X�) =
−−−−−−−−→
(−�x,�,�)

∣∣∣
X�

=
−−−−−→
(�,�,�)

�h� $.
 ����T �� B$&U
 >.T R#� .$ *Z#��S�
 �h� .$ �.
��Y\� .$ S �0 $+, y� �� B$&U
 *(�� �x + y + � = �

���$&� &# x+ �

�
=

y − �
�

=
z − �
�

E� (�� >.&[, c�� X�

*rx+ �
 = �y , z = �s

S� : y = � ; � ≤ x ≤ �,� ≤ z ≤ �

S� : z = � ; � ≤ x ≤ �,� ≤ y ≤ �

S� : z = � ; � ≤ x ≤ �,� ≤ y ≤ �
}

�*�*� �&a
 E� ; � � (+"1 9H*� !VO

9$+� �� 
�.&3 5���
 �#E !VO �0 �. &	�F E� N# ��

S� : r�(u, v) =
−−−−−→
(�, u, v) S� : r�(u, v) =

−−−−−→
(�, u, v)

S� : r�(u, v) =
−−−−−→
(u,�, v) S� : r�(u, v) =

−−−−−→
(u,�, v)

S� : r�(u, v) =
−−−−−→
(u, v,�) S� : r�(u, v) =

−−−−−→
(u, v,�)

R#��0&�0 *� ≤ u ≤ � � � ≤ v ≤ � &	�F ��+� .$ �M
*�O&0�
 S ���0 ]�@� N# A =

{
r�, r�, r�, r�, r�, r�

}
�� #� . �0 $���
 �� �� �� �).&� ^Y� S ���M x�= A
 .�8�
Z�����
 *�O&0�
 z = � � z = � >&��T � x� + y� = �

�� �0 �. S .h�
 R#� ���0 *(�� �#� . N# S �M Z��$ 5&6�
9Z��M�
 Z�"\� (+"1

S = S� ∪ S� ∪ S� S� : z = �; x� + y� ≤ �

S� : z = �; x� + y� ≤ � S� : x� + y� = �; � ≤ z ≤ �

�0C Z��M�
 �'��@ �#E K�O �0 �#&��6\� ��,+�
 �� R#� ���0
9AGB��8*� !VO

r�(u, v) =
−−−−−→
(u, v,�) ; u� + v� ≤ �

r�(u, v) =
−−−−−→
(u, v,�) ; u� + v� ≤ �

r�(u, v) =
−−−−−−−−−−−−−→
(� cosu,� sinu, v) ; � ≤ u ≤ �π , � ≤ v ≤ �

*(�� S ���0 �"�@� A = {r�, r�, r�} >.T R#� .$

.$ ����0 !VO !�Y "
 �nb&M .�� �S� * /�0
 .�� A� .�8�
Z	0 ���F �� �$ ]<� � ���&��Q .�$ Z�� N# ���F � �O&0 .&� ��
m��U
 /�0
 .�� 4&�0 �M $$�S�
 !T&' ��VO �Z��M !T�
�� 
�.&3 ���0 D�. N# *A$O �)� %�8*� !VO �0C (��

9(�� �#E ��6\� E� �$&� �� �5F 5$�M

r(u, v) = {�− v sin (u/�)} cosu i



c c

�) Ω : x� + �y� + z� = �

�) Ω : x� + y� = � , x� + z� = �

�) Ω : x� + y� = � , z = � , z = �

�) Ω : |x|+ |y|+ |z| = �

�) Ω : x�/� + y�/� + z�/� = �

	) Ω : x� + y� = � , z = � , x+ y + z = �


) Ω : x = y�, y = x� , z = � , z = �

�) Ω : x = � , y = � , z = � , x+ y + z = �

��) Ω : x = � , x = � , y = z� , z = �

�S : r(u, v); (u, v) ∈ D Z#��S ���� ������
�>.T R#� .$ *X� = r (u�, v�) � (u�, v�) ∈ IntD

� ���&+
 S �0 X� ��Y\� .$ rv (u�, v�) � ru (u�, v�) �&�.�$�0
*�O&0�
 $+, S �0 X� ��Y\� .$ ru (u�, v�)× rv (u�, v�) �nB

.$ *�#���0 �h� .$ �. S �0 e1�� h(t) = r(t, v�) ����
 ������
>.T R#�

h(u�) = r(u�, v�), h′(u�) = ru(u�, v�).

*(�� /&+
 X� = r(u�, v�) .$ S �0 ru(u�, v�) �R#��0&�0
/&+
 X� = r(u�, v�) .$ S �0 rv(u�, v�) ��0&6
 >.T �0
� *(�� �	#�0 �4� X�Y
 *(��

X� ∈ S � S : f(x, y, z) = c Z#��S ��M�C� ������
�>.T R#� .$ *Af ′(X�) �= 0 ���U#C (�� Zh�
 ���Y\�

*(�� Zg&1 X� .$ S �0 f ′(X�)

�0 ?z a
 �. f(x, y, x) = c �#� . m�U
 �� B$&U
 (�� �=&M ������
>.T �0 �. S �#� . �]<� *z = h(x, y) 9$+� !' z X"'

>.T R#� .$ *Z��M�
 �� 
�.&3 r(x, y) = (x, y, h(x, y))

rx(x�, y�) =
−−−−−−−−−−→(
�,�, hx(X�)

)
=
−−−−−−−−−−−→(
�,�,− fz

fx

∣∣∣
X�

)
,

ry(x�, y�) =
−−−−−−−−−−→(
�,�, hy(X�)

)
=
−−−−−−−−−−−→(
�,�,−fz

fy

∣∣∣
X�

)
.

��� � .$

rx(x�, y�)× ry(x�, y�) =
−−−−−−−−−−−−−→(fx

fz

∣∣∣
X�

,
fy

fz

∣∣∣
X�

,�
)

=
�

fz(X�)
f ′(X�)

��*�*� �� �q1 E� ZV' �5�M� *(�� f ′(X�) .�$�0 �E�
 �M
� *$$�S�
 ��� �

uL0 .$ �5F ���� � � ��q1 R#� $�0.&M ij� .$ �#&	B&a

*(�� ��O �$.�F H !j= E� ��

}

�*�*� �&a
 E� 8 � H (+"1 9J*� !VO

>.T R#� .$ *S : x� + y� + z� = � ���M x�= A5 .�8�
]3 *f ′ =

−−−−−−−−→
(�x,�y,�z) � f(x, y, z) = x� + y� + z�

x = y = z =s ��U
 �0 rf ′(X) = � � X ∈ Ss p�O
]3 *�O&0�
 �1&�� �M �(�� rx� + y� + z� = � � �
�x = � cosu cos v x�= &0 *(�� .�����M �� #� . N# S ���M

�ρ = � &0 ���M >&j L
C z = � sinu � y = � cosu sinu

9(O� 5���
 Aθ = u � ϕ = v

S :

{
r(u, v) =

−−−−−−−−−−−−−−−−−−−−−−−−−→
(� cosu cos v,� cosu sin v,� sinu)

(u, v) ∈ D

!VO �0 *D : −π/� ≤ u ≤ π/� , � ≤ v ≤ �π 5F .$ �M
*$O �)� GB��7*�

>.T R#� .$ *S : z� = x� + y� ���M x�= A0 .�8�
�f ′ =

−−−−−−−−−−−→
(−�x,−�y,�z) R#��0&�0 � f(x, y, z) = z� − x� − y�

���V� �� #� . N# S ]3 *$$�S�
 ��T (�,�,�) .$ &	�� S �0 �M
S p��L
 z = u � y = u sinu �x = u cos v x�= &0 *�O&0�


!VO �0 �.

S :

{
r(u, v) =

−−−−−−−−−−−−→
(u cos v, u sin v, u)

(u, v) ∈ D
� r = z = u &0 ����� �� >&j L
C $+� �� 
�.&3 5���


*(�� D : u ∈ R , � ≤ v ≤ �π ��
�$ 5F .$ �M Aθ = v

*$O �)� %�7*� !VO �0
}

�*�*� �&a
 E� 7 � J (+"1 97*� !VO
�0���� ������

9��0&�0 S ���0 �"�@� *(�� Ω �).&� ^Y� S �$.
 �� .$

�) Ω : x� + y� + z� = �x



c a c

=

√
�+

(
− fx

fz

)�
+

(
− fy

fz

)�
dxdy

=
�

|fz|
√
f�x + f�y + f�z dxdy =

�

|fz| ‖f
′(X�)‖ dxdy

� *���&[f� !0&1 �0&6
 >.T �0 �$.�
 �#&�

���#� . S : r(u, v) ∈ D ���M x�= ������ �����
f(x, y, z) A����v 
 �� e0&� �C �B&V�� 5���
 � �O&0 ��O �� 
�.&3
̀� ^Y� ���� �� �>.T R#� .$ *$0 ��O G#�U� 5F ����� �0

!VO �0 �. S �0 f ���∫∫
(S)

f dσ :=
∫∫
D

f
(
r(u, v)

) ‖ru × rv‖ dudv

�� #� . !M (�=�� �0��0 .��\
 R#� ���#$ 5&�0 �0 *Z��M�
 G#�U�
�r(u + du, v) �r(u, v) /g. &0 NQM ��UY1 �S� ��#E �(�� S
�Z#���0 �h� .$ S �0 �. r(u + du, v + dv) � r(u, v + dv)

`?-� � r(u, v) .$ /��. N# &0 `?-_� �E� 
 5F �&�0 �&��F
�M $+� x�= c�� � (=�S �h� .$ 5���
 �. rv dv � ru du

.��\
 ���� � .$ *�O&0�
 f(r(u, v)) �0��0 � (0&f 5F �0 f
('&"
 %�q�T&' &0 (�� �0��0 S E� NQM ��UY1 R#� (�=��
('&"
 �&
� *r(u, v) ��Y\� .$ f e0&� .��\
 .$ `?-_� �E� 

�&�.�$�0 �).&� %�q�T&' ��E���� �0��0 `?-_� �E� 
 R#�

R#��0&�0 *�O&0�
 5F ����E&�

dQ = ‖rudu× rvdv‖ f
(
r(u, v)

)
= f

(
r(u, v)

) ‖ru × rv‖ dudv

f ���� �� �� 0� ��O&0 ��O !�V6� (+"1 ��Q E� S �� #� . �l�&�Q
(��0 $��,� ]<� � �$+� �[�&�
 ��&S ��) &	�F E� N# �� �0 �.

*Z��E�
 e+) �. ��
F

���v 
 �� �U0&� h � �#� . S ���M x�= ���� �����
>.T R#� .$ *$$�S�
 G#�U� S �0 �M �O&0

�&��F �S : f(x, y, z(x, y)) = a , (x, y) ∈ D �S� AGB�∫∫
(S)

h dσ =
∫∫
D

h
(
x, y, z(x, y)

) ‖f ′‖
|fz| dxdy

�&��F �S : f(x, y(x, z), z) = a , (x, z) ∈ D �S� A%∫∫
(S)

h dσ =
∫∫
D

h
(
x, y(x, z), z

) ‖f ′‖
|fy| dxdz

�&��F �S : f(x(y, z), y, z) = a , (y, z) ∈ D �S� A:∫∫
(S)

h dσ =
∫∫
D

h
(
x(y, z), y, z

) ‖f ′‖
|fx| dydz

!�� G̀F b,� !����F� ��7

�#� . N# �0 �B&V�� 5���
 N# ���� �� ���� ̀� ^Y� ���� ��
̀� y� ���� �� Z�+U� �#� E� ���� �� R#� *(�� A^Y� &#C

*�O&0�
 ��&S �$ ���� �� 4	�
 Z�+U� ��#$ �� E� � (�� ���
�M �Z#.�$ E&�� ('&"
 5&+B� 4	�
 �0 ���� �� R#� G#�U� ���0

*Z#E�$�3�
 5F ^#�6� �0

��O �� 
�.&3 �� #� . N# S ���M x�= ������ �����
�. S 7��E� L�FH� >.T R#� .$ ��O&0 r(u, v) ��6\� y��
5���
 .&j �� �0 *Z��M�
 G#�U� dσ = ‖ru×rv‖ dudv !V60
.$ S �0 /&+
 NQM `?-_� �E� 
 ('&"
 dσ �M (�S
�� "� ru dv � ru du E� >.&[, 5F e�- �$ �M (�� r(u, v) ��Y\�

*A$O �)� �*� !VO �0C

}
�#� . N# ('&"
 5&+B� 9�*� !VO

!VO �0 i&� $.
 .$ �. ('&"
 5&+B� ���� �����
9$+� �[�&�
 5���
 �#E

�&��F �S : f(x, y, z) = � �S� AGB�
dσ =

‖f ′‖
|fz| dxdy =

‖f ′‖
|fy| dxdz =

‖f ′‖
|fx| dydz

�&��F S : z = f(x, y)�S� A%
dσ =

√
�+ (fx)� + (fy)� dxdy

�&��F S : y = f(x, z) �S� A:
dσ =

√
�+ (fx)� + (fz)� dxdz

�&��F S : x = f(y, z) �S� A$
dσ =

√
�+ (fy)� + (fz)� dydz

z X"' �0 �. f(x, y, x) = c �#� . m�U
 �� B$&U
 �l�&�Q ������
>.T �0 �. S �� #� . *z = h(x, y) 9Z��M !'

r(x, y) =
−−−−−−−−−→(
x, y, h(x, y)

)
��� � .$ *$+� �� 
�.&3 5���


dσ = ‖rx × ry‖ dxdy =
∥∥∥−−−−−−→(�,�, hx)×−−−−−−→(�,�, hy)

∥∥∥ dxdy
=

∥∥∥−−−−−−−−−→(−hx,−hy,�)
∥∥∥ dxdy =

√
�+ h�x + h�y dxdy



a c c

���#�$ Z�� ����T−xz �0 S �#j� �M R#� �0 �)� &0

D : x� + z� ≤ � , � ≤ x

��� � .$ �y = x�+z� Z#.�$ S �0 �V�#� �0 �)� &0 c�� � �O&0�

Z#.�$ �*;*� E� A%C (+"1 �0&�0∫∫

(S)

h dσ =
∫∫
D

(
xz + (x� + z�)

)√
�x� + �z� + � dxdz

=
∫∫
D′

(
r� cos θ sin θ + r�

)√
�r� + � r drdθ

=
∫ �

�

[∫ π/�

−π/�

(
cos θ sin θ + �

)
r�

√
�r� + � dθ

]
dr

=
�

�

∫ �

�

[
r�

√
�r� + �(�θ − cos� θ)

]π/�

−π/�
dr

= π

∫ √
�

�

r�
√
�r� + � dr

(�)
=

π

��

∫ �

�

u�(u� − �) du =
���

��
π

.$ D �#j� D′ � �u =
√
�r� + � (�� ��O x�= A�C .$ �M

9(�� ���T−rθ

D′ : −π/� ≤ θ ≤ π/� , � ≤ r ≤
√
�

x� = y� + z� p��L
 E� � +"1 S �M ��.T .$ A
 .�8�
e0�
 ���T−yz �0 5F �#j� � x ≤ � 5F .$ �M �O&0

D : −� ≤ z ≤ � , −� ≤ y ≤ �

*���M �[�&�
 D �0 �. h = x� ���� �� �(��
.$ �f = y� + z� − x� E� (�� >.&[, S �� #� . m�U
 e0&� *!'

��� �

dσ =
‖f ′‖
|fx| dydz =

‖−−−−−−−−−→(−�x,�y,�z)‖
| − �x| dydz

=

√
x� + y� + z�

|x| dydz

(�� D e0�
 E� >.&[, ���T−yz �0 S �#j� �V�#� �0 �)� &0
(+"1 �0&�0 ��� � .$ �x = −

√
y� + z� Z#.�$ S �� #� . �0 c�� �

Z#.�$ �*;*� E� A:C
∫∫
(S)

h dσ =
∫∫
D

(
−
√
y� + z�

)�
√

(y� + z�) + y� + z�

| −
√
y� + z�|

dydz

=
√
�

∫∫
D

(
y� + z�

)
dydz

=
√
�

∫ �

−�

[∫ �

−�
(y� + z�) dy

]
dz

=
√
�

∫ �

−�

(
�

�
+ z�

)
dz =

�

�

√
�

�&��F �S : z = f(x, y) , (x, y) ∈ D �S� A$∫∫
(S)

h dσ =
∫∫
D

h
(
x, y, f(x, y)

)√
�+ (fx)� + (fy)� dxdy

�&��F �S : y = f(x, z) , (x, z) ∈ D �S� A�∫∫
(S)

h dσ =
∫∫
D

h
(
x, f(x, z), z

)√
�+ (fx)� + (fz)� dxdz

�&��F �S : x = f(y, z) , (y, z) ∈ D �S� A�∫∫
(S)

h dσ =
∫∫
D

h
(
f(y, z), y, z

)√
�+ (fy)� + (fz)� dydz

�$&� �� ;*;*� �� �q1 � ^Y� ���� �� G#�U� E� (�� �=&M ������

� *$O

���M �#_&0 ��+�� S �M ��.T .$ A& �'�() $����
S �0 �. h = ��z�

√
x� + y� ���� �� ��O&0 x� + y� + z� = �

*���M �[�&�

f = x� + y� + z� E� >.&[, S m�U
 e0&� �B&�"
 R#� .$ *!'

��� � .$ �(��

dσ =
‖f ′‖
|fz| dxdy =

‖−−−−−−−−→(�x,�y,�z)‖
|�z| dxdy

=

√
x� + y� + z�

z
dxdy =

�

z
dxdy

Z#��S�
 ��� � �z X"' �0 f = � �� B$&U
 !' &0 �=�@ E�
(�� >.&[, ���T−xy �0 5F �#j� �M z =

√
�− x� − y�

�*;*� E� AGB�C (+"1 �0&�0 ���� � .$ *D : x� + y� ≤ � E�
Z#.�$∫∫

(S)

h dσ =
∫∫
D

��z�
√
x� + y�

�

z
dxdy

= ��

∫∫
D

(�− x� − y�)
√
x� + y� dA

= ��

∫∫
D′

(�− r�)rr dA′

= ��

(∫ �π

�

dθ

)(∫ �

�

(�− r�)r� dr

)

= ��(�π)
(
�

�
− �

�

)
= �π

�q�0 5S �+	� E� � +"1 S �M ��.T .$ A, .�8�
h = xz+y e0&� ���� �� *y ≤ � � � ≤ x �M �O&0 y = x�+z�

*���M �[�&�
 �. S �0
.$ *f = x� + z� − y E� (�� >.&[, S �� #� . m�U
 e0&� *!'

���� �

dσ =
‖f ′‖
|fy| dxdz =

‖−−−−−−−−−→(�x,−�,�z)‖
| − �| dxdz

=
√
�x� + �z� + � dxdz



c a c

=
∫∫
D

√
�− y�(z − y)

√√√√
�+

(
−y√
�− y�

)�

+(�)� dydz

=
∫∫
D

(z − y) dydz =
∫ �

�

[∫ �

−�
(z − y) dy

]
dz

=
∫ �

�

�z dz = �

S : x� + y� + z� = � ���M �0 h = z�/� e0&� E� A5 .�8�
*�#���0 ���� ��

9Z��M�
 �� 
�.&3 ���M >&j L
 N+M �0 �. S ���M *!'
r(ϕ, θ) =

−−−−−−−−−−−−−−−−−−−−−−−−−→(
� cosϕ cos θ,� cosϕ sin θ,� sinϕ

)
�)� &0 *D : −π/� ≤ ϕ ≤ π/� , � ≤ θ ≤ �π 5F .$ �M
�. dσ =

∥∥rθ × rϕ

∥∥ dϕdθ ('&"
 5&+B� �#&0 �� 0� ��*;*� �0
9Z��M �[�&�


dσ =
∥∥−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(− � sinϕ cos θ,−� sinϕ sin θ,� cosϕ

)
×−−−−−−−−−−−−−−−−−−−−−−−−→(− � cosϕ sin θ,� cosϕ cos θ,�

)∥∥ dϕdθ
=

∥∥−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(−� cos� ϕ cos θ,−� cos� ϕ cos θ,−� sinϕ sin θ
)∥∥dϕdθ

= � cosϕdϕdθ

Z#.�$ ���� � .$
∫∫
(S)

h dσ =
∫∫
D

�

�
(� sinϕ)� � cosϕdϕdθ

= �

(∫ π/�

−π/�

sin� ϕ cosϕdϕ

)(∫ �π

�

dθ

)

= �× �

�
× �π = ��π

>&��T �0 $���
 XUV
 Ω �M ��.T .$ A0 .�8�
^Y� S � �$0 z = � � y = � �x = � >&��T � ��&j L


*���M �[�&�
 S �0 �. h = xyz ���� �� ��O&0 Ω �).&�
9$O�
 !�V6� !VO e0�
 �UY1 uO E� �#� . R#� *!'

S = S� + S� + S� + S� + S� + S�,

S� : z = � ; (x, y) ∈ Dxy, S� : z = � ; (x, y) ∈ Dxy,

S� : y = � ; (x, z) ∈ Dxz, S� : y = � ; (x, z) ∈ Dxz,

S� : x = � ; (y, z) ∈ Dyz, S� : x = � ; (y, z) ∈ Dyz,

����T−xy �0 S �#j� E� >.&[, X��� 0 Dyz � Dxz �Dxy �M
9�� "� ���T−yz � ���T−xz

Dxy : � ≤ x , y ≤ �. Dxz : � ≤ x , z ≤ �,
Dyz : � ≤ y , z ≤ �.

����T E� � +"1 �0 h =
x+ y

x+ y + z
e0&� E� A� .�8�

*�#���0 ���� �� $.�$ .��1 ��� Z 6� N# .$ �M x+ y + z = �

�B&�"
 R#� .$ �M $O�
 �h'?
 *!'

S : z = �− x− y ; (x, y) ∈ D

���T−xy �0 S �#j� D′ : � ≤ x ≤ � , � ≤ y ≤ �−x �M
Z#.�$ �*;*� E� A$C (+"1 �0&�0 ��� � .$ *(��∫∫

(S)

h dσ =

=
∫∫
D

x+ y

x+ y + (�− x− y)
√
�+ (−�)� + (−�)� dxdy

=
√
�

∫∫
D

(x+ y) dxdy =
√
�

∫ �

�

[∫ �−x

�

(x+ y)dy

]
dx

=
√
�

∫ �

�

(
x(� − x) +

�

�
(�− x)�

)
dx =

√
�

�

� +"1 �0 �h = z/
√
�+ �x� + �z� e0&� E� A .�8�

�� �� �� y�� �M y = x� − z� �BBn� 5S�+	� E�
*�#���0 ���� �� �(�� ��O ��) x� + z� = �z

�B&�"
 R#� .$ �M $O�
 �h'?
 *!'

S : y = x� − z� ; (x, z) ∈ D

.$ *(�� ���T−xz �0 S �#j� D : x�+z� ≤ �z i�1 �M
Z#.�$ �*;*� E� A�C (+"1 �0&�0 ��� �∫∫

(S)

h dσ =
∫∫
D

z√
�+ �x� + �z�

√
�+ �x� + �z� dxdz

=
∫∫
D

z dz =
∫∫
D′

r sin θ.r drdθ

=
∫ π

�

[∫ � sin θ

�

r� sin θ dr

]
dθ =




�

∫ π

�

sin� θ dθ = π

�� �� �� E� � +"1 �0 h = x(z − y) e0&� E� A4 .�8�
��O ��) z = � � z = � >&��T y�� �M x =

√
�− y�

*�#���0 ���� �� �(��
�B&�"
 R#� .$ �M $O�
 �h'?
 *!'

S : x =
√
�− y� ; (y, z) ∈ D

!�Y "
 E� >.&[, ����T−yz �0 S �#j� D �

D : � ≤ z ≤ � , −� ≤ y ≤ �

Z#.�$ �*;*� �� �q1 E� A�C (+"1 �0&�0 ���� � .$ *(��∫∫
(S)

h dσ =



a c c

9�#���0 ���� �� S �0 h E� �$.
 �� .$ �0���� %����

z = �−x�−y� �q�0 5S�+	� E� � +"1 S � f = z A�
*$.�$ .��1 ���T−xy �_&0 .$ �M

���M E� ��O ��) � VQM (+"1 S � f = z
√
x� + y� A;

*(�� z = a/� ����T y�� x� + y� + z� = a�

x� + y� + z� = � ���M E� � +"1 S � f = x� + y� + z� A�
*(�� ��O ��) x� + y� = �x �� �� �� y�� �M (��

y�� �M (�� x� + z� = � �� �� �� E� � +"1 S � f = y A�
*(�� ��O ��) y = � � y = � >&��T

x+ y+ z = � ����T E� � +"1 S � f = x� + y� + z� AH
*$.�$ .��1 ��� Z 6� N# .$ �M (��

E� � ≤ x �&q= Z�� .$ e1�� ���V+�� S � f = �z� A8
*(�� x� + y� + z� = �

$���
 �3� �� �� �� �).&� ^Y� S � f = x� + y� + z� AJ
*(�� z = � � z = � >&��T � x� + y� = � �0

�M (�� x� + y� + z� = � ���M E� � +"1 S � f = x� A7
��) x� + y� = 
z� � x� + y� = �z� KY� y��

*$.�$ .��1 � ≤ x �&q= Z�� .$ � $$�S�


�0 $���
 p��L
 �).&� ^Y� S � f = x + �y + �z A�
*�O&0�
 x = � ����T � x� = y� + z�

����T �0 $���
 4�� �).&� ^Y� S � f = z A�I
*(�� ��&j L
 >&��T � x+ y + z = �

o1&� p��L
 �).&� ^Y� S � f = y
√
x� + z� A��

y = � � y = � >&��T � y� = x� + z� �0 $���

*$.�$ .��1 � ≤ x �&q= Z�� .$ � �O&0�


|x|+ |y|+ |z| = �	)� (6� S � f = |x|�+ |y|�+ |z|� A�;
*(�� �

&	�F ��+� �M �(�� !#{ i�� ��.�$ ��� ̀� ^Y� ���� ��
9���&[f� !0&1 ��&S �$ ���� �� i�� E� �$&� �� &0 � '�. �0

a ����v 
 �� e0�� h� � h� �h ���M x�= ���� &����
�M Z��M x�= ��?U0 *��O&0 �#� . S� � S� �S � (0&f $��,� b �

>.T R#� .$ *�O&0 ��T S� ∩ S� ('&"


�) ∀X ∈ S : h�(X) ≤ h�(X)⇒
∫∫

(S)

h� dσ ≤
∫∫

(S)

h� dσ

�) min
{
h(X) |X ∈ S}×Area(S) ≤

∫∫
(S)

h dσ

Z#.�$ �*;*� E� A�C � A�C �A$C $.�
 �0 �)� &0 ���� � .$∫∫
(S)

h dσ =
∫∫

(S�)

xy(�)
√
�+ (�)� + (�)� dxdy

+
∫∫

(S�)

xy(�)
√
�+ (�)� + (�)� dxdy

+
∫∫

(S�)

x(�)z
√
�+ (�)� + (�)� dxdz

+
∫∫

(S�)

x(�)z
√
�+ (�)� + (�)� dxdz

+
∫∫

(S�)

(�)yz
√
�+ (�)� + (�)� dydz

+
∫∫

(S�)

(�)yz
√
�+ (�)� + (�)� dydz

=
∫∫

Dxy

xy dxdy +
∫∫

Dxz

xz dxdz +
∫∫

Dyz

yz dydz

= �

(∫ �

�

xdx

)(∫ �

�

y dy

)
=
�

�

�' �. � ≤ x ≤ π �M y = sinx ����
 A2 .�8�
f = e0&� E� *$$�S�
 !T&' S �� #� . � �$�$ 5�.�$ .�
−x

*�#���0 ���� �� S �0 �/
√
�− y� − z�

>.T �0 �. S �� #� . *!'

S : y� + z� = sin� x ; y� + z� ≤ �

�' 5�.�$ �� #��E v � u = x Z��M x�= *$+� 5&�0 5���

Z#.�$ �X���� R#� �0 *(�� .�
−x

S : r(u, v) =
−−−−−−−−−−−−−−−−−−→(
u, sinu cos v, sinu sin v

)
; (u, v) ∈ D

��� � .$ *D : � ≤ u ≤ π , � ≤ v ≤ �π 5F .$ �M

dσ =
∥∥ru × rv

∥∥ dudv
=

∥∥∥−−−−−−−−−−−−−−−−−−→(
�, cosu cos v, cosu sin v

)
×−−−−−−−−−−−−−−−−−−−→(
�,− sinu sin v, sinu cos v

)∥∥∥dudv
=

∥∥∥−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
sinu cosu,− sinu cos v,− sinu sin v

)∥∥∥ dudv
= sinu.

√
�+ cos� u dudv

R#��0&�0 �∫∫
(S)

f dσ =
∫∫
D

�√
�− sin� u

. sinu.
√
�+ cos� ududv

=
∫∫
D

sinu ddv =
(∫ π

�

sinu du
)(∫ �π

�

dv

)
= �π



c a c

�� 6�0 $��U� ���0 5$0 Z	= !0&1 ��U# X�Y
 5$0 �
+,
�$�$ �&�$�0.&M R#��0&�0 � (�� ��O � =�S �h� .$ 5&S����� E�
^Y� ���� �� RV+
 �&�$�0.&M ��+� E� ����1 $��U� &	�� ��O

*��O&0�


N# �0��0 � (0&f �. h �l�&�Q �7J�D) � .	�!) �����
('&"
 ��U
 �0 S E� NQM 5&+B� N# (�=�� �&��F �Z#���0
*�O&0�
 S ('&"
 ��U
 �0 S !M (�=�� ���� � .$ *(�� 5F

*Area(S) =
∫∫

(S)

dσ �M Z#��S�
 ��� � �R#��0&�0

E� !T&' %�� ^Y� ('&"
 A& .�8� �'�() �����
�[�&�
 �. a < b `&UO �0 ����#�$ �' a `&UO �0 ���#�$ 5�.�$

*���M
R#� �� B$&U
 �M Z#��S�
 ��� � vv E� A8C (+"1 N+M �0 *!'

�0 �M �(�� S :
(√

x� + y� − b
)�

+ z� = a� E� >.&[, �#� .
>.T

r(u, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
(a cosu+ b) cos v, (a cosu+ b) sin v, a sinu

)
5F .$ � �(�� 5$�M �� 
�.&3 !0&1

D : � ≤ u ≤ �π , � ≤ v ≤ �π

&0 (�� �0��0 5F ('&"
 5&+B� ��?U0

dσ =
∥∥ru × rv

∥∥ dudv
=

∥∥∥−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(− a sinu cos v,−a sinu sin v, a cosu
)×

×−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(− (a cosu+ b) sin v, (a cosu+ b) cos v,�
)∥∥∥ dudv

=
∥∥∥a(a cosu+ b)

−−−−−−−−−−−−−−−−−−−−−−−→(−cosu sin v, cosu cos v,−sinu
)∥∥∥dudv

= a(a cosu+ b) dudv

&0 (�� �0��0 S !M ('&"
 ���� � .$

Area(S) =
∫∫
(S)

dσ =
∫∫
D

a(a cosu+ b) dudv

= a

(∫ �π

�

(a cosu+ b) du

)(∫ �π

�

dv

)
= �π�ab

�' C� : x� + z� = a� �y = � ���#�$ 5�.�$ E� !VO R#�
�M $.�$ .��1 �����T �0 ��#�$ R#� *$O�
 !T&' &� z .�

C� : x� + y� = b� ���#�$ �0 5F cM�
 � $.nS�
 &� z .�
 E�
C� y��
 %�q�T&' �0��0 S ('&"
 ��V�#� XB&) *$.�$ .��1

�(�� C� y��
 .$

z = x� + y� �q�0 5S�+	� E� � +"1 ('&"
 A, .�8�
*���M �[�&�
 �. (�� $���
 z = a� ����T �0 �M

>.T �0 �. �#� . R#� ������ �� >&j L
 N+M �0 *!'

r(u, v) =
−−−−−−−−−−−−−→(
u cos v, u sin v, u�

)

≤ max
{
h(X) |X ∈ S}×Area(S)

�)
∫∫

(S)

(
ah� + bh�

)
dσ = a

∫∫
(S)

h� dσ + b

∫∫
(S)

h� dσ

�)
∫∫

(S�+S�)

h dσ =
∫∫

(S�)

h dσ +
∫∫

(S�)

h dσ

�) Area(S) =
∫∫

(S)

dσ �)

∣∣∣∣∣
∫∫

(S)

h dσ

∣∣∣∣∣ ≤
∫∫

(S)

|h| dσ

!�� G̀F b,� !����F� ����	N $�7

4&")� !M (�=�� ��� ̀� ^Y� ���� �� N+M �0 ��M .@ �0
�S� �?z a
 *$+� �[�&�
 5���
 �. ��U0 �� �&q= .$ ��U0 �$
���� �� N+M �0 �&��F �Z����0 �. �#� . N# E� �Y\� �� 4�) �B&�Q
5���
 �. �#� . u��Q `&UO � !\f cM�
 �4�) ���� ̀� ^Y�
̀� R#� ���S.&V0 .$ ��M �T� �� 0� �&��#� .$ *$+� �[�&�


*Z��M�
 ^#�6� �. ���� ��

&0 �#� . N# S ���M x�= ����B���V� K+� �����
5���
 h(x, y, z) ���M x�= *(u, v) ∈ D �M (�� r(u, v) ��6\�
G#�U� S ����� �0 �M (�� A�����v 
 �� e0&� �C ��B&V��
(�=�� 5&+B� �� 0� S �0 h !M (�=�� �� [�&�
 ���0 *$$�S�

/g. &0 �� UY1 (�� �=&M .h�
 R#� ���0 *Z��M�
 �[�&�
 �.
S �0 �. r(u+du, v+dv) � r(u, v+dv) �r(u+du, v) �r(u, v)
ru du �&�.�$�0 �0 .� �� `?-_� �E� 
 &0 �. 5F � � =�S �h� .$
� (0&f �UY1 R#� �0 h Z��M x�= ]<� *Z��c0 X#�\� rv dv �
�0��0 �UY1 R#� (�=�� �X���� R#� �0 *�O&0�
 h(r(u, v)) �0��0

&0 (��

dQ = `?-�_ �E� 
 ('&"
 × h(r(u, v))
=

∥∥ru du × rv dv
∥∥ h(r)

= h(r)
∥∥ru × rv

∥∥ dudv
9(�� S �0 h ��� ̀� ^Y� ���� �� �0��0 S !M (�=�� ���� � .$

Q =
∫∫
D

dQ

=
∫∫
D

h
(
r(u, v)

)‖ru × rv‖ dudv

=
∫∫
S

h dσ

^Y� ���� �� �&�$�0.&M E� ���0 5&�0 �0 �
�$� .$
&	�� &�$�0.&M R#� %&L �� .$ �M (�� �	#�0 *Z#E�$�3�




a c c

m =
∫∫
(S)

δ dσ , x� =
�

m

∫∫
(S)

xδ dσ,

y� =
�

m

∫∫
(S)

yδ dσ , z� =
�

m

∫∫
(S)

zδ dσ.

p��L
 E� (x, y, z) ��Y\� Z#��S A& �'�() %����
δ = x� + y� + z� 4�) �B&�Q ��.�$ z ≤ � &0 z =

√
x� + y�

*��0&�0 �. 5F !\f cM�
 � 4�) *(��
S : z =

√
x� + y� ; (x, y) ∈ D >.T �0 �. �#� . R#� *!'

5F ('&"
 5&+B� *D : x� + y� ≤ � �M �$+� ^#�6� 5���

E� >.&[,

dσ =

√√√√�+

(
x√

x� + y�

)
+

(
y√

x� + y�

)
dxdy

=
√
� dxdy

�0��0 S 4�) ���� � .$ *(��

m =
∫∫
(S)

δ dσ

=
∫∫
D

(
x� + y� +

(√
x� + y�

)�
)√

� dxdy

= �
√
�

∫∫
D

(
x� + y�

)
dxdy = �

√
�

∫∫
D′

r�r drdθ

= �
√
�

(∫ �π

�

dθ

)(∫ �

�

r� dr

)

= �
√
�(�π)(�) = ��π

√
�

���v� −x �0 x �#U� &0 5F �B&�Q e0&� � S �� #� . 5Q *(��
��� � .$ � $.�$ .��1 x = � ����T �0 S !\f cM�
 ���M�+�
cM�
 y o L
 �0&6
 !�B$ �0 *(�� ��T S !\f cM�
 x o L


&0 (�� �0��0 S !\f cM�
 z o L
 *�O&0�
 ��T c�� S !\f

z� =
�

m

∫∫
(S)

zδ dσ

=
�

m

∫∫
D

√
x� + y��

√
�(x� + y�) dxdy

=
�

��

∫∫
D

(
x� + y�

)�/�
dxdy =

�

��

∫∫
D′

r�r drdθ

=
�

��

(∫ �π

�

dθ

)(∫ �

�

r� dr

)
=
�

�
π

*(�� C = (�,�,�π/�) �0��0 S !\f cM�
 �R#��0&�0

��Y\� �M 5F �0 p��6
 ��'�� XUV
 ^Y� 4�) A, .�8�
(��0 �. ��O&0 δ = x+ y+ z 4�) �B&�Q ��.�$ 5F E� (x, y, z)

*�#.�F

.$ *D : � ≤ u ≤ a , � ≤ v ≤ �π 5F .$ �M �Z��M�
 �� 
�.&3
E� (�� >.&[, .Mn
 �� #� . ('&"
 5&+B� ���� �

dσ =
∥∥ru × rv

∥∥ dudv
=

∥∥∥−−−−−−−−−−−→(
cos v, sin v,�u

)×−−−−−−−−−−−−−−−→(− u sin v, u cos v,�
)∥∥∥ dudv

=
∥∥∥−−−−−−−−−−−−−−−−−−−−→(− �u� cos v,−�u� sin v, u

)∥∥∥ dudv
= u

√
�+ �u� dudv

&0 (�� �0��0 S ('&"
 �R#��0&�0

Area(S) =
∫∫
(S)

dσ =
∫∫
D

u
√
�+ �u� dudv

=

(∫ �π

�

dv

)(∫ a

�

u
√
�+ �u� du

)

= �π

[
�

��
(�+ �u�)�/�

]a

�

=
π

�

(
(�a� + �)�/� − �

)

�0���� �����
9���M �[�&�
 �. �#E �&��#� . E� N# �� ('&"


y�� �M z = x� + y� �q�0 5S�+	� E� � +"1 A�
*(�� ��O ��) z = � � z = � >&��T

����T y�� �M y� = x� + �z� p��L
 E� � +"1 A;
*(�� ��O ��) y = �

y�� �M z = x� − y� �BBn� 5S�+	� E� � +"1 A�
*(�� ��O ��) x� + y� = � �� �� ��

*|x|+ |y|+ |z| = a .�0 ^Y� A�

*(x� + y� + z�)� = a�(x� + y� − z�) �� #� . ^Y� AH∗

5�.�$ .�
−x �' �. [a; b] ��E&0 �0 y = f(x) e0&� .�$+� A8
*Z#.�F�
 (��0 �. S �� #� . � �$�$

�' �. C : r(t) =
−−−−−−−→(
x(t), y(t)

)
; a ≤ t ≤ b ����
 AJ

*Z#��$.�F (��0 �. S �� #� . � �$�$ 5�.�$ .�
−x

�. �*�*� E� � �&a
 .$ ��O ��
F /�0
 .�� ('&"
 A7
*���M �[�&�


���+ � <� E1n 4L�) + Q�R � .	�!) �� ��2��L $����
�
�) �B&�Q ��.�$ S �� #� . E� (x, y, z) ��Y\� ���M x�=
�����&+B� D�. ���S.&V0 &0 �>.T R#� .$ *�O&0 δ(x, y, z)
� m 4�) �M $$�S�
 ���&6
 A��&S �$ ���� �� �0 ��[O ?z 
&MC

9(�� R��Q >.&[, S �� #� . C = (x�, y�, z�) !\f cM�




c a c

��Y\� �� �T&= h �M �IP :=
∫∫

(S)

h�δ dσ E� (�� >.&[, P �'

R#� .$ ��O&0 S 4�) m �S� *�O&0�
 P ��,+�
 &� (x, y, z) ∈ S
*Z�
&��
 P �' S u��Q `&UO �. RP :=

√
IP /m >.T

�.�
−y �.�
−x �O Ǳ��[
 �0��0 P �S� �i&� (B&' .$
R#� .$ ��O&0 ���T−yz &# � ���T−xz ����T−xy �.�
−z

&0 ���0��0 X��� 0 P �' S �� #� . ��&
 .�& 6S �>.T

IO =
∫∫

(S)

(
x� + y� + z�

)
δ dσ

Ix =
∫∫
(S)

(
y� + z�

)
δ dσ Iy =

∫∫
(S)

(
x� + z�

)
δ dσ

Iz =
∫∫
(S)

(
x� + y�

)
δ dσ Ixy =

∫∫
(S)

z�δ dσ

Ixz =
∫∫
(S)

y�δ dσ Iyz =
∫∫
(S)

x�δ dσ

����T E� � +"1 S �M ��.T .$ A& �'�() �����
D�0 z = � � ��&j L
 >&��T y�� �M �O&0 x + y = �

��O&0 δ = z �B&�Q ��.�$ (x, y, z) ∈ S ��Y\� � (�� �$.�
*���M �[�&�
 �. Ǳ��[
 �' S ��&
 .�& 6S

S : y = � − x ; (x, z) ∈ D >.T �0 �. �#� . R#� *!'
.$ *D : � ≤ x ≤ � , � ≤ z ≤ � �M �$+� ^#�6� 5���


&0 (�� �0��0 Ǳ��[
 �' S ��&
 .�& 6S ���� �

IO =
∫∫
(S)

(
x� + y� + z�

)
δ dσ

=
∫∫
D

(
x� + (�− x)� + z�

)
z

√
�+ (−�)� + (�)� dxdy

=
√
�

∫ �

�

[∫ �

�

z
(
�x� − �x+ �+ z�

)
dz

]
dx

=
√
�

∫ �

�

{
�x� − �x+ �

}
dx =

��

�

√
�

�' x� + y� + z� = R� �&�Q ���M u��Q `&UO A, .�8�
*���M �[�&�
 �. .�
−z

9Z��M�
 �� 
�.&3 �. S � � =�S N+M ���M >&j L
 E� *!'

r(ϕ, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−−→(
R sinϕ cos θ,R sinϕ sin θ,R cosϕ

)
E� J (+"1 ���&+� *D : � ≤ ϕ ≤ π , � ≤ θ ≤ �π 5F .$ �M

�M $$�S�
 �h'?
 H*;*�

dσ =
∥∥rϕ × rθ

∥∥ dϕdθ = R� sinϕdϕdθ

E� (�� >.&[, .�
−z �' S ��&
 .�& 6S ���� � .$

Iz(S) =
∫∫
(S)

(
x� + y�

)
δ dσ

4�) *Z#��$+� G�T� H*;*� E� 7 (+"1 .$ �. �#� . R#� *!'
&0 (�� �0��0 S �� #� .

m =
∫∫
(S)

δ dσ

=
∫∫

(S�)

(
x+ y + �

)
dσ +

∫∫
(S�)

(
x+ y + �

)
dσ

+
∫∫

(S�)

(
x+ �+ z

)
dσ +

∫∫
(S�)

(
x+ �+ z

)
dσ

+
∫∫

(S�)

(
�+ y + z

)
dσ +

∫∫
(S�)

(
�+ y + z

)
dσ

=
∫∫

Dxy

(
�x+ �y + �

)
dσ +

∫∫
Dxz

(
�x+ �z + �

)
dσ

+
∫∫

Dyz

(
�y + �z + �

)
dσ

= �

∫ �

�

(∫ �

�

(�x+ �y + �) dy

)
dx

= �

∫ �

�

(�x+ �) dx = �

�0���� &����
�. 8*�*� �&a
 E� ; (+"1 .$ �� #� . !\f cM�
 >&j L
 A�

*��0&�0

R�+� ^Y� E� �6L0 !\f cM�
 >&j L
 A;
��#�0 x� + y� = �ax ^Y� y�� �M z =

√
x� + y�

*���M �[�&�
 �. (�� ��O

Ω : � ≤ x, y, z ≤ � �'�� XUV
 ^Y� S �M ��.T .$ A�
��O&0 δ = x�+y�+z� �0��0 (x, y, z) ��Y\� �B&�Q � �O&0

*��0&�0 �. S !\f cM�
 � 4�)

R�+� ���M ^Y� E� � +"1 !\f cM�
 >&j L
 A�
z = a � z = � >&��T y�� �M x� + y� + z� = R�

*��0&�0 �. $.�$ .��1 � ≤ y �&q= Z�� .$ � (�� ��O ��)
*� < a < R &��#� .$

>&��T �0 $���
 4�� �).&� ^Y� !\f cM�
 >&j L
 AH
�M ��0&�0 ��.T .$ �. x+ y+ z = � ����T � ��&j L

δ = x+�y+�z �
�) �B&�Q ��.�$ 5F E� (x, y, z) ��Y\�

*�O&0
Z��8 + 
��) �+�CcG � .	�!) �� ��2��L *����
(x, y, z) ��Y\� ���M x�= ���
)�R � �+ � <� ���]
��Y\� N# P � �$0 δ(x, y, z) �
�) �B&�Q ��.�$ S �� #� . E�
S ��&
 .�& 6S �>.T R#� .$ *�O&0 ���T N# &# � y� N#



a c c

���� � .$ *Z��M�
 �� 
�.&3 D : � ≤ x ≤ � , � ≤ z ≤ � 5F

Area(S) =
∫∫
(S)

dσ =
∫∫
D

√√√√
�+

(
−x√
�− x�

)�

+ (�)�

=
∫∫
D

� dxdz√
�− x�

= �

(∫ �

�

dz

)(∫ �

−�

dx√
�− x�

)

= �
[
z
]�
�

[
arcsin

(x
�

)]�
−�

= �π

�0��0 .�
−x &� (x, y, z) �� �T&= �M R#� �0 �)� &0
Z#.�$ �(�� h =

√
y� + z�

mean
S

h� =
�

Area(S)

∫∫
(S)

h� dσ

=
�

�π

∫∫
D

{
(�− x�) + z�

}
� dxdz√
�− x�

=
�

�π

∫ �

−�

[∫ �

�

�− x� + z�√
�− x�

dz

]
dx

=
�

π

∫ �

−�

{
�√
�− x�

+
√
�− x�

}
dx

=
�

π

[
�

�
x
√
�− x� + �� arcsin

( x
�

)]�
−�

= ��

>&��T �0 $���
 4�� �).&� ^Y� S ���M x�= A, .�8�
5F E� (x, y, z) ��Y\� �M (�� x+y+z = � ����T � ��&j L

�#� . R#� p&\� �&
$ y� 
 *(�� T = x+ y + z �&
$ ��.�$

*���M �[�&�
 �.
9$$�S�
 !�V6� �UY1 .&	Q E� 4�� R#� *!'

S = S� + S� + S� + S�

S� : z = �− x− y ; (x, y) ∈ Dxy

S� : z = � ; (x, y) ∈ Dxy S� : y = � ; (x, z) ∈ Dxz

S� : x = � ; (y, z) ∈ Dyz

Dxy : � ≤ x ≤ � , � ≤ y ≤ �− x

Dxz : � ≤ x ≤ � , � ≤ z ≤ �− x

Dyz : � ≤ y ≤ � , � ≤ z ≤ �− y

����T−xy �0 4�� �#j� X��� 0 Dyz � Dxz �Dxy �M
�0 *$O �)� �I*� !VO �0 *�� "� ���T−yz � ���T−xz

E� (�� >.&[, T y� 
 �X���� R#�

mean
S

T =
∫∫
(S)

T dσ ÷
∫∫
(S)

dσ

=
(∫∫
(S�)

T dσ +
∫∫

(S�)

T dσ +
∫∫

(S�)

T dσ +
∫∫

(S�)

T dσ
)

=
∫∫
D

(R� sin� ϕ)δ�R
� sinϕdϕdθ

= δ�R
�

(∫ �π

�

dθ

)(∫ π

�

sin� ϕdϕ
)

=



�
πδ�R

�

�0��0 5F 4�) �(�� (0&f S �B&�Q 5Q ��=�@ E�

m =
∫∫
(S)

δ dσ = δ�

∫∫
(S)

dσ = δ�Area(S) = �πδ�R
�

�0��0 .�
−z �' S u��Q `&UO �R#��0&�0 *(��

Rz =

√
Iz
m

=

√

πδ�R

�/�

�πδ�R
�

=

√
�

�
R

��&
 .�& 6S �S � δ .$ $)
 5.&\� !�B$ �0 �M $O �)� *(��
c�� $.n�0 Ǳ��[
 E� �M ���#$ .�
 �� �' S u��Q `&UO �

*�O&0�
 .��\
 R�+�

�0���� ������

�0 (["� x� + y� + z� = a� R�+� ��  �3 ��&
 .�& 6S A�
*���M �[�&�
 �. .�
−z

�' max
{|x|, |y|, |z|} = a XUV
 ^Y� ��&
 .�& 6S A;

^Y� �B&�Q e0&� �M R#� x�= &0 �. >&j L
 Ǳ��[

*���M �[�&�
 �(�� δ = |x| + |y|+ |z|

y�� �M z� = x� + y� p��L
 E� � +"1 ��&
 .�& 6S A�
�' �. (�� ��O ��#�0 z = � � z = � >&��T
4�) �B&�Q e0&� �M $O x�= *���M �[�&�
 .�
−x

*�O&0�
 δ = z
√
x� + y�

R�+� e0�
 ��&
 .�& 6S A�∗

S : z = � , � ≤ x ≤ � , � ≤ y ≤ �
*���M �[�&�
 �. x/a = y/b = z/c y� �'

<� �2 a2�� <� �	=C) � .	�!) �� ��2��L ������
��O G#�U� S �� #� . �0 h ����v 
 �� e0&� ���M x�= �p?	

>.T �0 �. S �0 h y� 
 *�O&0

mean
S

h =
�

Area(S)

∫∫
(S)

h dσ

*$+� �[�&�
 5���


�0 e1�� p&\� �� �T&= e0�
 y� 
 A& �'�() ������
����T � ��&j L
 >&��T �0 $���
 x� + y� = � �� �� ��

*���M �[�&�
 .�
−x &� �. z = �

.$ �M S : y =
√
�− x� ; (x, z) ∈ D !VO �0 �. �#� . *!'



c a c

X� = (�� ��O x�= �B&�"
 R#� .$ �M R#� �0 �)� &0 � (��
Z#.�$ �v =

−−−−−→
(�,�,�) � (�,�,�)

h =
�√
�

∥∥
∣∣∣∣∣∣

i j k
x y z
� � �

∣∣∣∣∣∣
∥∥

=
�√
�

√
(x− y)� + (x− z)� + (y − z)�

5���
 S : z = � ; (x, y) ∈ D !VO �0 �. .Mn
 �� #� . ���?U0
>.&[, S .�& 6S ���� � .$ *D : x� + y� ≤ �x �M �$+� 5&�0

E� (��

I =
∫∫
(S)

h�δ dσ

=
�

�

(
(x− y)� + x� + y�

)√
�+ �+ � dxdy

=
�

�

∫∫
D

(
x� + y� − xy) dxdy

=
�

�

∫∫
D′

(
�− cos θ sin θ

)
r� drdθ

=
�

�

∫ π/�

−π/�

[∫ � cos θ

�

(
�− cos θ sin θ

)
r� dr

]
dθ

=
��

�

∫ π/�

−π/�

cos� θ
(
�− cos θ sin θ

)
dθ =

��


�

�(�� π × �� = �π .��\
 �0��0 S ('&"
 �M R#� �0 �)� &0
&0 (�� �0��0 x = y = z y� �' S .�& 6S y� 
 R#��0&�0

mean
S

I =
I

Area(S)
=
��

�π

�0���� ������

�. z ≤ � �M z = x� + y� ^Y� �0 p&\� `&��.� y� 
 A�
*���M �[�&�


y�� �M (�� x+ y = � ����T E� � +"1 S ���M x�= A;
� (�� ��O ��) x + z = � ����T � ��&j L
 >&��T

*���M �[�&�
 �. S �0 f y� 
 *f = x+ y + z

&	�F ̀+�
 �M ������
&� $�, �� z � y �x ���M x�= A�
*���M �[�&�
 �. &	�F %�q�T&' y� 
 *(�� a �0��0

&0 �&�Q e#&
 N# E� �&
_&
 (�� ��cL
 Ω ���M x�= A�
�x� + y� = a� �� �� �� �0 m��@� E� �M δ� (0&f �B&�Q
_&0 E� � z = x� + y� �q�0 5S�+	� �0 R�g&3 E�
^Y� �0 .&6= y� 
 *(�� $���
 z = �a� ����T �0

*���M �[�&�
 �. Ω ���,&1

÷
(∫∫
(S�)

dσ +
∫∫

(S�)

dσ +
∫∫

(S�)

dσ +
∫∫

(S�)

dσ
)

(�)
=

(∫∫
(S�)

T dσ + �

∫∫
(S�)

T dσ
)
÷

(∫∫
(S�)

dσ + �

∫∫
(S�)

dσ
)

=
(∫∫
Dxy

{
x+ y + (�− x− y)}

×
√
�+ (−�)� + (−�)� dxdy

+�
∫∫

Dxy

(x+ y + �)
√
�+ (�)� + (�)� dxdy

)

÷
(∫∫
Dxy

√
�+ (−�)� + (−�)� dxdy

+�
∫∫

Dxy

√
�+ (�)� + (�)� dxdy

)

=
(∫∫
Dxy

{
x+ y +

√
�
}
dxdy

)

÷
(∫∫
Dxy

{
�+
√
�
}
dxdy

)

=
(∫ �

�

[∫ �−x

�

{
x+ y +

√
�
}
dy

]
dx

)
÷
({
�+
√
�
}
Area(Dxy)

)
=

(
�

�
+

√
�

�

)
÷
√
�+ �

�
=
	−
√
�

��

�$&� �� S� � S� �S� R�0 $)
 5.&\� .� A�C .$ �M R#� ^�-�
*Z#��$�M

���#�$ �0 �M �O&0 ���T−xy E� � +"1 S ���M x�= A
 .�8�
E� (x, y, z) ��Y\� 4�) �B&�Q � �O&0�
 $���
 x� + y� = �x

�' S ��&
 .�& 6S y� 
 *(�� δ = x� + y� + z� �0��0 5F
*���M �[�&�
 �. x = y = z y�

}

�;*�*� �&a
 E� ; (+"1 9�I*� !VO

&� (x, y, z) ��Y\� �� �T&= �M Z��M�
 �)� .h�
 R#� ���0 _>�
�0��0 v �$&� � X� �&S ��V� &0 y�

h =

∥∥−−−→X�X × v
∥∥

‖v‖



E a c c

�)� %���*� �0C (�� ��O !�V6� Zh�
 ��b p&\� E� �z��&�
S ���M 4&+� �����LB$ c � b �a �&�.�$�0 5Q �&
� *A$O

*��+h�
}

;*�*� E� ;� � �&	 +"1 9��*� !VO

x + y + z = � ����T �0 $���
 4�� Ω ���M x�= A
 .�8�
�0C �O&0�
 5F �).&� ^Y� S � (�� ��&j L
 >&��T �
5���&O3 ���0 �#E K�O �0 �6\� .&	Q *A$O �)� �I*� !VO
�)� �;*�*� E� ; (+"1 �0C $+� K�Y
 5���
 S ��V�.&	Q

9A$O

r�(u, v) =
−−−−−−−−−−−→(
u, v,�− u− v), r�(u, v) =

−−−−−→(
u, v,�

)
,

r�(u, v) =
−−−−−→(
u,�, v

)
, r�(u, v) =

−−−−−→(
�, u, v

)
.

��,+�
 �0 (u, v) &	�F �&� .&	Q �� .$ �M

D : � ≤ u ≤ � , � ≤ v ≤ �− u

5F p&\� 4&+� �S 4�� e�- .&	Q c�0 �R#��0&�0 *(�� t�U 

K-� �0 �S �&	B&# � &��OS E� ���.&[, �M p&\� �#&� *��+h�


*��+h�
 ��b

p&\� ��,+�
 ��#E $.�
 E� N# �� .$ �0���� �����
9���M oL6
 �. ��O �$�$ �� #� . Zh�


>&��T y�� �M (�� z = � ����T E� � +"1 S A�
*(�� ��O ��) y = � � x = � >&��T � ��&j L


>&��T y�� �M (�� x�+y� = � �� �� �� E� � +"1 S A;
*(�� ��O ��) x+ z = � � z = �

y�� �M (�� x� = y� + z� p��L
 E� � +"1 S A�
*(�� ��O ��) x = � � x = � >&��T

*(�� �'�� XUV
 ^Y� S A�

��.�$ x�+y�+z� = R� ���M E� (x, y, z) ��Y\� ���M x�= AH
E� (+"1 5F 4�) y� 
 *(�� δ = |xyz| 4�) �B&�Q

*���M �[�&�
 �. $.�$ .��1 4� Z 6� N# .$ �M ��M

A�� G̀F b,� !����F� (�7

5���
 4�$ ̀� ^Y� ���� �� �M (�S 5���
 �$&� 5&�0 �0
F y�� S E� �.[, .&O .��\
 �S .�� 	) ^Y� �0 F �.�$�0
4	�
 &� (�� 4E_ ����� �� ̀� R#� G#�U� E� ![1 *�O&0�


*Z��M ^#�6� �. ^Y� N# �0 (	)

E� ���Y\� X� � �#� . S ���M x�= ������ �����
�M (�� `g�� )*"9 N# X� Z�gS�
 ��.T .$ *�O&0 5F
�. X� �M $$�S (=&# 5&�Q S ���0 D �� �
�$ &0 r ���&
 ���6\�
>.T �0 (u�, v�) ∈ Int(D) 5Q ���.$ ��Y\� N# ��E� �0
���.$ ��Y\� G#�U� ����&6
 ���0C (O� 5� 0 r(u�, v�) = X�

S 5�.$ �. S �� #� . Zh�
 p&\� ��,+�
 *A$O �U)��
 �*8*7 �0
*Z��$�
 5&6� IntS $&+� &0 � ���
&�

5S�+	� E� � +"1 S ���M x�= A& �'�() �����
��O ��) z = � ����T y�� �M (�� z = x� + y� �q�0
r(u, v) =

−−−−−−−−−−→(
u, v, u� + v�

) �6\� N# &	�� y�� �. S *(��
���� � .$ *D : u� + v� ≤ � �M �$+� �� 
�.&3 5���

Int(D) : u� + v� < � ��. E� r y�� �M �@&\� ��+�
S ���0 ���6\� ��� &
� *�� "� S Zh�
 p&\� ���$�S�
 �#j�
5��U0 �. S �0 u� + v� = � ���O �#j� p&\� �M (=&# 5���+�
���.&[, S Zh�
 ��b p&\� �X���� R#� �0 *$��S �0 .$ Zh�
 p&\�
cM�
 �0 ����#�$ �M S − Int(S) : x� + y� = � , z = � E�
���*� !VO �0 *(�� z = � ����T .$ � `&UO � (�,�,�)

*$O �)� GB�

�?z +, *�O&0 R `&UO � X� cM�
 �0 ���M S Z��M x�= A, .�8�
*$+� ��	� 5���
 S ���0 A���MC �#&�=��v) ��6\� (#&	��0
*��O&0 X� .$ ��� 0� &0 �V# �
&U 
 .�$�0 �� c � b �a Z��M x�=

9Z��M�
 G#�U� �#E K�O �0 ���6\� �&'

r(ϕ, θ) =
(
R cosϕ cos θ

)
a +

(
R cosϕ sin θ

)
b +

(
R sinϕ

)
c

D : � ≤ ϕ ≤ π , � ≤ θ ≤ �π

E� >.&[, D 5�.$ 5Q

Int(D) : � < ϕ < π , � < θ < �π

�#j� S �0 Int(D) e0�
 E� r y�� �M �@&\� 4&+� �(��
S �0 ��#��+�� N# &	�� �M $O �)� *��+h�
 p&\� ���O�




c E a c

)* �� � *���&O3 5� 0 .&SE&� ��6\� �$��U� y�� �. 5F �M Z�gS
� 	) 5F >&UY1 E� N# �� �0 �M (�� �#n< 	) ���#� . �����%
*���0��0 w� 6
 �&���
�$ �0 �0&L �� >&	) � (�� ��O %&L ��
�0 S �� #� . 5&+� −S E� .h�
 ��O&0 .�� 	) ���#� . S �S�
�0 ?z [1 �S� ���U# *(�� 5�.�� (	) &0 �	 �
 �,+�
 5��,
*Z��M�
 �$&� �� −n E� −S �0 5�M� ��O&0 ��O �$&� �� n E� S
R#� .$ ��O&0 �c�
 ��V� k ��.�$ S �� #� . �S� �M (�� �M{ �0 4E_

*$+� G#�U� 5���
 S ��UY1 �0 >�&� 
 (	) �k >.T

���M E� � +"1 S ���M x�= A& �'�() &����
R#� *$.�$ .��1 ���T−xy �_&0 .$ �M �O&0 x� + y� + z� = �

S : x� + y� + z� = � , � ≤ z ; (x, y) ∈ D !VO �0 �. �#� .
�� �q1 E� GB� (+"1 �0&�0 *D : x� + y� ≤ � �M �Z��M�
 5&�0

E� ���.&[, S �0 Zg&1 ��V# �&�.�$�0 �H*�*�

n = ± f ′

‖f ′‖ = ±
−−−−−−−−→(
�x,�y,�z

)√
(�x)� + (�y)� + (�z)�

=
±�
�

−−−−−−−−−−−−−−−−→(
x, y,

√
�− x� − y�

)

!VO .$ *�O&0�
 S �� #� . m�U
 e0&� f = x� + y� + z� �M
*(�� ��O �$�$ 5&6� n (	) &0 S �� #� . GB����*�

}

J*�*� E� ; � � �&	 +"1 9��*� !VO

z� = x� + y� p��L
 E� � +"1 S ���M x�= A, .�8�
�0 �. �#� . R#� *(�� �$.� D�0 z = � ����T y�� �M �O&0
�M �$+� 5&�0 5���
 S : z =

√
x� + y� ; (x, y) ∈ D !VO

�&�.�$�0 �H*�*� E� % (+"1 �0&�0 5�M� *D : x�+y� ≤ ��
E� ���.&[, S �0 Zg&1 ��V#

n = ±

−−−−−−−−−−−−−−−−−−−−−−→(
x√

x� + y�
,

y√
x� + y�

,−�
)

√√√√
�+

(
x√

x� + y�

)�

+

(
y√

x� + y�

)�

=
±�√
�

−−−−−−−−−−−−−−−−−−−−−−→(
x√

x� + y�
,

y√
x� + y�

,−�
)

���Y\� X� � (�� �#� . S ���M x�= ������ �����
�.@ (�� S ���0 �6\� N# r Z��M x�= *�O&0�
 5F E� Zh�


�&�.�$�0 �>.T R#� .$ *r(u�, v�) = X� �M

n = ± ru(u�, v�)× rv(u�, v�)∥∥ru(u�, v�)× rv(u�, v�)
∥∥

*(�� N# �0��0 &	�F E� 4��M �� �@ � ��$+, S �0 X� ��Y\� .$
���U# *�� "� r ��6\� %&L �� E� !\ "
 ±n �M $O�
 (0&f
>.T R#� .$ �$�$ ^�-� �. X� 5� 0 c�� ���#$ ��6\� &0 �S�
��Y\� �� .$ �R#��0&�0 *$0 ����� −n � n ���0 !T&' �&�.�$�0

*$.�$ $)� Zg&1 ��V# .�$�0 �$ &	�� � �$ S �� #� . E� Zh�


9(�� :& � �� !0&1 �;*�*� �� �q1 E� � '�. �0 �#E �� �q1

�0 �i&� �&	 B&' .$ �. −n � n �&�.�$�0 ���� $����
9$+� ��	� 5���
 �#E !VO

�&��F �S :, f(x, y, z) = a �S� AnH�

n = ± f ′

‖f ′‖ = ±
−−−−−−−→(
fx, fy, fz

)√
(fx)� + (fy)� + (fz)�

n = ±
−−−−−−−−→(
fx, fy,−�

)√
�+ (fx)� + (fy)�

�&��F �S : z = f(x, y) �S� AK

n = ±
−−−−−−−−→(
fx,−�, fz

)√
�+ (fx)� + (fz)�

�&��F �S : y = f(x, z) �S� Aw

n = ±
−−−−−−−−−→(− �, fy, fz

)√
�+ (fy)� + (fz)�

�&��F �S : z = f(y, z) �S� A�

}

�6\� N# $�0 �0 (	) AGB� 9�;*� !VO
.&SE&� .}�� 	) ��6\� �$ A%

E� ���6\� r � �$0 �#� . S Z��M x�= ������ %����
Zg&1 ��V# �&�.�$�0 ±n � D A��Q.&<V# ���U#C ��[+� �� �
�$ &0 S
7�% E� .h�
 *A$O �)� �*�*� �0C ��O&0 r �0 ��h� S �0
5F p&\� ��+� .$ −n &# � n %&L �� D )* �� � B� r(D) )*J": ��
!0&1 rD �0 (	) �$ &	�� �X���� R#� �0 �M $O �)� *�O&0�

� r� ��6\� �$ *A$O �)� GB���;*� !VO �0C (�� G#�U�
.&SE&� ��.T .$ �. D� � D� X��� 0 �&���
�$ &0 S ���0 r�
�O&0 �V# r�(D�) ∩ r�(D�) ��,+�
 �0 �$ 5F (	) �M Z�gS
��]o��% ��.T .$ �. S �� #� . *A$O �)� %��;*� !VO �0C



E a c c

��&S��) �. �UY1 �� ]<� � �$+� Z�"\� �V� uO �0 �*�*�
.�$�0 ni �S� 5�M� *$O �)� %�H*� !VO �0 *Z��M�
 �� 
�.&3

Z#.�$ x�= t0&Y
 �&��F ��O&0 Si �0 (	)

n� = i, n� = −i, n� = j,

n� = −j, n� = k, n� = −k.

�0 �. S �M (�� �M{ 5&#&O *$O �)� GB���H*� !VO �0
R#�+� 5��, �0 �$+� .�� 	) 5���
 G� L
 >.T �� = ��

*���M Z"�
 $� ���0 �. &	�F E� ��+� ��Q

�0 �M (�� ��� Z 6� N# E� � +"1 Ω ���M x�= A4 .�8�
S � (�� ��O $���
 z = � ����T � x� + y� = � �� �� ��
Z��M .�� 	) Z�����
 �.@ �. S *�O&0�
 5F �).&� ^Y�

*�O&0 Ω E� 5���0 �0 � . n .�$�0 �.�+� �M
�0 �#� . k�3 E� �,&+ )� !VO �0 �. S �� 0� �.h�
 R#� ���0

9Z�"#��
 �#E K�O

S = S� + S� + S� + S� + S�

S� : x� + y� = �, � ≤ x, � ≤ y, � ≤ z ≤ �

S� : z = �, x� + y� ≤ �, � ≤ x, � ≤ y

S� : z = �, x� + y� ≤ �, � ≤ x, � ≤ y

S� : y = �, � ≤ x ≤ �, � ≤ z ≤ �

S� : x = �, � ≤ y ≤ �, � ≤ z ≤ �

.�$�0 ni �S� �M $$�S�
 �h'?
 H*�*� �� �q1 �0 �)� &0 5�M�
>.T R#� .$ ��O&0 Si �0 Zg&1 ��V#

n� = ±

−−−−−−−−−−−−−−→(
−x√
�− x�

,−�,�
)

√√√√(
−x√
�− x�

)�

+ (−�)� + (�)�

=
∓�
�

−−−−−−−−−−−−→(
x,

√
�− x�,�

)

n� = ±
−−−−−−−→(
�,�,−�)√

(�)� + (�)� + (−�)�
= ∓k

n� = ±
−−−−−−−→(
�,−�,�)√

(�)� + (−�)� + (�)�
= ∓j

�� .$ n �M (�� ��O � ��� 5Q *n� = ∓i � n� = ∓k

�- �+ �&	 
?, E� �H*� !VO �0 �)� &0 ��O&0 5���0 �0 � . �&'
�$&� �� n� � n� �n� �n� �n� �&�.�$�0 ���0 X��� 0 + � + �+

*Z��M�


�. − �S� � $0 ���� R�g&3 �0 � . n �Z��M %&L �� �. + �l�&�Q
�)� %���*� !VO �0 *$0 ���� _&0 �0 � . −n �Z��M %&L ��

*$O

�O&0 y = x� �+	� �� �� �� E� � +"1 S ���M x�= A
 .�8�
.$ *(�� ��O ��) z = � � z = � �y = � >&��T y�� �M
5���
 S : y = x� ; (x, z) ∈ D !VO �0 �. S �>.T R#�
(+"1 �0&�0 � D : −� ≤ x ≤ � , � ≤ z ≤ � �M �$+� 5&�0

E� ���.&[, S �0 Zg&1 ��V# �&�.�$�0 �H*�*� E� A:C

n = ±
−−−−−−−−→(
�x,−�,�)√

(�x)� + (−�)� + (�)�

=
±�√
�+ �x�

−−−−−−−−→(
�x,−�,�)

���� .�
−y ���
 (+"1 �0 � . n �Z��M %&L �� �. + �l�&�Q
.�
−y ([a
 (+"1 �0 � . −n �Z��M %&L �� �. − �S� � $0

*$O �)� GB����*� !VO �0 *$0 ����

�q�0 5S�+	� E� � +"1 S ���M x�= A� .�8�
R#� .$ *$.�$ .��1 ��� Z 6� N# .$ �M �O&0 x = � − y� − z�
S : x = � − y� − z� ; (y, z) ∈ D !VO �0 �. S �>.T
� D : y� + z� ≤ � , � ≤ y , � ≤ z �M �$+� 5&�0 5���


E� ���.&[, S �0 Zg&1 ��V# �&�.�$�0 �H*�*� E� $ (+"1 �0&�0

n = ±
−−−−−−−−−−−−→(− �,−�y,−�z)√

(−�)� + (−�y)� + (−�z)�

=
∓�√

�+ �y� + �z�

−−−−−−−→(
�,�y,�z

)
���� .�
−x ���
 (+"1 �0 � . n �Z��M %&L �� �. + �l�&�Q
.�
−x ([a
 (+"1 �0 � . −n �Z��M %&L �� �. − �S� � $0

*$O �)� %���*� !VO �0 *$0 ����
}

J*�*� E� � � � �&	 +"1 9��*� !VO

*�O&0 5F �).&� ^Y� S � �'�� XUV
 Ω ���M x�= A .�8�
(+� �0 �.�+� �M Z��M %&L �� Z�����
 �.@ �. S �0 (	)
(	) �M $O�
 � �S &z'?YT� (B&' R#� .$C �O&0 Ω E� :.&�
E� ; (+"1 ���&
 �. S �� 0� .h�
 R#� ���0 *A(�� �"���0



c E a c

���Q *$.�$ � . N# &	�� ��#E
}

R#?M ��Y0 9�8*� !VO

.�$�0 &0 .�� 	) �� #� . N# S ���M x�= ������ ������
R#� .$ �$.�$ .��1 F �.�$�0 5���
 ��f&�� (�� � (�� n (	)∫∫

(S)

F •n dσ !V60 �. S �0 F 4�$ ̀� ^Y� ���� �� >.T
�B&V�� 5���
 N# f = F •n �M $O �)� *Z��M�
 G#�U�

*�O&0�
 S �0 A���v 
 �� �U0&� ���U#C

��.�$�0 5���
 F� � F� �F ���M x�= ���� ������
('&"
 � ���#n< 	) �&��#� . S� � S� �S � �\�\' $��,� b � a

>.T R#� .$ *�O&0�
 ��T S� ∩ S�

�)
∫∫
(S)

(aF� + bF�) •n dσ =

a

∫∫
(S)

F� •n dσ + b

∫∫
(S)

F� •n dσ

�)
∫∫

(S�∪S�)

F •n dσ =
∫∫

(S�)

F •n dσ +
∫∫

(S�)

F •n dσ

�)
∫∫

(−S)

F •ndσ = −
∫∫
(S)

F •n dσ

5S�+	� E� � +"1 S ���M x�= A& �'�() ������
z = � ����T y�� �M (�� z = � + x� + y� �q�0
�.�$�0 5���
 ���� �� *�O&0�
 R�g&3 �0 � . n � (�� �$.� D�0

*���M �[�&�
 �. S �0 F =
−−−−−−−→(
x�, y�, z�

)
S : z = �+ x� + y� ; (x, y) ∈ D >.T �0 �. S �� #� . *!'
��J*� !VO �0 *D : x� + y� ≤ � �M �$+� �=�U
 5���


>.T R#� .$ *$O �)� GB�

n = ±
−−−−−−−−−→(
�x,�y,−�)√

(�x)� + (�y)� + (−�)�

z o L
 ���U#C �O&0 R�g&3 �0 � . n (�� .��1 5Q �M
���?U0 *Z��M�
 %&L �� �. � (B&' A�O&0 ���
 n E�

}

J*�*� E� 8 � H �&	 +"1 9�H*� !VO
�0 �. ��O �=�U
 �&� �#� . E� N# �� �0���� *����
(	) ��Q �M ���M oL6
 $.
 �� .$ *���M .�� 	) ��LB$

*$+� G#�U� 5���
 ��O �$�$ �� #� . �0 G� L


*� ≤ z �M x� + y� + z� = �x ���M E� � +"1 A�

*y ≤ � �M x� + y� + z� = � ���M E� � +"1 A;

z = � >&��T R�0 �M x�+y� = �z� p��L
 E� � +"1 A�
*$.�$ .��1 z = −� �

� �x� + y� = � �0 $���
 �3� �� �� �� �).&� ^Y� A�
*x+ z = � � z = � >&��T

*max{|x|, |y|, |z|} = a XUV
 ^Y� AH

*|x|+ |y|+ |z| = a �	)� (6� .�0 A8

� x� + y� = �z� p��L
 �0 $���
 Z") �).&� ^Y� AJ
*z = � � z = � >&��T

� ��&j L
 >&��T �0 $���
 Z") �).&� ^Y� A7
*x+ z = � � x+ y = � >&��T

� x� + y� = � �#� "
 �&���� �� �0 $���
 ��,+�
 A�
*x� + z� = �

��O&[� �#n< 	) (�� RV+
 �#� . �78����� �����
�=�U
 �.@ �#� . ���0 .&SE&� ��6\� ��&� 
 �$��U� 5� � ��U#
�&��#� . R#�� m��U
 *���&O<0 �. �#� . ^Y� ?z 
&M �M $+�

9R#?M ��Y0 � /�0
 .�� E� ���.&[, �#n3&�(	)
*$O �)� %�8*� !VO �0 _a����� ��� \&

�M �O&0 ����0 !�Y "
 U ���M x�= _j�h� ��"� \,
�A X��� 0 �. 5F /g. � (�� ��O � �&� �V� �_ ]�) N# E�
.��1 BC e�- �0 �.@ �. AD e�- �l�&�Q *Z�
&�0 D � C �B
Z���� ��� �� N# �0 �$O t[Y�
 D �0 C � B �0 A �M Z��$
CD ��\�' �0 �. AB ��\�' �&' *$O �)� �8*� !VO �0 *���.
��\�' �0 (	) �D �0 A �&[Y�� �0 ��?, �M Z��$�
 .��1 �.@
�0 �X���� R#� �0 *$$�S t[Y�
 c�� DC ��\�' �0 (	) &0 AB
�(�� �#n< 	) c�� �#� . R#� *Z��.�
 j�h� ��"� 4&�0 ���#� .



E a c c

%&L �� �. � (B&' ��� � .$ ��O&0 .�
−y ([a
 (	) �0 �.
Z#.�$ � ̀+�
 .$ ]3 *n = j ���U# �Z��M�


∫∫
(S)

F •n dσ =
∫∫
D

−−−−−−−−−−−−−−−−−→(
x− ��,��− z, z − x) • j dxdz

=
∫∫
D

(��− z) dxdz = ��

∫∫
D

dxdz −
∫∫
D

z dxdz

(�)
= ��Area(D) = ��× �× �× �

�
− � = ���

� �$�M �$&� �� z �0 (["� D 5.&\� � z e0&� 5$0 $�= E� A�C .$
*(�� ��T D �0 z ���� �� �M Z#��$+� ���&6


�M (�� x + y = � ����T E� � +"1 S ���M x�= A
 .�8�
��#�0 y + z = � ����T y�� � $.�$ .��1 ��� Z 6� N# .$
.�
−x ���
 (	) �0 �. n �M ���M x�= R��l+� *(�� ��O
S �0 �. F ���� �� *F =

−−−−−−−−−−−−−−→(
x, x+ y, x+ y + z

) � �O&0 � O�$
*���M �[�&�


5���
 S : x = � − y ; (y, z) ∈ D >.T �0 �. S *!'
!VO �0 *D : � ≤ y ≤ � , � ≤ z ≤ � − y �M �$+� �=�U


>.T R#� .$ *$O �)� GB���7*�

n = ±
−−−−−−−−−→(− �,−�,�)√
�+ �+ �

=
∓
√
�

�

−−−−−→(
�,�,�

)
dσ =

√
(−�)� + (−�)� + (�)� dzdy =

√
� dzdy

.�
−x ���
 (	) �0 �. n (�� .��1 �M R#� �0 �)� &0 �
�V�#� ��U# � (B&' A�O&0 ���
 n E� x o L
 ���U#C �O&0

Z#.�$ � ̀+�
 .$ ]3 *Z��M�
 %&L �� �. n =
−
√
�

�

−−−−−→(
�,�,�

)
}

�;*�*� E� � � � �&	 +"1 9�7*� !VO

∫∫
(S)

F •n dσ =
∫∫
D

−−−−−−−−−−−−−−−−−−−−−−−−→(
�− y,�− y + y,�− y + y + z

)

•

−−−−−−−−−−−−−→(
−
√
�

�
,−
√
�

�
,�

)√
� dydz

���� �� ���� � .$ *dσ =
√

(�x)� + (�y)� + (−�)� dxdy

&0 (�� �0��0 �h� $.

∫∫

(S)

F •n dσ

∫∫
D

−−−−−−−−−−−−−−−−−→(
x�, y�, (�+ x� + y�)�

)

•

−−−−−−−−−→(
�x,�y,−�)√
�+ �x� + �y�

√
�+ �x� + �y� dxdy =

=
∫∫
D

{
�x� + �y� − (�+ x� + y�)�

}
dxdy

(�)
= −

∫∫
D

(�+ x� + y�)� dxdy

(�)
= −

∫∫
D′

(�+ r�)�r drdθ

= −
(∫ �π

�

dθ

)(∫ �

�

(�+ r�)�r dr

)

= −(�π) (	
�

)
=
−	π
�

�� �
�$ 5.&\� � y� � x� e0�� 5$0 $�= E� A�C .$ �M R#� ^�-�
���v� E� A;C .$ *����T ��� ���� �� �$ R#��0&�0 � ��O �$&� �� D
9�O&0�
 D �[Y1 �#j� D′ � ��#$�S �$&� �� �[Y1 >&j L


*D′ : � ≤ θ ≤ �π , � ≤ r ≤ �
}

�;*�*� E� ; � � �&	 +"1 9�J*� !VO

�.�$�0 5���
 ���� �� A, .�8�

F = (x− y)i + (y − z)j + (z − x)k

����T � |x| + |z| = � �� �� �� $.��0 E� !T&' S �� #� . �0 �.
([a
 (	) �0 �. n (	) .�$�0 �M ��0&�0 ��.T .$ y = ��

*�O&0 .�
−y
5���
 S : y = �� ; (x, z) ∈ D >.T �0 �. S �� #� . *!'
� Ǳ��[
 cM�
 �0 �EB D *D : |x| + |z| ≤ � �M �$+� �=�U

*$O �)� %��J*� !VO �0 *�O&0�
 ±�j � ±�k /g. &0
R��l+� � n = ±−−−−−−−→(

�,−�,�)/√�+ �+ � >.T R#� .$
n (�� .��1 �M R#� �0 �)� &0 *dσ =

√
�+ �+ � dxdz



c E a c

Z#.�$ ̀+�
 .$ �R#��0&�0∫∫
(S)

F •n dσ =
∫∫

(S�)

F •n dσ +
∫∫

(S�)

F •n dσ

=
∫∫
D

−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�− y, x,�a+

√
�a� − x� − y�

)

•

−−−−−−−−−−−−−−−−−−−−−−−−→(
x

�a
,
y

�a
,
�

�a

√
�a� − x� − y�

)
�a dxdy√

�a� − x� − y�

+
∫∫
D

−−−−−−−−−−−−−−−→(
�− y, x, x

� + y�

�a

)

•

−−−−−−→(
x, y,−a)√

x� + y� + a�

�

a

√
x� + y� + a� dxdy

=
∫∫
D

{
x√

�a� − x� − y�
+ �a

+
√
�a� − x� − y�

}
dxdy

− �

�a

∫∫
D

(
x� + y� − �x) dxdy

=
∫∫
D′

{
r cos θ√
�a� − r�

+ �a+
√
�a� − r�

− r
�

�a
+
r cos θ
a

}
r drdθ

=
∫ �a

�

[∫ �π

�

{
r cos θ√
�a� − r�

+ �a+
√
�a� − r�

− r
�

�a
+
r cos θ
a

}
r dθ

]
dr

=
∫ �a

�

{
�aπr − π

a
r� + �πr

√
�a� − r�

}
dr = −��

�
π

�. n �(�� x� + y� + z� = � ���M S ���M x�= A .�8�
�[�&�
 S �0 �. F ���� �� *F =

−−−−−−−→(
z,�y,�x

) � $.�$ S 5���0 �0
*���M

9Z��M�
 �� 
�.&3 ���M >&j L
 N+M �0 �. �#� . R#� *!'

r(u, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−→(
� sinu cos v,� sinu sin v,� cosu

)
R#� .$ ���� � .$ *D : � ≤ u ≤ π , � ≤ v ≤ �π 5F .$ �M

� dσ = ‖ru × rv‖ dudv (B&'

n = ± ru × rv

‖ru × rv‖
= ±−−−−−−−−−−−−−−−−−−−−−−−−−−→(

� cosu cos v,� cosu sin v,−� sinu
)

×−−−−−−−−−−−−−−−−−−−−−−−→(− � sinu sin v,� sinu cos v,�
)÷ ‖ru × rv‖

=
±�

‖ru × rv‖
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
� sin� u cos v,� sin� u sin v,� cosu sin v

)

=
∫∫
D

(
y − �) dydz =

∫ �

�

[∫ �−y

�

(
y − �) dz

]
dy

= −
∫ �

�

(
y� − �y + 


)
dy =

−��
�

R�#&3 E� �M (�� �+") �).&� ^Y� S ���M x�= A� .�8�
x� + y� + ���M �0 _&0 E� � �az = x� + y� 5S�+	� �0
Z") 5F E� 5���0 �0 � . n &) �+� .$ � (�� $���
 z� = �az

*���M �[�&�
 S �0 �. F =
−−−−−−−−→(
�− y, x, z) ���� �� *�O&0�


z� +�az = �az .$ �. ��#�V# ��O �$�$ ���M � 5S �+	� *!'
.$ *z = �a &0 z = � �R#��0&�0 *���M�
 eY1 z� = �az &#
w�� O� .$ �. ����#�$ z = �a .$ � ���&+
 Z� �0 &	�F z = �

9$$�S�
 !�V6� �UY1 �$ E� S = S� + S� �R#��0&�0 *��.�$
S� : x� + y� + z� = �az , z ≥ �a

.�
−z ([a
 (	) �� �0 n
S� : x� + y� = �az , z ≤ �a

.�
−z ���
 (	) �� �0 n
*(�� D : x� + y� ≤ �a� ���T−xy �0 �$ �� �#j� �
m�U
 e0�� �M R#� �0 �)� &0 *$$�S �)� %��7*� !VO �0
� f = x� + y� + z� − �az E� ���.&[, X��� 0 S� � S�

Z#.�$ �g = x� + y� − �az

n� = ± f ′

‖f ′‖ = ±
−−−−−−−−−−−−−→(
�x,�y,�z − �a)√

�x� + �y� + �(z − �a)�

=
±�
�a

−−−−−−−−−→(
x, y, z − �a)

dσ� =
‖f ′‖
|fz| dxdy

=
�

�(z − �a)
√
�x� + �y� + �(z − �a)� dxdy

=
�a dxdy

z − �a

n� = ± g′

‖g′‖ = ±
−−−−−−−−−−→(
�x,�y,−�a)√
�x� + �y� + �a�

=
±−−−−−−→(
x, y,−a)√

x� + y� + a�

dσ� =
‖g′‖
|gz | dxdy =

�

�a

√
�x� + �y� + �a� dxdy

=
�

a

√
x� + y� + a� dxdy

*�O&0�
 Si �0 Zg&1 ��V# .�$�0 ni � Si ('&"
 !�"����#$ dσi �M
E� :.&� (+� �0 n �.�+� �M R#� �0 ��[
 &
 ��  ��� �0 �)� &0
n� � .�
−z ([a
 (	) �0 �. n� �#&0 ]3 ��O&0 .�� 	) S

��U# ��O&0 .�
−z ���
 (	) �0 �.

n� =
−−−−−−−−−−−−−→( x

�a
,
y

�a
,
z

�a
− �

)
n� =

−−−−−−→(
x, y,−a)√

x� + y� + a�



E a c c

� y� = x�+z� �0 $���
 o1&� p��L
 �).&� ^Y� S A7
.�� 	) S 5�.$ �0 � . n � (�� y = � � y = � >&��T

*F =
−−−−−−−→(
x�, y�, z�

) �

A�� G̀F b,� !����F� ����	N +�7

9$$�S�
 E&0 �#E �� B&�"
 �0 4�$ ̀� ^Y� ���� �� $�0.&M R#����+,

F � (�� .�� 	) �� #� . N# S ���M x�= ��V� D) ��$��
%�Y
 *$$�S�
 G#�U� S ����� �0 �M �O&0 �
 �.�$�0 �����


*F y�� S E� �.[, .&O .��\
 �� [�&�
 (��
�� 
�.&3 D �� �
�$ &0 r(u, v) ��6\� y�� �. S ���M x�= *!'
!�Y "
 5$�M �#j� E� !T&' NQM !�Y "
 � Z#��$+�

9Z#��S�
 �h� .$ �. S ^Y� �0 U = [u;u + du] × [v; v + dv]

�,?-_� �E� 
 &0 �. yLB�����
 !�Y "
 R#� *Σ = r(U)

r(u, v) ��Y\� .$ rv(u, v) dv � ru(u, v) du �&�.�$�0 y�� �M
$+� x�= 5���
 ���?U0 *$E X#�\� 5���
 ���O�
 .� ��
F(r(u, v)) �0��0 � (0&f !�Y "
 R#� �0 F �.�$�0 5���
 �M
yLB�����
 S 5F .$ �M ��T� �� B&�"
 �&�0 �R#��0&�0 *�O&0�

�E� 
 N# S 5F .$ �M Z#.�$ ����$&� �� B&�"
 �(�� ��v 
 F �
�0��0 �.[, .&O �� B&' R��Q .$ *(�� (0&f 5F �0 F � `?-_�
�#� . �0 Zg&1 $�� 
� .$ 5���
 �#j� .$ �#� . ('&"
 %�q�T&'
��Y\� .$ $)
 (	) .�$�0 r(u, v) �S� ���#$ 5&�0 �0 *�O&0�


>.T R#� .$ ��O&0 r(u, v)

dF =
∥∥ru(u, v) du× rv(u, v) dv

∥∥∥∥projn(u,v)F(r(u, v))
∥∥

= F(r(u, v)) •n(u, v)
∥∥ru(u, v)× rv(u, v)

∥∥ dudv
= F(r(u, v)) •n(u, v) dσ

&0 (�� �0��0 S E� �.[, .&O .��\
 �R#��0&�0 �

F =
∫∫
D

dF =
∫∫
(S)

F •n dσ

5���
 &0 &q= .$ �B&�� ���M x�= A& �'�() ��$��
.&O .��\
 *$.�$ $)� F =

−−−−−−−→(
z,�y,�x

) >�.{ (,�� �.�$�0
.$ �. F y�� � ≤ y �M x� + y� + z� = � ���M Z�� E� �.[,
.�
−y ([a
 (	) �0 �. n Zg&1 .�$�0 &) �+� �M ��0&�0 ��.T

*�O&0
S : y =

√
�− x� − z� ; (x, z) ∈ D !VO �0 �. S �� #� . *!'

��� � ��O&0 S E� 5���0 �0 � . n &) �+� .$ �#&0 �M R#� �# �)� &0
�X���� R#� �0 *Z��M %&L �� �. � (
?, n .$ �#&0 �M Z#��S�


E� (�� >.&[,
∫∫

(S)

F •n ��O � ��� ���� ��
∫∫
D

−−−−−−−−−−−−−−−−−−−−−−−−−→(
� cosu,� sinu sin v,� sinu cos v

)

•
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
� sin� u cos v,� sin� u sin v,� cosu sin v

)
dudv

= �	

∫∫
D

{
sin� u cosu cos v + � sin� u sin� v

+� sinu cosu sin v cos v
}
dudv

= �	

∫ π

�

[ ∫ �π

�

{
sin� u cosu cos v + � sin� u sin� v

+� sinu cosu sin v cos v
}
dv

]
du

= �	

∫ π

�

sin� u
{
π cosu+ �π sinu

}
du

=

[
sin� u
�

+
� cos� u

�
− � cosu

]π

�

= 	�π

�0���� ������
9���M �[�&�
 S �0 �. F ���� �� �$.
 �� .$

N# .$ �M (�� x� + y� + z� = � ���M E� � +"1 S A�
(�� .�
−z ([a
 (	) �0 �. n � $.�$ .��1 ��� Z 6�

*F =
−−−−−−−→(
x�, y�, z�

) �

�M (�� z = x� + y� �q�0 5S�+	� E� � +"1 S A;
�0 � . n � (�� ��O ��) z = � � z = � >&��T y��
*F =

−−−−−−−−−−−−−−→(
y + z, x+ z, x+ y

) � $.�$ .�
−z ���
 (	)

����T y�� �M (�� y� = x�+z� p��L
 E� � +"1 S A�
([a
 (	) �0 �. n � (�� � ≤ z � �$.� D�0 y = �

*F =
−−−−−−−→(
x,�y,�z

) � $.�$ .�
−y

�� �� �� y�� �M (�� x + y = � ����T E� � +"1 S A�
(	) �0 �. n � (�� �$.� D�0 y� + z� = � �#� "


*F =
−−−−−→(
x, y, z

)
� $.�$ .�
−y ���


�� �� �� y�� �M (�� x+ y+ z = � ����T E� � +"1 S AH
(	) �0 �. n � (�� ��O �$�$ D�0 |y|+ |z| = � �EB

*F =
−−−−−−−−−−−−→(
�x, x + y, x+ z

) � $.�$ .�
−x ([a


�x = y >&��T �0 $���
 Z") �).&� ^Y� S A8
S E� 5���0 �0 � . n � (�� z = � � z = � �x = −y

*F =
−−−−−→(
x, z, y

) � $.�$

� x� + y� = � �0 $���
 .3� �� �� �� �).&� ^Y� S AJ
S E� 5���0 �0 � . n � (�� y = z + � � y = z >&��T

*F =
−−−−−−−−−−−−−−→(
x− y, y − z, z − x) � $.�$



c E a c

Z#.�$ ���� � .$ *Z��M�
 �� 
�.&3

n� = ± ru × rv

‖ru × rv‖

= ±
−−−−−−−−−−−−−−−→(− � sinu,�,� cosu

)× −−−−−→(
�,�,�

)
‖ru × rv‖

= ±
−−−−−−−−−−−−−−−−−→(− � cosu,�,−� sinu

)
‖ru × rv‖

��?U0 *n� = j � n� = −j �(�� �[1 $.
 � (B&' �M

dσ� = ‖ru × rv‖ dudv
dσ� = dσ� =

√
�+ �+ � dxdz = dxdz

&0 (�� �0��0 �h� $.
 .&O ���� � .$

F =
∫∫
(S)

F •n dσ

=
∫∫

(S�)

F •n dσ +
∫∫

(S�)

F •n dσ +
∫∫

(S�)

F •ndσ

=
∫∫
D�

−−−−−−−−−−−−−→(
� cosu,� cosu,�

)
•
−−−−−−−−−−−−−→(
� cosu,�,� sinu

)
dudv

+
∫∫
D�

−−−−−−→(
x, x,−�) •

−−−−−−−→(
�,−�,�) dxdz

+
∫∫
D�

−−−−−→(
x, x,�

)
•
−−−−−→(
�,�,�

)
dxdz

= �

∫∫
D�

cos� u dudv

= �

(∫ �π

�

cos� u du

)(∫ �

−�
dv

)
= 
π

}

;*H*� E� � � ; �&	 +"1 9��*� !VO

�� B$&U
 �0 %�� S ���M x�= A
 .�8�
(√

x� + y� − �)� + z� = �

F =
−−−−−−−−→(
�x,�y,−z) ��?U0 � $.�$ S E� 5���0 �0 � . n � (��

*���M �[�&�
 �. F y�� S E� �.[, .&O *(��
�M Z��M�
 x�= �� 0� �S �� #� . 5$+� �� 
�.&3 ���0 *!'

e0&� 5Q ���� � .$ *D : x�+z� ≤ � �M �$+� �� 
�.&3 5���

Z#.�$ �(�� f = x� + y� + z� E� >.&[, S m�U


n = ±‖f
′‖
|fz| = ±

−−−−−−−−→(
�x,�y,�z

)√
�x� + �y� + �z�

=
±�
�

−−−−−−−−−−−−−−−−→(
x,

√
�− x� − y�, z

)

&0 (�� �0��0 F =
∫∫

(S)

F •n dσ �h� $.
 .&O .��\
 ���� � .$

∫∫
D

F
(
x,

√
�− x� − y�, z

)

•

−−−−−−−−−−−−−−−−−−−→(
x

�
,
�

�

√
�− x� − y�, z

�

)
� dxdz√
�− x� − y�

=
∫∫
D

�xz + �
− �x� − �z�√
�− x� − y�

dxdz

(�)
=

∫∫
D′

�r� cos θ sin θ + �
− �r�√
�− r�

r drdθ

=
∫ �

�

[∫ �π

�

�r� cos θ sin θ + �
r − �r�√
�− r�

dθ

]
dr

= �π

∫ �

�

r
√
�− r� dr = ��π

D′ � (�� ��O �$&� �� �[Y1 >&j L
 E� A�C .$ �M R0� ^�-�
*�O&0�
 ���T−rθ .$ D �#j�

Z") �).&� ^Y� !VO �0 .� N# S ���M x�= A, .�8�
y = � � y = −� >&��T � x� + z� = � �� �� �� �0 $���

5F (,�� �&�.�$�0 5���
 �M $.�$ .��1 �$�. .$ � �O&0 �


*���M �[�&�
 �. �.[, .&O *(�� F =
−−−−−→(
x, x, y

)
9(O� 5���
 �#� . �� E� �,&+ )� >.T �0 �. �#� . R#� *!'

S = S� ∪ S� ∪ S� S� : x� + z� = � ; −� ≤ y ≤ �

S� : y = −� ; x� + z� ≤ � S� : y = � ; x� + z� ≤ �

�h'?
 �!VO �0 �)� &0 *$O �)� GB����*� !VO �0
�0 �nB � �O&0 S 5���0 �0 � . n� �#&0 S� $.
 .$ �M $$�S�

S� $.
 .$ � n� = −j �#&0 S� $.
 .$ �(�� $+, .�
−y

!VO �0 �. �#� . �� R#� *n� = j �#&0

S� : r(u, v) =
−−−−−−−−−−−−−→(
� cosu, v,� sinu

)
; (u, v) ∈ D�

S� : y = −� ; (x, z) ∈ D� S� : y = −� ; (x, z) ∈ D�

D� : � ≤ u ≤ �π , −� ≤ v ≤ � D� : x� + z� ≤ �



d� � c

� y =
√
�− x� − z� �0 $���
 �S Z�� ^Y� S AH

� $.�$ S E� 5���0 �0 � . n � (�� y = � ����T
*F =

−−−−−−−−−−−−−−→(
x+ y, y + z, z + x

)

c�	B D �
� 0�7

�P�k���� )* �;: 4&�0 �. 5F e)��
 E� ���0 .$ �M /�&S �� �q1
�+V' ����M�
 �=�U
 !?+���3���+� )* �;: &# � !���3�� )* �;:
N# �0 � "0 ^Y� N# �0 4�$ ̀� ^Y� ���� �� !#�[� ���0 (��
��q1 R#� >.T Z�	�� ���0 *�#� . 5F !��$ �0 ��&S �� ���� ��
5���
 N# ]��W.#$ � � "0 �� #� . 9Z#.�$ E&�� �#�) 4	�
 �$ �0

*Z#E�$�3�
 &	�F 5&�0 �0 ?z #{ �M �.�$�0

���+ )* �E� ��.T .$ �. S �#n< 	) �� #� . ������ ��%��
S �M $+� (=&# �.@ Ω ���&
 R� .$ �+�' 5� 0 �M Z�gS
*S = ∂Ω Z�"#��
 >.T R#� .$ *�O&0 5F �).&� ^Y�
� O��� w�� O� &	�F E� �#&� �$ ��� �M �$&� �� #� . ��Q `&+ )�

*$O�
 ���
&� )�E� )* �� � c�� ��O&0

R#� .$ ��O&0 � "0 ���#� . S ���M x�= ���� ��%��
�
 Z�"\� �#E K�O �0 ��,+�
 �#E �$ �0 R� − S p&\� >.T
/&+
 ��b `&UO �� �M X� ∈ R�−S 5Q �@&\� AnH� 9��O
*��M�
 eY1 �Y\� $�= �$��U� .$ �. S �� #� . �X� E� �.$&T � S �0
� S �0 /&+
 ��b `&UO �� �M X� ∈ R� − S 5Q �@&\� AK

*��M�
 eY1 �Y\� :�E �$��U� .$ �. S �� #� . �X� E� �.$&T

$&+� &0 � ���
&� S L��� �. 5F � (�� .�����M ��� ��,+�

L���� �. 5F � (�� 5��M�0 4�$ ��,+�
 *Z��$�
 5&6� IntS

�S� �M (�� RO�. *Z��$�
 5&6� ExtS $&+� &0 � ���
&� S
���U#C �$�6= ���,+�
 Ω �&��F ��O&0 .�����M Ω = IntS ∪ S
(O� 5���
 R#��0&�0 � �O&0�
 Ω �� [B S � (�� A.�����M � � "0

*S = ∂Ω

�S ��  "0 �� #� . �0 ������+� 7�% E� .h�
 ������ ��%��
��V# .�$�0 �X� ∈ S Zh�
 ��Y\� �� ��E� �0 5F .$ �M (�� � 	)
*�O&0 � O�$ m�� S E� 5���0 �� �0 X� .$ ��O %&L �� n Zg&1
N# S �S� *��
&��
 ��E��� �. n &z'?YT� �(B&' R#� .$
©
∫∫

(S)

F •n dσ $&+� E� �&��F ��O&0 $.���& �� (	) &0 � "0 �� #� .

*$O�
 �$&� ��
∫∫

(S)

F •n dσ �&�0

Z#.�$ �R#��0&�0 *z = sinu �
√
x� + y� − � = cosu

9$�M x�= 5���
 � x� + y� = (cos u+ �)�

x = (cosu+ �) cos v , y = (cosu+ �) sin v

E� >.&[, S !M �����&O3 ��6\� � ̀+�
 .$ ]3

r(u, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
(cos u+ �) cos v, (cosu+ �) sin v, sinu

)
D : � ≤ u ≤ �π , � ≤ v ≤ �π

R#��0&�0 � (��

n =
ru × rv

‖ru × rv‖

= ± (cosu+ �)
−−−−−−−−−−−−−−−−−−−−−−−−−−→(
cosu cos v, cosu sin v, sin v + sinu

)
‖ru × rv‖

.$ ]3 *Z��M�
 %&L �� �. � (B&' �5$0 "���0 (	) �0 �M
&0 (�� �0��0

∫∫
(S)

F •n dσ ��O � ��� .&O � ̀+�


∫∫
D

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
�(cos u+ �) cos v,�(cos u+ �) sin v,− sinu

)

•
−−−−−−−−−−−−−−−−−−−−−−−−−−→(
cosu cos v, cosu sin v, sin v + sinu

)
(cosu+ �) dudv

=
∫∫
D

(cosu+ �)
(
� cosu+ � cos� u− sin� u

)
dudv

=
∫ �π

�

[ ∫ �π

�

(cosu+ �)
(
� cosu

+� cos� u− sin� u
)
du

]
dv

= ��π�

�0���� ��$��
9���M �[�&�
 �. F y�� S E� �.[, .&O �$.
 �� .$

�&q= Z�� .$ �M �O&0 z� = x�+y� p��L
 E� � +"1 S A�
n � (�� ��O ��) z = � ����T y�� � $.�$ .��1 x ≤ y

*F =
−−−−−→(
y, x, z

) � �O&0 .�
−z ���
 (	) �0 �.

>&��T y�� �M �O&0 y = x� �� �� �� E� � +"1 S A;
(	) �0 �. n � (�� ��O ��#�0 z = � � z = � �y = �

*F =
−−−−−−−−−−→(
yz�, zx�, xy�

)
� $.�$ .�
−y ([a


x� + y� + z� = � ���M Z�� �0 $���
 Z") ^Y� S A�
$.�$ S 5���0 �0 � . n �(�� � ≤ y �&q= Z�� .$ e1��

*F =
−−−−−−→(
z�, y, x

) �

� x + y + z = � ����T �0 $���
 4�� ^Y� S A�
� $.�$ S 5�.$ �0 � . n � (�� ��&j L
 >&��T

*F =
−−−−−−−→(
x�, y�, z�

)



c d� �

�0 *��M�
 !+, ���v 
 �� e0�� �0 ���+, R#� *Z��M�
 G#�U�
��O&0 �#n<��"����#$ � ���v 
 �� �U0&� f(x, y, z) �S� �&a
 5��,
−−−−−−−−−−→(
∂f

∂x
,
∂f

∂y
,
∂f

∂z

)
E� >.&[, f �0 ∇ !+, !T&' >.T R#� .$

RO�. *Z��$�
 5&6� ∇f $&+� &0 �. �#�) e0&� R#� *$0 ����
�. ∇f e)��
 E� ���0 .$ *�O&0�
 f t 6
 5&+� ∇f �M (��

*���$�
 5&6� grad(f) $&+� &0 � ���
&� f L�����3

9�M $+� >&[f� 5���
 �t 6
 i�� E� �$&� �� &0 �S$&� �0

�$0 �#n<��"����#$ ����v 
 �� e0�� g � f �S� ���� &�%��
>.T R#� .$ ��O&0 �\�\' �$�, a �

�) ∇(f + ag) = ∇f + a∇g �) ∇(fg) = g∇f + f∇g

�) ∇ (f/g) = (�/g�)
(
g∇f − f∇g

)
}

�*8*� E� � � ; �&	 +"1 9;�*� !VO

5���
 N# F =
−−−−−−→(
P,Q,R

) ���M x�= ������ *�%��
5���
 A�#��S�� ���U#C P�k���� >.T R#� .$ ��O&0 �#n<\ 6

5&6� div(F) $&+� &0 � �$+� G#�U� ∇ •F >.T �0 �. F �.�$�0

9Z��$�


div(F) = ∇ •F =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

�.�$�0 �&	����
 G � F ���M x�= ���� ��%��
��O&0 �\�\' �$�, a � �#n<\ 6
 ����v 
 �� e0&� f � �#n<\ 6


>.T R#� .$

�) div(F + aG) = div(F) + a div(G)

�) div(fF) = (∇f) •F + f div(F)

�) div(F •G) = G •div(F) + F •div(G)

� +"1 �p��L
 ���#�$ Z�� �e0�
 A& �'�() ��%��
���� �� � (�� ��O $���
 ��� "0 ����
 N# �0 �M ���T E�

*�� "� � "0 ��b �&��#� . E� �#&���+�
}

�*8*� E� � �&	 +"1 9;I*� !VO

�#&���+� %�� � �@1 N# ^Y� �XUV
 ^Y� ���M A, .�8�
E� N# �� $.���& �� (	) ;I*� !VO .$ *���� "0 �&��#� . E�

*Z��M�
 �h'?
 �. KY� R#�

� x� + y� + z� = � ���M �$ E� �,&+ )� S ���M x�= A
 .�8�
� (�� � "0 �� #� . N# S >.T R#� .$ *(�� x�+y�+z� = �

.�$�0 *�O&0�
 ��M �$ R�0 �� �'&� IntS : � ≤ x�+y�+z� ≤ �
� S.c0 ���M �0 � Ǳ��[
 (+� �0 � . � VQM ���M �0 n $.���& �� (	)
*$O �)� GB��;�*� !VO �0 *$.�$ Ǳ��[
 E� 5���0 (+� �0 � .

5F .$ �M Ω = Ω� ∪ Ω� ∪ Ω� − Ω� ���M x�= A� .�8�

Ω� : � ≤ x� + y� ≤ � , −� ≤ z ≤ �

Ω� : � ≤ x� + y� ≤ � , � ≤ z ≤ �

Ω� : � ≤ x� + y� ≤ � , −� ≤ z ≤ −�

Ω� : � ≤ z� + y� ≤ � , −� ≤ x ≤ �

�).&� ^Y� S ���M x�= *$O �)� %�;I*� !VO �0
���&6
 �. S �0 $.���& �� (	) %�;�*� !VO .$ *�O&0 5F
�. ?0&� ���+, �]��W .#$ G#�U� .h�
 �0 5�M� *���M�


*(�� E&�� ��B�� G#�U� ��Q �0 5F E� u�3 *Z��M�
 �=�U


5���
 N# F =
−−−−−−→(
P,Q,R

) ���M x�= ������ $�%��
�� e0�� �M (�� �#n<\ 6
 F Z�gS�
 ��.T .$ *(�� �.�$�0

*��O&0 �#n<\ 6
 R � Q �P ���v 


>.T �0 �. ∇ h�� ���+, ������ %�%��

∇ :=
−−−−−−−−−−→(
∂

∂x
,
∂

∂y
,
∂

∂z

)
=

∂

∂x
i +

∂

∂y
j +

∂

∂z
k



d� � c

=
∫∫
D

(
R(x, y, f(x, y))−R(x, y, g(x, y))

)
dxdy

=
∫∫
D

[∫ f(x,y)

g(x,y)

∂R

∂z
dz

]
dxdy

=
∫∫∫
(S)

∂R

∂z
dV

� *$$�S�
 >&[f� �0&6
 >.T �0 ��#$ $.
 �$

}
;;*� !VO

�&a
 E� � (+"1 $��
 !' A& �'�() ���%��
&��#� .$ *�;*�*�

div(F) =
∂

∂x
(�− y) +

∂

∂y
(x) +

∂

∂z
(z) = �

��,+�
 �).&� ^Y� S �

Ω :
�

�a
(x�+y�) ≤ z ≤ �a+

√
�a� − x� − y� ; (x, y) ∈ D

��� � .$ *(��

©
∫∫

(S)

F •n dσ =
∫∫∫
Ω

div(F) dV

=
∫∫∫
Ω

dV =
∫∫
D

⎡
⎣∫ �a+

√
�a�−x�−y�

(x�+y�)/�a

dz

⎤
⎦ dA

=
∫∫
D

{
�a+

√
�a� − x� − y� − x� + y�

�a

}
dA

=
∫∫
D′

{
�a+

√
�a� − r� − r�

�a

}
r dA′

=

(∫ �π

�

dθ

)(∫ �a

�

{
�a+

√
�a� − r� − r�

�a

}
r dr

)

= (�π)
(
−�

�

)
= −��

�
π

&��#� .$ *�;*�*� �&a
 E� H (+"1 $��
 !' A, .�8�

div(F) =
∂

∂x
(z) +

∂

∂y
(�y) +

∂

∂z
(�x) = �

� "0 ���#� . S ���M x�= �F+�G � �� ���%��
�O&0�
 Ω ��,+�
 �).&� ^Y� � (�� n $.���& �� (	) &0
� �#n<\ 6
 S 5�.$ �0 F �.�$�0 5���
 ���M x�= *AS = ∂ΩC

>.T R#� .$ ��O&0 � ��3 Ω �0

©
∫∫
(S)

F •n dσ =
∫∫∫
Ω

div(F) dV

>.T R#� .$ *F =
−−−−−−→(
P,Q,R

) Z��M x�= ������

©
∫∫
(S)

F •n dσ =©
∫∫
(S)

P.i •n dσ +©
∫∫
(S)

P.j •ndσ +©
∫∫
(S)

P.k •n dσ

�∫∫∫
Ω

div(F) dV =
∫∫∫
(S)

∂P

∂x
dV +

∫∫∫
(S)

∂Q

∂y
dV +

∫∫∫
(S)

∂R

∂z
dV

�. �#E �&	#�&"� Z�����
 ]��W .#$ �� �q1 >&[f� �&�0 �R#��0&�0
9Z��M >&[f�

©
∫∫
(S)

P.i •n dσ =
∫∫∫
(S)

∂P

∂x
dV,

©
∫∫
(S)

Q.i •n dσ =
∫∫∫
(S)

∂Q

∂y
dV,

©
∫∫
(S)

R.i •n dσ =
∫∫∫
(S)

∂R

∂z
dV.

*Z��M >&[f� �. �
� (�� �=&M ���� � .$ *�� "� Z� ��[O �M
Z��� 0 S�+S� >.T �0 �. S �� #� . Z��M x�= �.h�
 R#� ���0

�M Z�"#�0

S� : z = f(x, y) ; (x, y) ∈ D, _&0 �0 � .n�,
S� : z = g(x, y) ; (x, y) ∈ D, R�#&3 �0 � .n�.

Z#.�$ �X���� R#� �0 *$O �)� ;;*� !VO �0

n� dσ� =
(z − f)′

|(z − f)z| dxdy =
−−−−−−−−−−−→(
− fx,−fy,�

)
dxdy,

n� dσ� =
(g − z)′
|(g − z)z| dxdy = −

−−−−−−−−→(
gx, gy,−�

)
dxdy.

��� � .$ �

©
∫∫
(S)

R.k •n dσ =
∫∫

(S�)

R.k •n dσ +
∫∫

(S�)

R.k •n dσ

=
∫∫
D

R(x, y, f(x, y)).k •

−−−−−−−−−−−→(
− fx,−fy,�

)
dxdy

+
∫∫
D

R(x, y, g(x, y)).k •

−−−−−−−−→(
gx, gy,−�

)
dxdy



c d� �

.$ *Z#��S�
 .�
−z ([a
 (	) �0 �. �. S� �0 n� .�$�0 �
��,+�
 S 5�.$ Z��M x�= 5�M� *n� = k �e1��

Ω : z = x� + y� ; (x, y) ∈ D

R#��0&�0 *�O&0 Ω �� [B S + S� ���U# *�O&0
∫∫
(S)

F •n dσ = ©
∫∫

(S+S�)

F •n dσ −
∫∫

(S�)

F •n dσ

=
∫∫∫
Ω

div(F) dV −
∫∫

(S�)

F •n dσ

= �

∫∫∫
Ω

y� dV −
∫∫
D

F •k dxdy

= �

∫∫
D

[∫ 	

x�+y�
y� dz

]
dA−

∫∫
D

x� dxdy

=
∫∫
D

{
�	y� − �y�(x� + y�)− x�

}
dxdy

=
∫∫
D′

{
�	r� cos� θ − �r� sin� θ − r� cos� θ

}
r drdθ

=
∫ �

�

[∫ �π

�

{
�	r� cos� θ−�r� sin� θ−r� cos� θ

}
dθ

]
dr

= �π

∫ �

�

{
�− r�

}
dr =

��

�

}

��*8*� �&a
 E� H (+"1 9;�*� !VO

���0 �. /�&S �� �q1 �7 &� � >&�#�+� .$ �0���� ���%��
*���M t�\�� ��O �$�$ �� #� . � F �.�$�0 5���


�� �'&� �).&� ^Y� S � F = xi+(x+y)j+(x+y+z)k A�
����T �_&0 .$ e1�� x� + y� + z� = � ���M �0 $���


*(�� z = �

�0 $���
 �� �'&� �).&� ^Y� S � F =
−−−−−−−−−−→(
x�, x�y, x�z

)
A;

*(�� z = � � z = � >&��T � x� + y� = � ��� ��

R#��0&�0 �

©
∫∫
(S)

F •n dσ =
∫∫∫
Ω

div(F) dV = �

∫∫∫
Ω

dV

= �Vol(Ω) = �× �

�
π × �� = 	�π

&��#� .$ *;*H*� �&a
 E� ; (+"1 $��
 !' A
 .�8�

div(F) =
∂

∂x
(x) +

∂

∂y
(x) +

∂

∂z
(y) = �

R#��0&�0 �

©
∫∫
(S)

F •n dσ =
∫∫∫
Ω

div(F) dV =
∫∫∫
Ω

dV

= Vol(Ω) = π × �� × � = 
π

5F `&��.� .$ %�- ��,&1 ('&"
 �0��0 ��� �� Z�' ���#E
*�O&0�


x� + y� + z� = �z ���M �).&� ^Y� S ���M x�= A� .�8�

*���M �[�&�
 S �0 �. F ���� �� *F =
−−−−−−−→(
x�, y�, z�

) � (��
$O x�= �S� � (�� � "0 �� #� . N# S &��#� .$ *!'

�0&�0 ���� � .$ *S = ∂Ω �&��F �Ω : x� + y� + z� ≤ �z

Z#.�$ /�&S �� �q1

©
∫∫
(S)

F •n dσ =
∫∫∫
Ω

div(F) dV

=
∫∫∫
Ω

�
(
x� + y� + z�

)
dV = �

∫∫∫
Ω′

ρ�ρ� sinϕdV ′

= �

(∫ �π

�

dθ

)(∫ π/�

�

[∫ � cos ϕ

�

ρ� sinϕdρ

]
dϕ

)

= �π

∫ π/�

�

��

�
cos� ϕ sinϕdϕ =

��

�
π

&��#� .$ �M

Ω′ : � ≤ θ ≤ �π , � ≤ ϕ ≤ π/� , � ≤ ρ ≤ � cosϕ

*(�� ���M >&j L
 .$ Ω �#j�

z = x� + y� 5S�+	� E� � +"1 S �M ��.T .$ A .�8�
(	) �0 �. n � (�� �$.� D�0 z = � ����T y�� �M �O&0
�. S �0 F ���� �� *F =

−−−−−−−→(
z�, y�, x�

) � �O&0 .�
−z ���

*���M �[�&�


�M z = � ����T E� � +"1 S� N+M �0 �. �#� . R#� *!'
� "0 �� #� . N# �0 �(�� ��O ��) x� + y� = � �� �� �� y��
Z��M x�= �S� ]3 *$O �)� ;�*� !VO �0 *Z��M�
 !#�[�

�&��F �D : x� + y� ≤ �

S : z = x� + y� ; (x, y) ∈ D
S� : z = � ; (x, y) ∈ D



d� � c

(	) n �S� �M ���$ 5&6� >$T R#� .$ *r = ‖r‖
�&��F ��O&0 S �0 $.���& ��

©
∫∫

(S)

r
r�

•n dσ =
{
�π (�,�,�) ∈ Ω �S�
� (�,�,�) �∈ Ω �S�

���M x�= �F+�G � �� �3�4�� ��.�� ���%��
G#�U� &q= E� Ω �� �'&� ����� �0 F �#n<��"����#$ �.�$�0 5���

X� � (�� � "0 �� #� . N# S ���M x�= *X� ∈ Ω � ��O
*$.�$ m�� Ω E� 5���0 �0 � . n � �O&0�
 5F E� ���.$ ���Y\�
E� (�� >.&[, F y�� S E� �.[, .&O y� 
 >.T R#� .$
�M �
&��� �. .��\
 R#� ��' (B&' *©

∫∫
(S)

F •ndσ ÷
∫∫

(S)

dσ

X� .$ F �#��S�� &# ]��W .#$ ���M�
 !�
 X� �Y\� N� �0 Ω

9Z�
&��


div(F) = lim
Ω→{X�}

(
©
∫∫

(S)

F •n dσ

)
÷

(∫∫
(S)

dσ

)

9$+� 5&�0 5���
 �#E >.T �0 �. /�&S �� �q1 �/&�� R�+� �0

Z�' �).&� ^Y� S �S� �F+�G � �� ���%��
�.�$�0 5���
 y�� S E� �.[, .&O 5�c�
 �&��F ��O&0 Ω

�0��0 Ω Z�' �0 F 5���
 �#��S�� !M .��\
 &0 F �#n<��"����#$
*(��

�/MJ � .	�!) �� F+�G � �� ��2��L �$�%��
5F �).&� ^Y� S � (�� ��U0 �� Z") N# Ω ���M x�=

!VO �0 �. Ω Z�' >.T R#� .$ ��O&0�


Vol(Ω) =
�

�
©
∫∫

(S)

−−−−−→(
x, y, z

)
•n dσ

�� �
�$ &0 r �6\� N# &	�� y�� S �l�&�Q *$+� �[�&�
 5���

>.T R#� .$ *$$�S G�T� D

Vol(Ω) =
�

�

∫∫
D

∣∣[r, ru, rv

]∣∣ dA
9(�� &�.�$�0 �� �&S �� %�-

[
r, ru, rv

]
��O��M �M

�"#��&
 5&��
��$ ���#$ >.&[U0 *[r, ru, rv

]
= r •

(
ru × rv

)
*�� "� rv � ru �r .�$�0 �� 5F �&��Y� w (��

5�.�$ E� !T&' ^Y� ('&"
 A& �'�() �%�%��
�. .�
−x �' a ≤ x ≤ b &0 y = f(x) ([a
 e0&� .�$+�

*���M �[�&�

��LB$ ��Y\� �l�&�Q *Z�
&�0 S �. �h� $.
 �#� . Z��M x�= *!'
�' θ ��E���&0 �. ��O �$�$ e0&� .�$+� E� X� = (x�, f(x�),�)

�$O !T&' X = (x, y, z) ∈ S ��Y\� � �$�$ 5�.�$ .�
−x
.�
 R#� &� X� �� �T&= �0��0 .�
−x &� X �Y\� �� �T&= �&��F
�$ R#� o L
−x ���?U0 *

√
x� + y� = f(x�) ��U# �(��

`&UO � Ǳ��[
 .$ cM�
 �0 ���M �#_&0 ��+�� �0 $���
 Z�' Ω A�
R��l+� � (�� Ω �).&� ^Y� S �(�� ���T−xy � ;

*F =
−−−−−−−−−−−→(
x− y, y, z − x)

� y = x� + z� 5��+	� �$ �0 $���
 Z�' Ω A�
R��l+� � (�� Ω �).&� ^Y� S �(�� y = 
−x�−z�

*F =
−−−−−−−−−−−−→(
xz�, yx�,−�yz)

����T � z� = x� + y� Zg&1 p��L
 �0 $���
 Z�' Ω AH
R��l+� � (�� Ω �).&� ^Y� S �(�� z = �

*F =
−−−−−−−−−−−−→(
�x− y, z, z − x)

z = � >&��T � x�+y� = � �� �� �� �0 $���
 Z�' Ω A8
^Y� S �$.�$ .��1 4�$ Z 6� N# .$ �M (�� z = � �

*F =
−−−−−−−→(
x�, y�, z�

) R��l+� � (�� Ω �).&�

�0 $���
 �� �'&� �).&� ^Y� S � F =
−−−−−−−→(
x,�y,�z

)
AJ

*(�� z = � � z = � >&��T � x� + y� = � ��� ��

���M �).&� ^Y� S � F = (x�+y�+z�)(xi+yj+zk) A7
*(�� x� + y� + z� = �

/�&S �� �q1 N+M �0 S �0 F ���� �� ��H &� � >&�#�+� .$
*���M �[�&�


���M �).&� ^Y� S � F = x�i + y�j + z�k A�
*(�� x� + y� + z� = �

����T c�� � ��&j L
 >&��T �0 $���
 �� �'&� Ω A�I
� (�� Ω �).&� ^Y� S �(�� �x + �y + z = �

*F =
−−−−−−−−−−−−−−−→(
�xy + z, y�, x− �y) R��l+�

�).&� ^Y� S � F =

√
x�

a�
+
y�

b�
+
z�

c�

−−−−−→(
�,�,�

)
A��

*(�� x
�

a�
+
y�

b�
+
z�

c�
= � 5S�q�0

�0 $���
 �� �'&� �).&� ^Y� S � F =
−−−−−−−−−−→(
ax�, by�, cz�

) A�;
*(�� z = ±c � y = ±b �x = ±a >&��T

�).&� ^Y� S � F =
−−−−−−−−−−−−−−−−−−−−→(
yz + x�, xz + y�, xy + z�

) A��
� y = � − �

√
x� + z� p��L
 �$ �0 $���
 �� �'&�

*(�� y =
√
x� + z�

|x−y+z|+|y−z+x|+|z−x+y|= � �).&� ^Y� S A��

*F =
−−−−−−−−−−−−−−−−−−−−−−−−→(
x− y + z, y − z + x, z − x+ y

) � (��

� S = ∂Ω � (�� ��U0 �� Z�' N# Ω ���M x�= A�H
� r = (x, y, z) ���M x�= R��l+� *(�,�,�) �∈ S



c d� �

=
�

�
©
∫∫
D

∥∥∥∥∥∥
(a cos u + b) cos v (a cos u + b) sin v a sin u

− a sin u cos v − a sin u sin v a cos u

− (a cos u + b) sin v (a cos u + b) cos v �

∥∥∥∥∥∥ dudv
=
a

�
©
∫∫
D

(
a cosu+ b

)(
b cosu+ a

)
dudv

=
a

�

(∫ �π

�

dv
)(∫ �π

�

(
ab cos� u+ (a� + b�) cosu+ ab

)
du

)
= �πa�b

�0 $���
 Z�' A
 .�8�

(x/a)�/n + (y/b)�/n + (z/c)�/n = �

*(�� $�= �$�, n �M ����M �[�&�
 �.
E� >.&[, �#� . R#� �0 $���
 Z�' *!'

Ω : (x/a)�/n + (y/b)�/n + (z/c)�/n ≤ �

� =&# Z�+U� ���M >&j L
 N+M �0 �. S = ∂Ω �� #� . *(��
�x = a(sinu cos v)n Z��M�
 x�= ��U# �Z��M�
 �� 
�.&3

!M ���&�0 ��6\� ���� � .$ *z = c cosn u � y = b(sinu sin v)n

E� (�� >.&[, S

r(u, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
a sinn u cosn v, b sinn u sinn v, a cosn u

)
*D : � ≤ u ≤ π , � ≤ v ≤ �π E� (�� >.&[, 5F �� �
�$ �M

�0��0 [r, ru, rv

] �R#��0&�0

∥∥∥∥∥∥∥∥∥∥∥

a sinn u
× cosn v

b sinn u
× sinn v

a cosn u

na cos u
× sinn−� u cosn v

nb cos u
× sinn−� u sinn v

−na sin u
× cosn−� u

−na sinn u
× sin v cosn−� v

nb sinn u
× cos v sinn−� v �

∥∥∥∥∥∥∥∥∥∥∥
=

=
n�abc

�

(
sinu cosu sin v cos v

)n−� sinu

�0��0 Ω Z�' ���� � .$ � (��

Vol(Ω) =
�

�
©
∫∫
D

∣∣[r, ru, rv

]∣∣ dudv
=

n�abc

�
©
∫∫
D

∣∣∣( sinu cosu sin v cos v
)n−� sinu

∣∣∣ dudv
=

n�abc

�

(∫ π

�

| cosu|n−�(sinu)n du

)

×
(∫ �π

�

(
�

�

)n−�
| sin(�v)|n−� dv

)

(�)
=

n�abc

�× �n+�

(∫ �

�

t−�+n/�(�− t)(n−�)/� dt

)

×
(∫ �

�

s−�/�(�− s)n−� dv

)

(�)
=

n�abc

�× �n+�
B

(
n

�
,
n+ �

�

)
B

(
�

�
, n

)

*z/y = tan θ �R��l+� *x = x� R#��0&�0 ��O&0 �V# �#&0 �Y\�
��� � .$

y = f(x) cos θ, z = f(x) sin θ.

>.T �0 �. S �� #� . �R#��0&�0

r(x, θ) =
−−−−−−−−−−−−−−−−−→(
x, f(x) cos θ, f(x) sin θ

)
5F .$ �M �$+� �� 
�.&3 5���


D : a ≤ x ≤ b, � ≤ t ≤ �π.

9(�� R��Q ('&"
 5&+B� �X���� R#� �0

dσ =
∥∥∥rx × rθ

∥∥∥ dxdθ
=

∥∥∥−−−−−−−−−−−−−−−−−−−→(
�, f ′(x) cos θ, f ′(x) sin θ

)
×−−−−−−−−−−−−−−−−−−−→(
�,−f(x) sin θ, f(x) cos θ

)∥∥∥ dxdθ
=

∥∥∥−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
f(x)f ′(x),−f(x) cos θ,−f(x) sin θ

)∥∥∥ dxdθ
= f(x)

√
�+

(
f ′(x)

)�
dxdθ

&0 (�� �0��0 �h� $.
 �� #� . ('&"
 ���� �.$

Area(S) =
∫∫
(S)

dσ =
∫∫
D

f(x)
√
�+

(
f ′(x)

)�
dxdθ

=
∫ �π

�

[∫ b

a

f(x)
√
�+

(
f ′(x)

)�
dx

]
dθ

= �π

∫ b

a

f(x)
√
�+

(
f ′(x)

)�
dx

R�U
 ���� �� N+M �0 �N# �
+, �-&#. .$ �
�= R#� � [B�
*(�� ��O >&[f� c��

.$ cM�
 � a `&UO �0 ���#�$ 5�.�$ E� S %�� ���M x�= A,
*(�� ��O !T&' .�
−z �' ���T−xz .$ e1�� (b.�.�)

*���M �[�&�
 �. S Z�'
E� >.&[, ���#� . R��Q �� B$&U
 *!'

S :
(√

x� + y� − b
)�

+ z� = a�

!VO �0 �. 5F �M (��

r(u, v) =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
(a cosu+ b) cos v, (a cosu+ b) sin v, a sinu

)
D : � ≤ u ≤ �π , � ≤ v ≤ �π

E� (�� >.&[, S Z�' ���� � .$ *$+� �� 
�.&3 5���


Vol(Ω) =
�

�
©
∫∫
(S)

−−−−−→(
x, y, z

)
•n dσ =

�

�
©
∫∫
D

∣∣[r, ru, rv

]∣∣ dudv



� �U � 7 � c

&q= E� ���,+�
 �#E Ω ���M x�= ������ ��&��
Ω �0 F ��.T .$ *$$�S G#�U� 5F �0 F �.�$�0 5���
 �
�M Ω .$ e1�� S� � S� .�� 	) ^Y� �$ �� Ǳ�E&0 �M (�� !�#��
Z�O&0 � O�$ ��O&0 �V# A.�� 	) ����
 N# 5��, �0C &	�F �� [B
^Y� ���� �� ����$&� 5&�0 �0 *

∫∫
(S�)

F •n dσ =
∫∫

(S�)

F •ndσ

*�O&0 � O�$ �� "0 ^Y� �� [B �0 &	�� Ω .$

(�� !VO �.& � ���,+�
 Ω ���M x�= ���� ��&��
�)��
 ��*�;*H �0 !VO �.& � ��,+�
 G#�U� ����&6
 ���0C
�#n<��"����#$ Ω ��&��� �0 F =

−−−−−−→(
P,Q,R

) �.�$�0 5���
 � A$O
9��B$&U
 �#E 4&V'� >.T R#� .$ *�O&0�


*(�� �6��Q Ω �0 F AGB�

*(�� ��T S �0 F ���� �� �Ω .$ S ��  "0 �� #� . �� ��E� �0 A%

*Ω �0 div(F) = � A:

�&��F �ω = P dy ∧ dz + Qdz ∧ dx + Rdx ∧ dy �S� A$
���0C �O&0�
 !
&M �R#��0&�0 � (�� t�1$ Ω �0 ω 4�=�;

*A$O �)� ;�*�;*H �0 !
&M � t�1$ 4�= G#�U�

$)� 5&�Q G =
−−−−−→(
f, g, h

) �#n<��"����#$ �.�$�0 5���
 A�
�� ��E� �0 �M ��U
 R#� �0 *F = Curl(G) �M $.�$
� Q =

∂f

∂z
− ∂h

∂x
�P =

∂h

∂y
− ∂g

∂z
�� (x, y, z) ∈ Ω

*R =
∂g

∂x
− ∂f

∂y

� O�$ � �O&0 �6��Q Ω �0 F �l�&�Q ������ ��&��
*Z�
&��
 Ω �0 F �H�� �. G �&��F �F = Curl(G) Z�O&0

!VO �.& � ���,+�
 Ω ���M x�= ���� ��&��
� �O&0 �6��Q Ω �0 F =

−−−−−−→(
P,Q,R

) �.�$�0 5���
 � �$0
R#� .$ *F = Curl(G) ��U# ��O&0 F �B
 G =

−−−−−→(
f, g, h

)
>.T

f(x, y, z) =
∫ �

�

t
[
z Q(tx, ty, tz)

−y R(tx, ty, tz)
]
dt+ ϕ(x, y, z),

g(x, y, z) =
∫ �

�

t
[
xR(tx, ty, tz)

−z P (tx, ty, tz)
]
dt+ ψ(x, y, z),

h(x, y, z) =
∫ �

�

t
[
y P (tx, ty, tz)

−xQ(tx, ty, tz)
]
dt+ η(x, y, z).

5���
 N# H =
−−−−−−−−−−−−−−−−−−−−−−−→(
ϕ(x, y, z), ψ(x, y, z), η(x, y, z)

) 5F .$ �M
Z#.�$ ���#$ 5&�0 �0C (�� ��LB$ !
&M �#n<��"����#$ �.�$�0

*ACurl(H) = 0

t = cos� u (�� ��O x�= A�C .$ �M R#� ^�-� *(��
9(�� ��#$�S �$&� �� & 0 e0&� E� A;C .$ � s = cos�(�v) �

*B(a, b) :=
∫ �
�
ta−�(�− t)b−� dt

�#E �&��#� . E� N# �� �0 $���
 Z�' �0���� �&�%��
9���M �[�&�
 /�&S �� �q1 N+M �0 �.

�) x� + y� + z� = R�

�) (x� + y� + z�)� = x� + y� − z�

�) (x� + y� + z�)� = x� + y�

�) x� + y� + z� = R�, � < a ≤ z ≤ b ≤ R

�)
(
x− x�
a

)�

+
(
y − x�
b

)�

+
(
z − z�
c

)�

= �

�)
(x
a

)�/�

+
(y
b

)�/�

+
(z
c

)�/�

= �

	)
( �∑

i=�

ai�xi

)�
+
( �∑

i=�

ai�xi

)�
+
( �∑

i=�

ai�xi

)�
=�

*(�� ��T GB&L
 5&��
��$ &0 �× � ]#��&
 A = [aij ] �M

�. C : r(t) =
−−−−−−−→(
x(t), y(t)

)
; a ≤ t ≤ b ��  "0 ����
 A7

*Z#�����. S �� #� . �0 � �$�$ 5�.�$ .�
−x �'

^Y� ('&"
 �M ���$ 5&6� *� < a < b ���M x�= A�

�.�
−x �' x�

a�
+
y�

b�
= � �q�0 5�.�$ E� !T&'

�0��0 e 5F .$ �M �(�� �π(
√
�− e� +

�

e
arcsin e) �0��0

*(�� ��O x�= �
a

√
a� − b�

�0 ���M ^Y� E� ��O ��) ^Y� ('&"
 �M ���$ 5&6� A�I
p��L
 Z�� y�� x� + y� + z� = �ay �� B$&U


*(�� �aπ√
(�+A)(� +B)

�0��0 y =
√
Ax� +By�

�0 ���M ^Y� E� ��O ��) ^Y� ('&"
 �M ���$ 5&6� A��
�q�0 5S�+	� y�� x� + y� + z� = �ay �� B$&U


*(�� �aπ√
AB

�0��0 y = Ax� +By�

�P��T �	3F���' 2�7

&	�F �0 (["� y� ���� �� �M ��#&\0� �.�$�0 �&	����
 ���&+�
G#�U� 5���
 �. �6��Q �&	����
 �(O��� �� "0 ��"
 �0
�� $.�$ �� "0 ^Y� �� [B �0 &	�� &	�F .$ ^Y� ���� �� �M $+�

�5F � �
 �0



c � �U � 7 �

=
∫ �

�

t
[
x(y�t� − �xzt�)− z(z�t� + x�t�)

]
dt

=

[
xy�

t�

�
− �x�z t

�

�
− z� t

�

�
− zx� t

�

�

]�
�

=
xy�

�
− �x

�z

�
− z�

�

h− η(x, y, z) =
∫ �

�

t
[
y P (tx, ty, tz)− xQ(tx, ty, tz)

]
dt

=
∫ �

�

t
[
y(z�t� + x�t�)− x(x�t� + zt)

]
dt

=

[
yz�

t�

�
+ yx�

t�

�
− x� t

�

�
− xz t

�

�

]�
�

=
yz�

�
+
yx�

�
− x�

�
− xz

�

E� (�� >.&[, G X���� R#� �0
(zx�
�

+
z�

�
− y

�

�
+
xyz

�

)
i +

(xy�
�
−�x

�y

�
− z

�

�

)
j

+
(yz�
�

+
yx�

�
− x

�

�
− xz
�

)
k + H

�.�$�0 5���
 N# H =
−−−−−−−−−−−−−−−−−−−−−−−→(
ϕ(x, y, z), ψ(x, y, z), η(x, y, z)

) �M
*(�� ��LB$ !
&M �#n<��"����#$

(�� x� + y� + z� = �� ���M E� � +"1 S ���M x�= A� .�8�
�0 � . S �0 n (	) .�$�0 � $.�$ .��1 z = � ����T �_&0 .$ �M
S �0 �. F =

−−−−−→(
z, y, x

) �.�$�0 5���
 ���� �� *$.�$ Ǳ��[
 E� 5���0
*���M �[�&�


� �(�� �6��Q Ω = R� �0 F ]3 �div(F) = � 5Q *!'
�M �� S� �#� . �� �0 F ���� �� &0 S �0 F ���� �� .��\
 R#��0&�0
5&"V# ��O&0 S �� [B �0��0 A.�� 	) ����
 N# 5��, �0C 5F �� [B

����
 S �� #� . �� [B 5Q *(��
S� �� #� . Z�����
 R#�0&�0 �(�� C : x� + y� = � , z = �

��) ��O �$�$ ���M y�� �M Z#���0 z = � ����T E� � +"1 �.
*Z��M .&� �� Z�����
 n = k �. 5F �0 (	) ��?U0 � (�� ��#$�S
���T−xy �0 S� �#j� D : x� + y� ≤ � �S� �X���� R#� �0

�&��F ��O&0∫∫
(S)

F •n dσ =
∫∫

(S�)

F •n dσ =
∫∫
D

−−−−−→(
z, y, x

)
•k dxdy

=
∫∫
D

xdxdy = �

�.�$�0 5���
 �M ���$ 5&6� �$.
 �� .$ �0���� %�&��
9���M oL6
 �. 5F �B
 ]<� � (�� �6��Q Ω ��,+�
 �0 F

� F =
−−−−−−−−−−−−−−−−−−−−−−−−−→(
y − x+ z, x− y + z, x+ y + �z

)
A�

*Ω : max
{|x|, |y|, |z|} ≤ �

R#� .$ *F =
−−−−−−−−−→(
xy, z�, xy�

)
���M x�= A& �'�() $�&��

�6��Q F �.�$�0 5���
 �R#�0&�0 � div(F) = y �= � >.T
*("��

>.T R#� .$ *F =
−−−−−−−−−−−→
(�/y,�/z,�/x) ���M x�= A, .�8�

*(�� ��&j L
 >&��T `&+ )� U �M DF = R� − U

�#E Ω ⊂ DF Z��M x�= *("�� !VO �.& � �,+�
 R#�
.$ *$��S�
 .��1 DF .$ &z
&+� �M �O&0 !VO �.& � ���,+�

���0 *(�� �6��Q Ω �0 F �R#�0&�0 � div(F) = � >.T R#�
*Z��M�
 �$&� �� �*J*� E� �G =

−−−−−→(
f, g, h

) �B
 5$.�F (��0
Z#.�$ �>.T R#� .$

f − ϕ(x, y, z) =
∫ �

�

t
[
z Q(tx, ty, tz)− y R(tx, ty, tz)

]
dt

=
∫ �

�

t

[
�

t
− y

tx

]
dt =

[
t− y

x
t
]�
�

= �− y

x

g − ψ(x, y, z) =
∫ �

�

t
[
xR(tx, ty, tz)− z P (tx, ty, tz)

]
dt

=
∫ �

�

t

[
�

t
− z

ty

]
dt =

[
t− z

y
t

]�
�

= �− z

y

h− η(x, y, z) =
∫ �

�

t
[
y P (tx, ty, tz)− xQ(tx, ty, tz)

]
dt

=
∫ �

�

t

[
�

t
− x

zt

]
dt =

[
t− x

z
t
]�
�

= �− x

z

E� >.&[, G X���� R#� �0

G =
−−−−−−−−−−−−−−−−−−−−−→
(�− y/x , �− z/y , �− x/z) + H

5���
 N# H =
−−−−−−−−−−−−−−−−−−−−−−−→(
ϕ(x, y, z), ψ(x, y, z), η(x, y, z)

) �M (��
*(�� ��LB$ !
&M �#n<��"����#$ �.�$�0

*F =
−−−−−−−−−−−−−−−−−−−−→(
z� + x�, x� + z, y� − �xz) ���M x�= A
 .�8�

� (�� !VO �.& � ���,+�
 �M Ω = R� >.T R#� .$
*(�� �6��Q Ω �0 F �R#�0&�0 *div(F) = �x+ �− �x = �

�$&� �� �*J*� E� �G =
−−−−−→(
f, g, h

) �B
 5$.�F (��0 ���0
9Z��M�


f − ϕ(x, y, z) =
∫ �

�

t
[
z Q(tx, ty, tz)− y R(tx, ty, tz)

]
dt

=
∫ �

�

t
[
z(x�t� + zt)− y(y�t� − �xzt�)] dt

=

[
zx�

t�

�
+ z�

t�

�
− y� t

�

�
+ �xyz

t�

�

]�
�

=
zx�

�
+
z�

�
− y�

�
+
xyz

�

g − ψ(x, y, z) =
∫ �

�

t
[
xR(tx, ty, tz)− z P (tx, ty, tz)

]
dt



* I � c

.�$�[B �&��#� . E� �#&���+� ;H*� !VO .$ �'�() ��*��
��O �$�$ 5&6� &	�F �� [B �0 $.���& �� (	) ���+� �0 .�� 	) �

*(��

5���
 N# F =
−−−−−−→(
P,Q,R

) ���M x�= ������ ��*��
�. F �x�I &# .��y >.T R#� .$ *(�� �#n<��"����#$ �.�$�0

9Z��M�
 G#�U� �#E !VO �0

Curl(F) := ∇× F =

∣∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z

P Q R

∣∣∣∣∣∣∣
=
−−−−−−−−−−−−−−−−−−−−−→(
Ry −Qz, Pz −Rx, Qx − Py

)

f ��.�$�0 �&	����
 G � F ���M x�= ���� ��*��
>.T R#� .$ *����\�\' $��,� b � a � ���v 
 �� �U0&�

�) Curl
(
aF + bG

)
= aCurl(F) + bCurl(G)

�) Curl
(
f F

)
= f Curl(F) +∇f × F

�) div
(
Curl(F)

)
= �

�) div
(
F×G

)
= G •Curl(F)− F •Curl(G)

.�� 	) �� #� . N# S ���M x�= �;L=C	� � �� $�*��
*�O&0�
 $.���& �� c�� C �0 (	) � (�� C �� [B &0 .�$�[B �
�0 � �#n<\ 6
 S ^Y� �0 F �.�$�0 5���
 ���M x�= R��l+�

>.T R#� .$ ��O&0 � ��3 C ����
∮
C

F • dr =
∫∫
(S)

Curl(F) •n dσ

>.T R#� .$ *F =
−−−−−−→(
P,Q,R

) Z��M x�= ������
∮

C

F •dr =
∮

C

P dx+
∮

C

Qdy +
∮

C

Rdz,

�∫∫
(S)

Curl(F) •n dσ =
∫∫
(S)

Curl(P.i) •n dσ

+
∫∫
(S)

Curl(Q.j) •ndσ +
∫∫
(S)

Curl(R.k) •n dσ.

�. �#E �&	#�&"� Z�����
 ]M �� �� �q1 >&[f� �&�0 �R#��0&�0
9Z��M >&[f�

∮
C

P dx =
∫∫
(S)

Curl(P.i) •n dσ,

� F =
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→(
x� − xy − xz, y� − xy − yz, z� − xz − yz) A;

*Ω = R�

� F =
−−−−−−−−−−−−−−−−−−−−−−−−−→
(x/y − x/z, y/z − y/x, z/x− z/y) A�

*Ω : � ≤ x , � ≤ y , � ≤ z

� F =
−−−−−−−−−−−−−−−−−−−−−−→(
�y�z − �xz�, x�y, z� − x�z) A�

*Ω : x� + y� + z� ≤ �

%NG��� D �
� 4�7

�&	����
 (B&' �0 R#�S �� �q1 �U�[@ Z�+U� ]M �� �� �q1
�0 �. &q= .$ 4�$ ̀� y� ���� �� 5F N+M �0 � (�� �#&q=
>.T Z�	�� ���0 *$+� !#�[� 5���
 4�$ ̀� ^Y� ���� ��
Z���� &	�F 5&�0 �0 ?z #{ �M Z#.�$ E&�� �#�) G#�U� �$ �0 5F

*(��$�3
}

�#� . N# �� [B �0 $.���& �� (	) 9;�*� !VO

.�� 	) � .�$�[B �� #� . N# S ���M x�= ������ ��*��
�C .$ $.���& �� (	) E� .h�
 *(�� C �� [B � n (	) .�$�0 &0
.��1 w�� 
 |Q (+� S ��. �.�+� 5F �@ �M (�� � 	)
y�� ��O G#�U� (	) &0 C (	) ��$&U
 5&�0 �0 &# � $.�$
!VO �0 *(�� .&SE&� n �&�.�$�0 ��. E� (��. (�$ ���,&1

*$O �)� ;�*�
}

;*7*� �&a
 9;H*� !VO



c * I �

R#��0&�0 *$O �)� GB��;8*� !VO

C :

⎧⎨
⎩

x� + y� + z� = �

z = �

��&a�a
 (	) &0
:

⎧⎨
⎩

x� + y� = �

z = �

��&a�a
 (	) &0

: r(t) =
−−−−−−−−−−−−−→(
� cos t,� sin t,�

)
, � ≤ t ≤ �π

&0 (�� �0��0 ]M �� �
�= |Q (+� �X���� R#� �0 �∮
C

F •dr =

=
∫ �π

�

−−−−−−−−−−−−−→(
�,� cos t,� sin t

)
•
−−−−−−−−−−−−−−−→(− � sin t,� cos t,�

)
dt

=
∫ �π

�

� cos� t dt = �π

R#� ���0 *Z��M�
 �[�&�
 �. ]M �� �
�= (��. (+� �&'
9Z��M�
 �� 
�.&3 �. S �� 0� .h�


S : z =
√
�− x� − y� ; (x, y) ∈ D

D : x� + y� ≤ �

�&��F �Z#���0 S m�U
 e0&� �. f = x� + y� + z� �S� �R#��0&�0

n =
±f ′

‖f ′‖ = ±
−−−−−−−−→(
�x,�y,�z

)√
�x� + �y� + �z�

= ±
−−−−−−−−−−−−−−−−−−−→(
x

�
,
y

�
,
�

�

√
�− x� − y�

)
� (B&' ��O&0 .�
−z ([a
 (	) �0 �. n (�� .��1 5Q �M

��?U0 *Z#�#n3�
 �.

dσ =
‖f ′‖
|fz| dxdy =

√
�x� + �y� + �z�

|�z| dxdy

=
� dxdy√
�− x� − y�

Curl(F) =

∣∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z

z x y

∣∣∣∣∣∣∣ =
−−−−−→(
�,�,�

)
E� (�� >.&[, ]M �� �
�= (��. (+� ���� � .$ �∫∫

(S)

Curl(F) •n dσ =

=
∫∫
D

−−−−−→(
�,�,�

)
•

−−−−−−−−−−−−−−−−−−−→(
x

�
,
y

�
,
�

�

√
�− x� − y�

)

� dxdy√
�− x� − y�

=
∫∫
D

x+ y +
√
�− x� − y�√

�− x� − y�
dxdy

=
∫∫
D

(x+ y) dxdy√
�− x� − y�

+
∫∫
D

dxdy

(�)
= �+ Area(D) = π × �� = �π

∮
C

Qdy =
∫∫
(S)

Curl(Q.j) •n dσ,

∮
C

Rdz =
∫∫
(S)

Curl(R.k) •n dσ.

*Z��M >&[f� �. �B�� (�� �=&M ���� � .$ *�� "� Z� ��[O �M
r : D → S >.T �0 �. S �� #� . Z��M x�= .h�
 R#� ���0
�0��0 r y�� D E�
 �#j� � r(u, v) = (x, y, z) �M Z��M �� 
�.&3

Z#.�$ �X���� R#� �0 *C = r(∂D) 9�O&0 C
∮

C

P dx =
∮

∂D

P (r(u, v)) dx(u, v)

=
∮

∂D

P.
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∂P

∂y
.
∂y

∂u
+
∂P
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∫
au du =

au

ln a
+ C,∫

sin u du = − cos u + C,∫
cos u du = sin u + C,∫
tan u du = ln sec u + C,∫
cot u du = ln sin u + C,∫
du

cos u
= ln | sec u + tan u| + C,∫

du

sin u
= ln | csc u − cot u| + C,∫

du

u� + a�
=
�

a
arctan

u

a
+ C,∫

du

u� − a�
=

�

�a
ln

∣∣∣u − a

u + a

∣∣∣ + C,∫
du√

a� − u�
= arcsin

u

a
+ C,

∫
du√

u� ∓ a�
= ln

∣∣∣u +
√

u� ∓ a�
∣∣∣ + C,

∫
du

u
√

u� ∓ a�
= −�

a
ln

∣∣∣∣∣u +
√

u� ∓ a�

u

∣∣∣∣∣ ,∫
dx√

ax + b
=
�
√

ax + b

a
+ C,

∫ √
ax + b =

�

√
(ax + b)�

�a
+ C,

f(−x) = f(x) ⇒∫ a

−a

f(x) dx = �

∫ a

�

f(x) dx,

f(−x) = −f(x) ⇒∫ a

−a

f(x) dx = �,

∫ a

�

cos� x dx =

∫ a

�

sin� x dx =
a

�
,

∫ π/�

�

cos�n x dx =

∫ π/�

�

sin�n x dx

=
�× �× · · · × (�n − �)

�× �× · · · × (�n)
.
π

�
,

∫ π/�

�

cos�n+� x dx =

∫ π/�

�

sin�n+� x dx

=
�× �× · · · × (�n)

�× �× · · · × (�n + �)
,

cot (x ± y) =
cot x cot y ∓ �

cot y ± cot x
,

cos�x = cos� x − sin� x

= �− � sin� x = � cos� x − �,

sin�x = � sin x cos x,

tan�x =
� tan x

�− tan� x
,

sin� x =
�− cos�x

�
,

cos� x =
�+ cos�x

�
,

c′ = �,

(cu)′ = cu′,

(u + v)′ = u′ + v′,

(uv)′ = u′v + v′u,(
u

v

)′
=

u′v − v′u
v�

,

(nn)′ = nu′nn−�,

(sin u)′ = u′ cos u,

(cos u)′ = −u′ sin u,

(tan u)′ = u′
(
�+ tan� u

)
,

(ln u)′ =
u′

u
,

(au)′ = (ln a)u′au,

(eu)′ = u′eu,(
sin−� u

)′
=

u′√
�− u�

= −
(
cos−� u

)′
,

(
tan−� u

)′
=

u′

�+ u�
= −

(
cot−� u

)′
,∫

af (x) dx = a

∫
f (x) dx + C,∫

(u ± v) dx =

∫
u dx ±

∫
v dx + C,∫

u dv = uv −
∫

v du + C,

∫
un du =

un+�

n + �
+ C, (n �= −�)∫

du

u
= ln |u| + C,∫

eu du = eu + C,

���' !G'�� �*T

sin� x + cos� x = �,

tan x =
sin x

cos x
,

cot x =
cos x

sin x
,

sec x =
�

cos x
,

csc x =
�

sin x
,

sin (x ± y) = sin x cos y ± cos x sin y,

cos (x ± y) = cos x cos y ∓ sin x sin y,

tan (x ± y) =
tan x ± tan y

�∓ tan x tan y
,
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